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Let us start with unreduced Hessenberg matrices H of order n
(hj+17j7£0,j: 1,...,”—1)

H=Ucu?

where U is a nonsingular upper triangular matrix of order n with
u1,1 = 1 and diagonal entries uy x = Hjl-;_ll hjt1j for k > 1 and

0 0 ... 0 —a

1 0 0 —o
C = 0 1 0 —Q

0 ... 0 1 —ap

where
pN) = A"+ ap A" 4 a4 ag
is the characteristic polynomial of H

To prove this, set U = (el Hey H?%e; ... H”_lel) and use
the Cayley-Hamilton theorem which gives HU = UC



We are interested in H~1. Let

Br=—a1/ag, B=—(a2/ag -+ an1/ag l/ao)T’

4 (1 9T
v _(0 0-t)"

Then, the inverse of H can be written as

1 (Bi=9TOB (8= 0T OR)IT + (] — 9T OF)0
=\ 0p 0397 + OF 0 ,

where F is the zero matrix except for the entries on the first upper
diagonal which are equal to 1



Proof: H! = UC~tU~!

1 (P e]
=(3 %)

The inverse of the matrix U~ 1 is

1 970
U= ~
<0 u )
The matrix UF0~1is strictly upper triangular

Therefore, the lower triangular part of the principal trailing block
of H™! is the lower triangular part of UB@T. We easily see that
the lower triangular part of H™! is the lower triangular part of a
rank-one matrix

This was proved by Y. lkebe (1979) and D.K. Fadeev (1984) with
different proofs



Let us apply these results to an unreduced symmetric tridiagonal
matrix T
ar P2
B2 ar B3
T = o
Bn-1 @n-1 Bn
Bn Qn
with 3; #0,j =2,...,n
A symmetric upper Hessenberg matrix is symmetric tridiagonal
Hence, the lower triangular part of T~1 is the lower triangular part
of a rank-one matrix
Because of the symmetry, T~1 has the following structure



There exist two sequences of nonzero numbers
{vi},{oi},i=1,...,n with v; = 1 such that

Vo1 V102 V103 ... UV10p
V102 UVp02 V203 ... UV20p
T*l — V103 V03 V303 ... UV30p
V1on UVp0p UV3Op ... UVpOp

This type of matrices were called matrices factorisables by

J. Baranger and M. Duc-Jacquet (1971) and symmetric
semiseparable or symmetric generator representable semiseparable
matrices by R. Vandebril, M. Van Barel, and N. Mastronardi
(2008)!

!Matrix Computations and Semiseparable Matrices, Volume |, The Johns
Hopkins University Press



T~ being nonsingular if and only if v; #0,i=1,...,n and
vioiy1 —vig10; #0,i=1,...,n—1
The relation

oj vi .

> L ji=1,....n—1
Oi+1 Vit

corresponds to T~ (and T) being positive definite

We are interested in the inverses of the principal submatrices
Tek,k=1,...,n—10of T

Let us start with T,_1. We have to remove the last row and the

last column of T

V{n—l)o_gn—l) V§n—1)o_£n—1) l/in—l)a:(an—l) o V§n—1)o_,(1n—l)
Vin—l)o_gn—l) Vén—l)o_gn—l) Vén_l)(j:(,)n_l) o Vén_l)O'E,n_l)
n_j_l _ Vinfl)o_gnfl) Vénfl)a_:(;nfl) Vgnfl)o_:()’nfl) . V:("nfl)o_gnfl)
V{n—l)o_gn—l) Vén—l)o_gn—l) Vén_l)O'S,n_l) o l/,(,n_l)O'E,n_l)



Let B be a nonsingular matrix of order n, partitioned as

B a
(5

with B nonsingular of order n — 1
We define two vectors

U:B:,n_en:<ai1>a V=2=6n

and the rank-one modification

B 0
B_UVT:<CT 1>



Using the Sherman-Morrison formula

1

i o= (5 0a] (1570

B-uw) =81+
If we know the inverse of B, by taking the indices (/,;) such that
1<i,j < n—1in the right-hand side, we obtain the inverse of B

To compute T;_ll, we apply the previous results with B =T

We just have to look at the first and last columns of the inverse



For the first column

O_gn—l)
O_gn—l)

otV

It yields

01

02 1

S N
Opn—1
ont, i=1,2,



For the last column

1 1 On
(n—1)
(n—1) @) V2 Vn-1 Tnb2
On_1 = 0n-1 - .
Un
-1
l/r(i ) Vn—1 OnVn—1
It yields
-1 1 Vn—1 .
U,,'l1 )V,'(n ):Un—ll/i—Un . vi, 1<i<n-1

Using the value of O',(7n__11),

(n-1)_ (n—1) _ Vn—1 Vpn—1 (n—1)
Oh_1 I/I- = Op—-1Vj — Op Vi=\|0Op—-1 — Op VI- .
Vn Vn

Since o

5 —~

"V #0, it yields "V = v, for 1 <i<n—1



To obtain the inverse of Ty, with k =1,...,n— 2 we apply the
previous result recursively

o
T-1_ op) Oy 'Vp e Op 12
=
A0 G0y, L oWy,
with (k) _ (k1) (ki1) ¥
+1 +1) Vi ;
O'I O'I Jk+1 Vk+17 / PT) )
Moreover »
Ulgk)zai—ak+1 Li=1,2,...,k
Vi1

The last relation is proved by induction



We can apply these results to the symmetric tridiagonal matrices
generated by the Lanczos algorithm and implicitly by CG

Let v7 =(1 vo -+ wvp). The last column of T~ is
proportional to v

-1 T T
T en=0opv=>0v"' T =¢e,

We have T = UCU! and

VTU:(]_ viTe, viT2¢ --- VTT”*lel):elT

vT is equal to the first row of U~!



Let xx and r, be the CG iterates and residual vectors when solving
Ax = b. From the results of G.M. and J. Duintjer Tebbens?, we
can show that

k”ro” k||X—Xk||E\
Vigr = (—1)" 75— k1 = (1) S
w =0T e = CDY
k _ .
o) = (—1)i1 Z Gl i=1,.. 0k
Troll Tl ||r, 2,
where -
r.'rj
Jj
’)/':
7 pl Apj

is one of the CG coefficients

?Krylov Methods for Nonsymmetric Linear Systems;>Springer, (2020)



We conclude with a quote from Cornelius Lanczos

Retirement merely means one carries on, on half pay

Nevertheless, HAPPY RETIREMENT Marc



