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Abstract. In this paper we derive closed-form expressions for the coefficients of the residual and
characteristic polynomials in the full orthogonalization method and GMRES iterative Krylov method
for solving linear systems with diagonalizable matrices. The coefficients are given as functions of the
eigenvalues and eigenvectors of the matrix A and of the right-hand side b. These results yield the
residual vectors and the explicit solution of the optimization problem minyer, |[p(A)b||, where 7y
is the set of polynomials of degree k£ with a value 1 at the origin. In addition, the Ritz values and
harmonic Ritz values can be written explicitly for the first four iterations of the Arnoldi algorithm.
Moreover, from the coefficients of the characteristic polynomials, we obtain lower bounds for the
distances of the eigenvalues of A to the Ritz and harmonic Ritz values.
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1. Introduction. This paper is mainly concerned with the polynomials gener-
ated by the FOM (full orthogonalization method) and GMRES (generalized minimum
residual method) iterative Krylov methods for solving nonsymmetric linear systems
Ax = b, where A is a nonsingular real or complex matrix of order n and b is a given
vector; see [27, 28, 29, 30]. These two methods use the Arnoldi process [3] to com-
pute an orthonormal basis of the Krylov subspace. We are also interested in the
convergence of the Ritz values which are the approximations of the eigenvalues of A
generated by the Arnoldi process; see [31]. We will assume for simplicity that the
Arnoldi process started with b as the initial vector does not stop before step n and
that ||b]] = 1. Given A and b, the Krylov matrix is defined as

K=(b Ab A% ... A"lp).

The columns of K span the Krylov space IC,,(A,b). Similarly we define the Krylov
subspaces K;(A,b) which are spanned by b, Ab, ..., A771b for j < n. Starting from
v1 = b the Arnoldi process computes a unitary matrix V' with columns v; and v; =
Ver = b (e; being the jth column of the identity matrix) and an upper Hessenberg
matrix H with positive real subdiagonal entries h;11 , 7 =1,...,n — 1, such that

AV =VH.

This corresponds to the choice of a zero starting vector ¢y = 0 for FOM and GMRES.
Let V,, 1 be the matrix of the k first columns of V, k¥ < n. The relation satisfied by
Vn,k is

(1.1) AVn)k = Vo Hi + hk+1,kvk+1e£,

where Hj, is the principal matrix of order k of H and e is the last column of the
identity matrix of order k. Note that Hy = VnﬁkAVn,k. Relation (1.1) shows how
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to compute the next column wvgi; of the matrix V and the kth column of H by
orthogonalizing vi1 against the previous columns of V. We define the iterates xj as
a linear combination of the k first basis vectors,

xp=Vorye, k=1,2,....

since xg = 0. The residual vector ry is defined as usual as r, = b — Ax,,. FOM
is defined (provided that Hj is nonsingular) by computing y; as the solution of the
linear system

Hyyr, = e1.

In GMRES the vector y is computed as the solution of the minimization problem

min s — Hyy).

where H, is the matrix Hj appended with the k£ first entries of the k + 1st row of H.
This minimizes the norm of the residual r at iteration k.

It is easy to see that the residual vectors rf in FOM and r¢ in GMRES can be
expressed as polynomials of degree k in A applied to the initial residual b,

ri =pf (A, g =pf(Apb.

These polynomials are so-called residual polynomials and they have a value 1 at O.
The GMRES residual polynomial p{’(A) is the solution of a minimization problem

(1.2) [l = min [|p(A)]l,
PETL

where 7y, is the set of polynomials of degree k with a value 1 at the origin.
Most studies on GMRES convergence use the upper bound

Il < (mi ||p(A)||) [[ol]
PET

that decouples the matrix polynomial from the right-hand side b. The polynomial

giving the minimum in the right-hand side of the inequality is known as the ideal

GMRES polynomial; see [11, 8]. It is different from the residual polynomial.

However, a closed-form expression of the norm of the GMRES residual was pro-
vided in [23] as a function of the eigenvalues and eigenvectors of A and the right-hand
side b when A is diagonalizable. The main contribution of the present paper is to
obtain closed-form expressions for the coefficients of the polynomial which yields the
solution of the minimization problem in relation (1.2). This solution gives an ex-
act expression for the GMRES residual vectors as functions of the eigenvalues, the
eigenvectors, and the right-hand side.

The Ritz values 9§-k) at iteration k, which are the roots of the polynomial pf’
are the eigenvalues of the upper Hessenberg matrix Hy and therefore the roots of its
characteristic polynomial. Hence, the FOM residual polynomial is proportional to
the characteristic polynomial of Hy which is a monic polynomial. To simplify the
notation in the following we will drop the upper index (k) since we will only consider
iteration k.

The goal of introducing the harmonic Ritz values CJ(-k) = (; at iteration k is to
provide better approximations of the interior eigenvalues. A parameter is used to
shift the eigenvalues of interest to the exterior of the spectrum. Here, for simplicity
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of notation, we will use a zero shift. Then, the harmonic Ritz values are defined as
the reciprocals of the standard Ritz values obtained from the Arnoldi process applied
to the matrix A~! and the starting vector Ab; see [25] and the earlier paper [26] for
symmetric matrices. They can also be seen as the eigenvalues of the matrix

Hk = Hk —|—hi+17ka_*€k8£

when H}, is nonsingular. It was proven in [9] that they are the roots of the GMRES
residual polynomial ka which is proportional to the characteristic polynomial of Hy,.

In the past, very ingenious methods had been proposed for computing the coeffi-
cients of characteristic polynomials; see [13]. The goal was to compute eigenvalues of
matrices as roots of their characteristic polynomials. Of course, today we do not any
longer compute eigenvalues in this way, the approximations of eigenvalues of nonsym-
metric matrices are computed as the eigenvalues of Hy, or Hj,. Here we are interested
in a different problem. We will obtain closed-form expressions for the coefficients
of the characteristic polynomials of Hj and H r as functions of the eigenvalues, the
eigenvectors of A, and the right-hand side b. We will consider the case where the ma-
trix A is diagonalizable and give particular attention to the case where A is normal.
As a by-product of our study, the closed-form expressions of the coefficients of the
residual polynomials will give the locations of the Ritz and harmonic Ritz values for
the first four iterations of the Arnoldi algorithm, for which we can explicitly write
down the roots from the coefficients. Moreover, we will also obtain lower bounds for
the distances of Ritz values to eigenvalues by using bounds which are available in the
literature for roots of polynomials as functions of their coefficients.

The contents of the paper are as follows. Section 2 is devoted to the FOM
polynomials. We compute the coefficients of a new polynomial whose roots are the
Ritz values. This polynomial is not monic nor with a value 1 at the origin but
the characteristic polynomial of Hy is obtained dividing by the coeflicients of the
monomial of highest power and the residual polynomial is obtained dividing by the
value at the origin. Moreover, the characterization of the residual vectors leads to
a simplified way of constructing linear systems with a prescribed convergence curve
for FOM or GMRES, prescribed eigenvalues and Ritz values. We also study some
relations of the coefficients with the entries of the inverses of the matrices M} and
Mj.+1, where M = K;;)kak, K, 1 is the n x k Krylov matrix (the first & columns
of K). In section 3 we do the same for the GMRES polynomials. In section 4, as an
illustration of what can be obtained from the polynomial coefficients, we consider the
Ritz and harmonic Ritz values for k = 2. Explicit formulas for the Ritz and harmonic
Ritz values can also be written for & = 3,4 but, of course, the formulas are more
involved. Section 5 considers a small example with a normal matrix. In section 6
we explain how to use the previous results to obtain lower bounds for the distances
of an eigenvalue of A to Ritz or harmonic Ritz values. This is illustrated by a small
numerical example with a normal matrix. Finally, we give some conclusions.

2. The FOM residual polynomial. The matrix H can be factored as H =
UCU~!, where U is upper triangular with real positive entries on the diagonal and
C' is the companion matrix of the eigenvalues of A; see, for instance, [21]. Note that
hjt1,; = %, j=1,...,n—1, u;; denoting the entries of U. The matrix U is
linked to the Krylov matrix K and the matrix of the basis vectors V by K = VU.
From [7] we have that

Hy, = U,cMU
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where Uy, is the principal submatrix of order k of U and C*) is the companion matrix
of the Ritz values at iteration k. Let us denote My, = U Ui = K7, | K, k.

Let A be diagonalizable with A = XAX~!. The matrix K, 1 can be factorized
as

Kpr=(b, Ab, ..., A1) =X (c, Ac, ..., A"l¢)=XDVyy,
where D, is a diagonal matrix with the components of ¢ = X ~'b on the diagonal and
D VIR L
[P PN
Vn,k = . . .
1 Ay --- /\ﬁ_l

is an n X k Vandermonde matrix.

2.1. Normal matrices. Let us assume that A is normal with A = XAX™*. Then
¢ = X*b. The eigenvalues 0; of Hj are the roots of its characteristic polynomial.
Therefore we have,

0 = det(Hy — 6I) = det
= det
= det
= det

Vi h AV e — 01),

Uy "KW AK, U — 01,

Uy *[K s AK 1 — OURUR UL,
M"Y det(K:  XAX K, 1, — 0My),

o~ o~ o~ o~

= m det(V;)kDZADCVnk - GV;/@DchVnk)
Clearly py(0) = det(V;; y DIAD Vi — 0V DiDcVy i) is a polynomial of degree k
in . We see that the two polynomials on the left- and right-hand sides are the same
up to a constant factor. We just have to know when M}, is singular. This can only
happen when at least one diagonal entry of Uy is zero, but this corresponds to Hy,
being reducible.
The following theorem gives a closed-form expression of the polynomial py.

THEOREM 2.1. Let A be a normal matriz with the spectral factorization A =
XAX*. Then, the polynomial py whose roots are the Ritz values at iteration k is
given by

21)  pe@) =Y (N —0) - Ny = O) e, P lei P T Iy = A%

Ty i1 <ip<iq<ip

where the summation is over all sets Iy, of k indices (il, 12, ..., z'k) such that
1 <4 <+ < <nand c = X*b. In the product the indices i, and iy belong to the
set of indices Iy
The characteristic polynomial 155 of Hy, (which is monic) is obtained by dividing
Pr by
(DR e Poclenl T P = AP = (—1)F det(My).

Ty i1 Sip<iq§ik

The residual polynomial pt for FOM is obtained by dividing px by

Z)‘h e iy, |Ci1|2"'|cik|2 H |)‘iq _Aip|2’
Tk

i1 <ip<iq<ig
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if this quantity is different from zero. If it is zero, then pi(0) = 0, the matriz Hy, is
singular, and the FOM iterate is not defined.

Proof. To simplify the notation, let B = D.V, ;. Then, the Ritz values are
solutions of the equation

det(B*AB — 0B*B) = det(B*(A — 0I)B) = 0.

Let G = (A — 6I)B; we have det(B*G) = 0. We need to compute the determinant of
the product of two rectangular matrices which are, respectively, k x n and n x k. We
can use the Cauchy-Binet formula (see [10]) to get

det(B*G) = Y _ det(Bz, ) det(Gz, .),
Ty

where Zj, is defined above and Bz, . (resp., Gz, ) is the submatrix of B (resp., G)
constructed with the rows in Z;, and all the k£ columns. We have

det(BIk7i) = Ciy "Gy, H ()\iq - /\ip)a
ilgip<iqgik
and, since A — @1 is diagonal,
(22) det(GIkﬁ) = (/\11 - 0) e (/\Zk - 0) Ciy *** Ciy, H (/\iq - Aip)'
i1 <ip<iq<ip
Therefore, we have the new polynomial
det(B*G) =D (\iy =)~ (i = O lea - +len® T o, =2 P
T i1 <ip<iq<ip

whose roots are the Ritz values at iteration k. We remark that the product
(Ni; —0)--- (N, —0) is a polynomial of degree k in 6 whose roots are k of the eigen-
values of A. Hence, p; is a sum of polynomials whose roots are eigenvalues whose

indices are given by all possible ordered subsets of k elements of {1,...,n}. We have
k . .
iy = 0) - (i, = 0) =D (=) ey (N, iy )0,
j=0

where e(;) is a symmetric elementary polynomial that is
ey, s pix) = Z My = fhy; €y = 1.
1<51<ga << <k

The new polynomial is not monic nor with a value 1 at 0, but it is a constant multiple
of the characteristic polynomial of Hy. If we want to obtain a monic polynomial (the
characteristic polynomial of Hj) we have to divide by the coefficient of #* which is

DR enPoclenl® T P = AP = (= 1)F det(My).
Ty

i1 <ip<iq<ig

If we want a value 1 at the origin (the FOM residual polynomial pi) we have to divide
by the constant coefficient which is

Z)‘h e iy, |Ci1|2"'|cik|2 H |)‘iq _Aip|2’
Tk

i1 <ip<iq<ig
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provided that it is nonzero. The other coefficients involve the symmetric elementary

polynomials; the coefficient of =7, j =0,...,k, is
(DR ey i A e P les 2 TT 0 iy = a2
Iy i1 <ip<iq<ig 0

According to Theorem 2.1 the FOM residual vector at iteration k is
ri = pi, (A)b,
= Xpf (M) XD,

= > ek (),
j=1

where 2(9) is the column of X corresponding to the eigenvalue \; and ¢ = X*b is the
vector whose components are the projections of b on the eigenvectors. We also have
(x(J))Tr,f =pE(\j)e;j. Let

po =3 A Aol TT - A £0
Ty

i1 <ip<iq<ip

The value of the polynomial ka at the eigenvalue )\; is

1
PEO) = — S0 = A Qe = M) e Polenl” T g = Ao
Ho Tr i1 <ip <igq<ig
where the sum is over all ordered set of indices (z’l, i2, ..., z’k) with ip # 4, £ =
1,...,k. Hence, ka(/\j) depends on the distances of A; to all the other eigenvalues

and also on the pairwise distances of these other eigenvalues.

Note that the knowledge of the coefficients of the polynomial pf gives the de-
composition of the residual vector rf" on the natural basis of the Krylov subspace
(b Ab - Akb). In fact, the coefficients of the residual polynomial allow us to
characterize the nonzero entries of the inverse of the matrix U. It its well known that

the orthonormal basis vectors are linked to the FOM residual vectors by

rh = —he 1k (Uk) R Ukt 1

Hence, the residual vectors are proportional to the basis vectors. Let us assume that

we have real data and that Hy is nonsingular for all k =1,...,n. Since K = VU, we
have ]
V=KU'= v, =KU tepy = imka(A)b.
Tk

Let pf' (A)b = {lik)Akb+- . -+§§k)Ab—|— b. By identification of the coefficients, we obtain

1
k
R
SRR S IS
U 6k+1—:|: i é-k
I | %

0
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In particular, we see that the entry (U~1); j4+1 on the first row is equal to the inverse
of the FOM residual norm at iteration k. This fact was already proved differently in
[7, Theorem 3.2] for any Q-OR method. The previous results are also valid when A
is diagonalizable and not normal.

We can also write U~ = U‘lD,Tl with

1 1 1 1
1 n—1
et P S
IrE_ | ey

where S is a diagonal matrix with +1 on the diagonal. Using this result we can solve
the problem of constructing a matrix and a right-hand side with prescribed eigenval-
ues, a prescribed FOM convergence curve, and prescribed Ritz values (provided they
are different from zero). This problem was considered and solved in [6]; see also [2]
for an early paper describing how to prescribe the GMRES convergence curve. But,
the following construction is a little bit simpler. Prescribing the Ritz values, we can
compute the coefficients 51_(1@) of the polynomials p! for k =1,...,n—1 and construct
the matrix U~ Prescribing the FOM residual norms (or, equivalently, the GMRES
residual norms provided GMRES does not stagnate) we can construct the matrix
D,.. The prescribed eigenvalues yield their companion matrix C. Now, let V' be any
unitary matrix and

A=VD,UCU'D'V* b= Ve.

Then, A has the prescribed eigenvalues and using FOM with (A, b) gives the prescribed
residual norms and the prescribed Ritz values. Note that the right-hand side can also
be chosen as we wish since we can freely choose the first column of V' but, of course,
this yields a different matrix. The case of some matrices Hy being singular is treated
in [6].

2.2. Diagonalizable matrices. Let us see if we can generalize the results of the
previous subsection to the case A diagonalizable with A = XAX ~'. In fact, the only
difference is that we have to use the Cauchy—Binet formula twice, but, the formulas
are much more intricate.

THEOREM 2.2. Let A be a diagonalizable matrixz with the spectral factorization
A= XAX"1. Then, the polynomial p; whose roots are the Ritz values at iteration k
is given by

pr(0) = Z(/\il —0)--(Niy —0)ciy -y H (Aiy — Aiy)

Ty i1 <ip<igq<ig

X Zdet((X*X)Ik7.7k)c.7_10.7_k H ()‘_Jq_/\_Jp) )

Tk JlSJp<Jq§]k

where the summations are over all sets Iy, and Ji of k indices defined as in Theo-
rem 2.1 and ¢ = X~ 'b.
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The characteristic polynomial pt of Hy, (which is monic) is obtained by dividing
pr by

DF e [T i =M
Iy

i1 <ip<igq<ig

x> det(X Xz ) o [ Gy =%,

Tk J1<3p<Ja<Jk

The residual polynomial pf for FOM is obtained by dividing px by

Zcil "'cik/\h )\Zk H (/\zq — )\zp)
Ik

11 <ip<ig<ig

x Zdet((X*X)ijk)cj_lcj_k H (/\jq _)\jp) )
Tk J1<dp<jq<Jk
if this quantity is different from zero.
Proof. The proof is essentially the same as for Theorem 2.1; we just outline the
differences. Now, the equation for the Ritz values is
0 = det(Hy, — 01) = det(M; ") det(K;  XAX 'K, ) — M),
1
=———det(V: . Di(X* X)ADVp . — 0V, . DED. YV, ).
det(Mk) € (mG c( ) v Sk Vn,k c V 7k)

Using the same notation as above the equation reads
det(B*(X*X)AB — 0B*(X*X)B) = det(B*(X*X)(A — 0I)B) = 0.

Let us define G = (A — 0I)B. Then we have det(B*(X*X)G) = 0. Once again we
can use the Cauchy—Binet formula to obtain

det(B*(X*X)G) = det((X*XB)z,..) det(Gx, .).
Ik

As before, det(Gz, ) is given by (2.2). For (X*XB)z, . we again use the Cauchy-
Binet formula. It yields

det((X*XB)z,:) = Y det((X"X)zoz)es i [ g =)

Jk jlgjp<jq§jk I:l

Let po = pi(0) # 0. Then, the residual vector is 7 = Y7 ¢;pf (A;)a?) with
c=X"1h and

PEO) = — 30 =) (e = Aen-e [I O =Ay)

Ty 11 <ip<ig<ik

x> det(X* XNz a)e o [T Qi =)

Tk 71 <5p<Ja<Jjk
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2.3. Relations between the coefficients of the FOM polynomials and
the matrix Mj,. There exist interesting relationships between the coefficients of the
characteristic polynomial of Hy as well as those of the FOM residual polynomial and
the entries of the inverse of the matrix M = K , K, ;. The vector of the coefficients
of the characteristic polynomial of Hy, (in ascending order of the powers) denoted as

(ao . ock_l)T is the solution of the linear system,
Qg
(2.3) My | - = =M1 k+1-
A1

For a proof, see [22].

THEOREM 2.3. The coefficients of the characteristic polynomial pt of Hy, (in as-
cending order of powers) are given by

(M) — (M50

(24) Qi1 — — 5 ]21,,k
! (M kg1

Moreover, we have
) MY (MY,

(2.5) ot _ Miiin =My i 5y
ag (M )11 — (M )1

Proof. Let us consider the first column of the inverse of M1, given by the
solution of the linear system

1

My, My k+1> < z ) 0

M xr = * ’ = .
o <(M[1:k],k+1) Me4+1,k+1 Thk+1 :
0

It yields the two equations

MZ + w1 Mg p11 = e,

(M1:1) k1) T + T 1Mt 1,641 = 0.
Solving the first equation for £ we have
&= M, (er — w1 Mg ps1)
and multiplying by e;‘-r, j=1,...,k, we obtain

e = (M) = (

1 —1 T —1
j 1 )i — (M2 k1,065 My, Mg ks

Dia+ (M Dksra05-1,

since Tj11 = (Mk__:l)k+1)]_. The last relation proves (2.4). Now we can use the second

equation which, after elimination of Z, yields

Tho1 [t hr1 — (Mg pe1) My " Mg pa1) = —(Mpag i) "My e
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The term within brackets is a Schur complement equal to 1/(M, Jrll)k+1,k+1 and the
right-hand side is ag. Therefore (Mk__i_ll)kH,])]_ = do(M,;_ll)kJrLkH. Plugging this
result in the expression for ag in (2.4) yields

(M) — (M )

(M D kt,h1

ao|* =

Therefore we obtain the following simple formula,

Qi1 _ (Ml;rlﬂayl - (Mk_l)%l _ (M_Jrll)jvl E ji=1 k
Qo |‘10|2(M1;31)k+17k+1 (Ml;rll)lv D o

|
—~
?T‘§|
=
~—
<
[

H
|
—~
?T‘i‘

This proves (2.5). O

Relation (2.5) gives the coefficients of the FOM residual polynomial. We should
mention that one can obtain closed-form expressions for the entries of the inverse of
M. Due to lack of space we cannot explain this in this paper. But, this gives another
way to obtain the coefficients of the FOM polynomials. However, the formulas that
are obtained are even more intricate that the ones we derived in this paper.

3. The GMRES residual polynomial. From the definition of the harmonic
Ritz values and vectors one can see that they are also given by solving

H;H,x=(Hjx.
We have Hy = V7 AV, and Hy, =V, AV, g It yields
Vr;k/kA*(Vn,k+1 V;)k_,,_l)AmG:E = CV;/kA*mGIE.

But, Vi 41V, 4 is the orthogonal projector on the Krylov subspace Kyy1(A4,v).

n,

Since AV, yz is in this subspace, we have (V, k4+1V,’ ;1) AV, 2 = AV, oz and
Vo AT AV, po = (V) A"V g

3.1. Normal matrices. When A is normal this yields the following result.

THEOREM 3.1. Let A be a normal matrixz with the spectral factorization A =
XAX*. Then, the polynomial qi whose roots are the harmonic Ritz values at iteration
k is given by

B1) Y (Pal =) (il = i) el leal® T i =A%

T, i1 <ip<iq<ig

where the summation is over all sets Iy, of k indices (il, i2, ..., ik) such that
1 <4 <+ < <nand c = X*b. In the product the indices i, and iy belong to the
set of indices Iy.

The characteristic polynomial p§ of H, (which is monic) is obtained by dividing

ar by o
(_1)kz/\i1 )‘Zk |ci1|2"'|cik|2 H |)‘iq _/\ip|2'
Te i1 <ip<iqg<ik

The residual polynomial p¢ for GMRES is obtained by dividing gy by

Z'Ah'z'"|)‘ik|2|ci1|2"'|cik|2 H |/\lq _/\ip|2'
Ik

i1 <ip<iq<ip
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Proof. With the same notation as in the previous section the equation for the
harmonic Ritz values is

det(B*A*AB — (B*A*B) = det(B*(A*A — ¢(A*)B) = 0.
Let G = (A*A — (A*)B; we have det(B*G) = 0. Therefore, the new polynomial is
det(B*G) =Y (N> = %) - (NP = i) lea P+ lea P TT e =2 1™
e i1 i <ig i

We have

k
(Xix [ = ) - (X [P = ) = D (=D ey s s i)y -+ Ao ¢
=0

The coefficient of ¢¥=7, j = 0,...,k, in the polynomial ¢; whose roots are the har-
monic Ritz values is

DRI e (i M) XNl Poclea 0 TT Iy = A
Ty 11 <ip<ig<ig
From this we can obtain the characteristic polynomial of H;, and the GMRES residual
polynomial dividing by the appropriate coefficient. a

The residual vector at iteration k is rff = 37 ¢;pff (A;)z¥) with ¢ = X*b and

1 N _

pE(N) = — E (i P =20 - (i P =X lea, |-+ e, | I I Xiy —Ai, |2
0 4 i

T i1 <ip <iq<ig

2 2 2 2 2
Yo=Y i P i P lei [ e T e =
T i1 i <ig i
3.2. Diagonalizable matrices. Let us now assume that A is diagonalizable.
Then we have the following result. We just give a sketch of the proof since it is
essentially the same as what we did for the FOM residual polynomial.

THEOREM 3.2. Let A be a diagonalizable matriz with the spectral factorization
A= XAX"'. Then, the polynomial q whose roots are the harmonic Ritz values at
iteration k is given by

(@)= iy = Q- Ny =Ny - Nigeiy e, [ Qi =Ny

Ty i1 <ip<igq<ig

X Zdet((X*X)Ik7.7k)c.7_1€J_k H ()‘_Jq_/\_Jp) )

Tk J1<Jp<jq <k
where the summations are over all sets I, and Jy of k indices defined as in Theo-
rem 2.1 and ¢ = X ~'b. R
The characteristic polynomial p of Hy, = Hy+h3_,  Hy “exe}l (which is monic)
is obtained by dividing qi by

(—1)* ZA_nEcn Gy, H (Aiy — Aiy)
Iy

11 <ip <iq <tk

x> det(X Xz ) o [T Gy =%,

Tk J1<3p<Ja<Jk
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The residual polynomial p¢ for GMRES is obtained by dividing qi. by

Sl NalPen e I Qi =N
Iy

11 <ip<ig<ip

Xy det(X* Xz a )G [T G =N)

Tk J1<Jp<jq<Jk
Proof. The equation for the harmonic Ritz values is
det(B*(X*X)A*AB — (B*(X*X)A*B) = det(B*(X*X)(A*A — (A*)B) = 0.
If we choose G = (A*A — (A*)B, we have det(B*(X*X)G) = 0. Using the Cauchy—

Binet formula twice, we obtain,

det(B (X" X)G) =D (N, = Q- ie = O Xy - Nery e [ i, = Ay)

Ty i1 <ip<iq<i

X Zdet((X*X)Ik,Jk)cJ_lcj_k H (/\_]q_/\_]p)

Jk JlSJp<]q§]k

a
Again the residual vector at iteration k is rf = Y7, ¢;pf(A;)2?) but with
¢ = X~ 'b. The formula for p{();) is similar to what we have for normal matrices

except for the additional sum over Jg.

3.3. Relations between the coefficients of the GMRES polynomials and
the matrix Mp. In this subsection we first look for a factorization of Hy, similar to
the one we have for Hy.

THEOREM 3'3; For k < n assume that Hy is nonsingular. Then the matriz ﬁk
can be written as Hy, = UkC(k)Uk_l, Uy being upper triangular and

2
R u
AW — o) _ %O’““Uk‘lU,;*elef,

being a companion matriz, where C®) is the companion matriz in Hj, = UkC'(k)Uk_l.

Let (ﬁg ﬁk_l)T be the coefficients of the characteristic polynomial of Hy. We
have
Bo
(3.2) My, = —M[1.1] k41 + VE+1€1,
Br—1
where My, = K;;kKnk =UpUy and
Ve+1 = U%JF,IJHI = 711 .
Qo (M )k+11

Proof. Let us first consider H, *e,. We have H, * = U, *[C®)]~*U}. Since Uy is
upper triangular we have U} e, = uy rer with uy ; real and positive. The companion

matrix C®) is
(k) _ 0 —Q
o =(n, %)

1 T . . ..
with & = (a1 . an,l) , the o;’s being the coefficients of the characteristic
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polynomial of Hy. We have oy # 0 since Hy is nonsingular. The inverse of the

companion matrix is
[CW)1 = (—54/040 Ik—l) .

— 1/0[0 0
Therefore if we (Hermitian) transpose and take the last column of the result, we have
1
[C®] e = ——ey.
Qo

Finally we obtain

_ Uk, k r—
Hk *ek = _7—Uk *81.
)]

On the other hand, we have hgq1,k = W41, k+1/Uk k- Since uq,1 = 1 (because ||b]| = 1)
and hy1 ) is real and positive, this implies that all the diagonal entries of U are real
and positive as we said before. Then

2
. U
Hy = UpyCWy, 1 — KLkt g o T
QoUk, k
Let us factor Uy, on the left and U, L on the right. We obtain

2
~ u
kt1,b+1 77— 17— _
= Uy, |00 — 2y -ty e el Uy | U
QU k

We remark that e} Uy, = ug el . Hence Hy, is similar to the matrix
. u?
C® = o) _ ktLktl U,;lUk’*ele;;F.
Qo
The second term on the right-hand side modifies only the last column. Therefore,

C:'(k) is a companion matrix and the coefficients of the characteristic polynomial of
Hj, are given by the negative of the last column of C'*). We remark that

9 1
Ukt1,k+1 = 72,=1 N -
i (M2 )kt 1,k41

From Theorem 2.3 we have

Bo
D = U U ke + iUy U e
Br-1
with 5
- uk+}7k+1 _ 711 .
Qo (M f1)kt1
Multiplying both sides by M}, = U;/U) we obtain
Bo
Mj, : = —M[1:0], k41 + VE+1€1-
Br—1

Note that if A is real, the coefficient ap and 7,41 are real. We see that, compared to
the linear system (2.3) for the characteristic polynomial of Hy, only the first entry of
the right-hand side is modified. 0
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The previous theorem shows that we have a simple relation between the coeffi-
cients of the characteristic polynomials for the harmonic Ritz values and the standard
Ritz values,

Bo o
= —+ Yi+1 M,;lel.
Br—1 k-1
From the results in Theorem 2.3 we have simple expressions for the coefficients of the
characteristic polynomial of Hj, as functions of the entries of the inverse of M.

THEOREM 3.4. The coefficients of the characteristic polynomial p$ of H, (in as-
cending order of powers) are given by

—1
(M; 1)
(M )kt

(3.3) Bj-1=

)

The coefficients of the GMRES residual polynomial ka (in ascending order of powers)
at iteration k are

Bi-1 (Mk_+11)j,l . 1 _ (Mk_+11)k+171
Bo (Mk_+11)171

Proof. We have

Bi—1=aj1+vee1(My )1
_ (M) = (M) LM (My1)jn 0
(M} k1 (M Dksern (M Dk

We note that we have a relation between the coefficients of the FOM and GMRES
residual polynomials,

(M Ya
1 — 1 L Q-1 _ Bi—1 (M)
a Bo |y M |7 ag Bo |- (Mg
(Mk_+11)1v1 (M;Jrll)lvl
4. The Ritz and harmonic Ritz values for k = 2. Since we know the

coefficients of the polynomials associated with FOM and GMRES, we can write the
Ritz and harmonic Ritz values for k¥ < 4. Let us assume for simplicity that A is
normal and k = 2. We consider the polynomial ps written as

p2(0) = 520% + 610 + 0o
with
Sy =Y lei Pleis PNy — Aiy |2,
I

01="> (N + Nix) e [Pless [P Ay = Ay

I

So =Y Nis Xy lea Plei, PNy — A, 2,

I
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where the summations are over all the ordered pairs of indices (i1,42) such that 1 <
i1 < i3 < n. The Ritz values at the second iteration are given by the roots of ps,

=61+ /62 — 45500
a 25 '

01,2

The harmonic Ritz values are the roots of the polynomial

32(¢) = v2¢* + v1¢ + vp,
vy = SN e Plel v — AP
2 i1 Nig |Ciyq Ciy 12 11|

I>
_ Ny 2 2 2
vi =Y (i + X)Xy Ao, Jea Pl P, — A, 2,
Is
vo =D i 2 lei [Pleis P, — Ay 2
Is

Then,
2
—v £ \/v] — 4

G2 =

Note that when A is real all the coefficients d;, v; are real. These formulas can be used,
for instance, to study what happens to the two Ritz or harmonic Ritz values when we
move around one or several eigenvalues or when we change the starting vector in the
Arnoldi process. This is what we do in the next example.

We can also write down closed-form expressions for the Ritz and harmonic Ritz
values for k = 3,4 but the expressions are much more involved and we do not consider
them in this paper.

2V2

5. A small example. Let us consider a small example from [22]. The ma-
trix A is real normal of order 4. Its eigenvalues are A\; = —0.432565 + 1.665584,
Ao = —0.432565 — 1.665582, A3 = 0.187377, and Ay = —1.20852. We have two real
eigenvalues and a pair of complex conjugate eigenvalues. As one can see in Figure 1
the field of values of A which contains the Ritz values is a quadrilateral. Let w; = |c;|?.
The two values corresponding to A; and A\ are equal, w; = we, and, therefore, since
lle]l = 1, 2wy + ws +wg = 1 with 0 < w; < 1. Therefore we can compute the Ritz
values at k = 2 for given values of w3 and w,4 using the formulas given above. This
gives all the possible locations of the Ritz values when we change the starting vector.
This is what was done for Figure 1 where we used 50 uniformly distributed values in
(0,1) for ws and wy. One can check that the result agrees with what was computed
in [22] by using another technique. The Ritz values do not cover the whole surface
of the field of values. As already noticed in [22], this is due to the fact that we are
considering a problem with real data. The same phenomenon does not happen with
a complex matrix. On these issues, see also [4]. For our problem we see that there
exist starting vectors (that is, values of w3 and wy4) for which the pairs of complex
conjugate Ritz values are close to the pair of complex eigenvalues of A or very far
from it. The boundary of the region containing the pairs of complex Ritz values is
given by w3 = 0 or wy = 0. Another way of computing this boundary is given in [22].

Of course, we can do the same thing for the harmonic Ritz values. Figure 2
displays the inverses of the harmonic Ritz values in the field of values of A=1. We see
that the inverses of the complex harmonic Ritz values are also clustered in a small
region of the field of values. The inverses of the real harmonic Ritz values do not
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Hhr +

Vil

o
il

Fic. 1. Example, n = 4,k = 2, A normal real, location of the Ritz values in the field of values
of A.

F1G. 2. Ezample, n = 4,k = 2, A normal real, location of the inverses of the harmonic Ritz
values in the field of values of A~1L.

completely fill the intersection of the field of values with the real axis. It would be
interesting to explain this phenomenon.

Let us now consider the third iteration of GMRES applied to this matrix. The
sum with Z3 is over the set of indices

(1,2,3), (1,2,4) (1,3,4), (2,3,4).

When considering pg (A1) only one term remains in the sum (corresponding to the
indices (2, 3, 4)) and we have

1
p§ (A1) = %[)\2)\3)\4 (A2 = A1) (A3 — A1) (Mg — A)
X |eal? |es]? [eal® A2 — Asl? [A2 = Aa® Az — A4 f?].

In this small example none of the pairwise distances between eigenvalues is small.
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Hence, generally, p§'(A1) can only be small if at least one of the |¢;|2, j = 2,3,4, is
small. Let us first consider a right-hand side such that |¢;| = 1,5 = 1,...,4. We
obtain the following residual norms,

2.0000, 1.8763,1.4799, 1.2169, 1.2009 10~ 1.
The dot products of the first eigenvector and the residual vectors are
1,0.98564,0.30887, 0.053046, 2.7433 10~ 16.

As predicted, they are not small before iteration 4. Let us now take a right-hand side
for which |e1] = 0.9, |ca| = 0.1, |c3] = 0.01, |eg| = 1.0113 10~*. The right-hand side is
large in the direction of the first eigenvector. Then, the residual norms are

0.91104,0.21835,0.10648, 8.4935 10~*,2.3488 10~ 1.
The dot products of the first eigenvector and the residual vectors are
0.9,0.021404, 0.6861 10~*,2.8713 10%,1.4048 10~ '°.

The component of the residual on the first eigenvector becomes quite small at iteration
3 because p§'(A\1) is small. This is an example of what can be obtained with the
formulas derived in this paper.

6. Distances of Ritz values to eigenvalues. For &k > 4 we cannot obtain
closed-form expressions for the Ritz values. Therefore, we are interested in finding
bounds for the distance of an eigenvalue of A to the Ritz values at a given iteration
of the Arnoldi algorithm. We have seen above that we know closed-form expressions
for the coefficients of the characteristic polynomial of Hy in terms of the eigenvalues
and eigenvectors of A. Therefore the problem is reduced to finding bounds for the
roots of a given monic polynomial as a function of its coefficients.

6.1. Bounds for roots of polynomials. There exist many lower and upper
bounds for the moduli of the roots of a given polynomial as a function of its coeffi-
cients in the literature. Some of them use Gershgorin disks for the companion matrix
associated with the polynomial coefficients or their generalizations; see [19, 20]. There
are hundreds of papers providing upper bounds. But one can obtain lower bounds by
applying their results to the polynomial

k
- z 1
i =20 (3).
whose roots are the inverses of the roots of p. A few of these papers are (in chronolog-
ical order) [14, 17, 24, 16, 15, 1, 5]. Note that [5] does not use the companion matrix

but the Fiedler matrices.
For the moment we consider a monic polynomial

p(z) = 2 tap 12" o+ arz + ao,

and its roots ;. Some of the bounds that one can find in the literature are the
following (see [12, 18, 5]):
e Cauchy’s bounds,

o

<16;l < max (laol 1+ |ai);
i=1,...,k—1
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e Montel’s bounds,

oo
max(|ao|, 1 + |a1| + -+ + |ag—1])

< |0;] < max(1, [ao| + -+ + |oe—1]);

e Carmichael and Mason’s bounds,

|ao|
(1 + |Oz()|2 + -+ |Oék_1|2)%

<1051 < (1 Jaof* + -+ Jawr )35

e De Teran, Dopico, and Pérez’s bounds,

oo
max;—2, . k-1(1 + [az], |aol(1 + [a])

.....

||
<105 < 1 _ .
st < (1412 ool + o
6.2. Application to the Arnoldi algorithm. At iteration k of the Arnoldi
algorithm we have the characteristic polynomial of Hy,

135(2) =" dap 12" ozt ag.

When A is normal the coefficients are given by Theorem 2.1.

The results that we have seen above give us bounds for |6;| depending on the
coefficients of the polynomial. However, this is not particularly interesting for us.
What we would like to know is if some Ritz values are close to some eigenvalues of A.
Hence, we are interested in the distances of the Ritz values to a given eigenvalue of
A, say A\;. A way to obtain this is to do a change of variable in the polynomial,

z = z+ N

The roots of the new polynomial py(z) will be §; — A; and the lower bounds will give
us lower bounds for the distances of A; to the Ritz values. As long as they are not
small, there won’t be convergence of Ritz values to A;. The upper bounds are useless
since they are always larger than 1 and they are upper bounds of the distance from
A; to any Ritz value which means that they are usually large. Note that to do this
change of variable we have to know the eigenvalue \; (or at least a target that has
to be reached). Therefore these bounds are only of theoretical interest and cannot be
used to stop the Arnoldi algorithm. Of course, we have to compute the coefficients of
the modified polynomials pg. Let us denote

Pr(2) = 28 + 12 a2+ o

There could have been an index ¢ for the coefficients, but we are only considering one
eigenvalue at a time, so there is no need for that. We have

(24 \) = Zj: @ N

£=0

Then we have to collect the coefficients of z¢ for j =1,..., k. Hence,

k .
W:Zaj <é) )\g_g, l=1,....k—1
j=1
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with (%) =0if £ > j and oy = 1. The constant coefficient is

k

Mo = g + Z aj)\g.
j=1

Therefore, in the normal case the coefficients are

1 (7 i
e = d_Z(_l)j (;) /\f Zze(kfj)()‘hw"v/\ik)|ci1|2"'|cik|2 H |/\iq_/\ip|2
Ty

k=1 i1 <ip<iq <ir

dr, = Z|Ci1|2"'|cik|2 H |/\zq _/\ip|2

Iy 11 <ip<iqg<ip

and

k
1 L
Ho :ao+d_]€ E (_1)3/\2 E e(k*j)()\'h?"'?)\ik)|Ci1|2...|cik|2 H |)‘iq _/\ip|2'
j=1 Tk

i1 <ip<igq<ig

For instance the Cauchy lower bound when A is normal is

|10l
S 0; — N\ ’
maxy—1, .. k—1(1, |o] + [pee]) 16 = Ad
and we have similar relations for the other bounds described above. The behavior of
these lower bounds requires further study.

6.3. A numerical experiment for the Ritz values. Let us give a small ex-
ample to illustrate the behavior of the lower bounds defined above from the coefficients
of the polynomials. We consider a random normal real matrix of order 10. Figure 3
(resp., Figure 4) displays the eigenvalues of A (as circles) which are well separated
and the Ritz values (as crosses) at iterations 4 and 6 (resp., 8 and 9). At iteration 6
four of the Ritz values are close to four outer complex eigenvalues. The smallest real
eigenvalue is almost reached at iteration 8. Figure 5 shows the smallest distance of a
Ritz value to A\; = —0.43256+11.6656 (the eigenvalue with the largest imaginary part)
which is an outlier and the lower bounds as functions of the iteration number. After
iteration 6 the best result is given by the De Teran, Dopico, and Pérez bound. The

iteration 4 iteration 6

Fi1G. 3. Ezample, n = 10, eigenvalues (circles) and Ritz values (4), iterations 4 and 6.
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iteration 8 iteration 9

Fi1G. 4. Ezample, n = 10, eigenvalues (circles) and Ritz values (4), iterations 8 and 9.

T
exact

Cauchy
—+— Montel

Carm
—&— Dop

Fic. 5. Example, n = 10, minimum distance to A1 and lower bounds.

next best is Cauchy’s bound. The worst result is given by Montel’s bound. Figure 6
displays the distance and the bounds for a real eigenvalue A\g = 0.41257 which is the
largest real eigenvalue. There is no decrease of the distance before iteration 9. On
this example the lower bounds are quite sharp (at least on a log-scale) and they well
describe the decrease of the distance between the given eigenvalues and Ritz values.
Other numerical experiments with different problems show that the relative merits of
the different bounds are not always the same.

Numerical experiments not reported here show that the lower bounds describe
quite well the distances of Ritz values to an eigenvalue when A is diagonalizable but
not normal.

7. Conclusion. We have derived closed-form expressions for the coefficients of
the FOM and GMRES residual polynomials as functions of the eigenvalues, the eigen-
vectors, and the right-hand side for diagonalizable matrices. It yields the solution of
the minimization problem (1.2). These expressions can be used to write down the
Ritz and harmonic Ritz values for the first four iterations of the Arnoldi algorithm.
They can also yield lower bounds for the minimum distances of eigenvalues to Ritz
values. Unfortunately, these expressions are intricate functions of the eigenvalues and
eigenvectors, even though they simplify when A is a normal matrix. It remains to
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Fic. 6. Example, n = 10, minimum distance to Ag and lower bounds.

study more carefully the coefficients and the lower bounds to obtain more information
about the convergence of the Ritz values. It would also be interesting to find good
upper bounds for the minimum distances, but this requires other techniques than the
ones developed here.
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