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Abstract. In this paper we derive closed-form expressions for the coefficients of the residual and
characteristic polynomials in the full orthogonalization method and GMRES iterative Krylov method
for solving linear systems with diagonalizable matrices. The coefficients are given as functions of the
eigenvalues and eigenvectors of the matrix A and of the right-hand side b. These results yield the
residual vectors and the explicit solution of the optimization problem minp∈πk ‖p(A)b‖, where πk

is the set of polynomials of degree k with a value 1 at the origin. In addition, the Ritz values and
harmonic Ritz values can be written explicitly for the first four iterations of the Arnoldi algorithm.
Moreover, from the coefficients of the characteristic polynomials, we obtain lower bounds for the
distances of the eigenvalues of A to the Ritz and harmonic Ritz values.
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1. Introduction. This paper is mainly concerned with the polynomials gener-
ated by the FOM (full orthogonalization method) and GMRES (generalized minimum
residual method) iterative Krylov methods for solving nonsymmetric linear systems
Ax = b, where A is a nonsingular real or complex matrix of order n and b is a given
vector; see [27, 28, 29, 30]. These two methods use the Arnoldi process [3] to com-
pute an orthonormal basis of the Krylov subspace. We are also interested in the
convergence of the Ritz values which are the approximations of the eigenvalues of A
generated by the Arnoldi process; see [31]. We will assume for simplicity that the
Arnoldi process started with b as the initial vector does not stop before step n and
that ‖b‖ = 1. Given A and b, the Krylov matrix is defined as

K =
(
b Ab A2b · · · An−1b

)
.

The columns of K span the Krylov space Kn(A, b). Similarly we define the Krylov
subspaces Kj(A, b) which are spanned by b, Ab, . . . , Aj−1b for j < n. Starting from
v1 = b the Arnoldi process computes a unitary matrix V with columns vi and v1 =
V e1 = b (ej being the jth column of the identity matrix) and an upper Hessenberg
matrix H with positive real subdiagonal entries hj+1,j , j = 1, . . . , n− 1, such that

AV = V H.

This corresponds to the choice of a zero starting vector x0 = 0 for FOM and GMRES.
Let Vn,k be the matrix of the k first columns of V , k < n. The relation satisfied by
Vn,k is

(1.1) AVn,k = Vn,kHk + hk+1,kvk+1e
T
k ,

where Hk is the principal matrix of order k of H and ek is the last column of the
identity matrix of order k. Note that Hk = V ∗

n,kAVn,k. Relation (1.1) shows how
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FOM AND GMRES RESIDUAL POLYNOMIALS 97

to compute the next column vk+1 of the matrix V and the kth column of H by
orthogonalizing vk+1 against the previous columns of V . We define the iterates xk as
a linear combination of the k first basis vectors,

xk = Vn,kyk, k = 1, 2, . . . .

since x0 = 0. The residual vector rk is defined as usual as rk = b − Axk. FOM
is defined (provided that Hk is nonsingular) by computing yk as the solution of the
linear system

Hkyk = e1.

In GMRES the vector yk is computed as the solution of the minimization problem

min
y

‖e1 −Hky‖,

where Hk is the matrix Hk appended with the k first entries of the k+1st row of H .
This minimizes the norm of the residual rk at iteration k.

It is easy to see that the residual vectors rFk in FOM and rGk in GMRES can be
expressed as polynomials of degree k in A applied to the initial residual b,

rFk = pFk (A)b, rGk = pGk (A)b.

These polynomials are so-called residual polynomials and they have a value 1 at 0.
The GMRES residual polynomial pGk (A) is the solution of a minimization problem

(1.2) ‖rGk ‖ = min
p∈πk

‖p(A)b‖,

where πk is the set of polynomials of degree k with a value 1 at the origin.
Most studies on GMRES convergence use the upper bound

‖rGk ‖ ≤
(
min
p∈πk

‖p(A)‖
)

‖b‖

that decouples the matrix polynomial from the right-hand side b. The polynomial
giving the minimum in the right-hand side of the inequality is known as the ideal
GMRES polynomial; see [11, 8]. It is different from the residual polynomial.

However, a closed-form expression of the norm of the GMRES residual was pro-
vided in [23] as a function of the eigenvalues and eigenvectors of A and the right-hand
side b when A is diagonalizable. The main contribution of the present paper is to
obtain closed-form expressions for the coefficients of the polynomial which yields the
solution of the minimization problem in relation (1.2). This solution gives an ex-
act expression for the GMRES residual vectors as functions of the eigenvalues, the
eigenvectors, and the right-hand side.

The Ritz values θ
(k)
j at iteration k, which are the roots of the polynomial pFk ,

are the eigenvalues of the upper Hessenberg matrix Hk and therefore the roots of its
characteristic polynomial. Hence, the FOM residual polynomial is proportional to
the characteristic polynomial of Hk which is a monic polynomial. To simplify the
notation in the following we will drop the upper index (k) since we will only consider
iteration k.

The goal of introducing the harmonic Ritz values ζ
(k)
j = ζj at iteration k is to

provide better approximations of the interior eigenvalues. A parameter is used to
shift the eigenvalues of interest to the exterior of the spectrum. Here, for simplicity
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98 GÉRARD MEURANT

of notation, we will use a zero shift. Then, the harmonic Ritz values are defined as
the reciprocals of the standard Ritz values obtained from the Arnoldi process applied
to the matrix A−1 and the starting vector Ab; see [25] and the earlier paper [26] for
symmetric matrices. They can also be seen as the eigenvalues of the matrix

Ĥk = Hk + h2
k+1,kH

−∗
k eke

T
k

when Hk is nonsingular. It was proven in [9] that they are the roots of the GMRES
residual polynomial pGk which is proportional to the characteristic polynomial of Ĥk.

In the past, very ingenious methods had been proposed for computing the coeffi-
cients of characteristic polynomials; see [13]. The goal was to compute eigenvalues of
matrices as roots of their characteristic polynomials. Of course, today we do not any
longer compute eigenvalues in this way, the approximations of eigenvalues of nonsym-
metric matrices are computed as the eigenvalues of Hk or Ĥk. Here we are interested
in a different problem. We will obtain closed-form expressions for the coefficients
of the characteristic polynomials of Hk and Ĥk as functions of the eigenvalues, the
eigenvectors of A, and the right-hand side b. We will consider the case where the ma-
trix A is diagonalizable and give particular attention to the case where A is normal.
As a by-product of our study, the closed-form expressions of the coefficients of the
residual polynomials will give the locations of the Ritz and harmonic Ritz values for
the first four iterations of the Arnoldi algorithm, for which we can explicitly write
down the roots from the coefficients. Moreover, we will also obtain lower bounds for
the distances of Ritz values to eigenvalues by using bounds which are available in the
literature for roots of polynomials as functions of their coefficients.

The contents of the paper are as follows. Section 2 is devoted to the FOM
polynomials. We compute the coefficients of a new polynomial whose roots are the
Ritz values. This polynomial is not monic nor with a value 1 at the origin but
the characteristic polynomial of Hk is obtained dividing by the coefficients of the
monomial of highest power and the residual polynomial is obtained dividing by the
value at the origin. Moreover, the characterization of the residual vectors leads to
a simplified way of constructing linear systems with a prescribed convergence curve
for FOM or GMRES, prescribed eigenvalues and Ritz values. We also study some
relations of the coefficients with the entries of the inverses of the matrices Mk and
Mk+1, where Mk = K∗

n,kKn,k, Kn,k is the n× k Krylov matrix (the first k columns
of K). In section 3 we do the same for the GMRES polynomials. In section 4, as an
illustration of what can be obtained from the polynomial coefficients, we consider the
Ritz and harmonic Ritz values for k = 2. Explicit formulas for the Ritz and harmonic
Ritz values can also be written for k = 3, 4 but, of course, the formulas are more
involved. Section 5 considers a small example with a normal matrix. In section 6
we explain how to use the previous results to obtain lower bounds for the distances
of an eigenvalue of A to Ritz or harmonic Ritz values. This is illustrated by a small
numerical example with a normal matrix. Finally, we give some conclusions.

2. The FOM residual polynomial. The matrix H can be factored as H =
UCU−1, where U is upper triangular with real positive entries on the diagonal and
C is the companion matrix of the eigenvalues of A; see, for instance, [21]. Note that
hj+1,j =

uj+1,j+1

uj,j
, j = 1, . . . , n − 1, ui,j denoting the entries of U . The matrix U is

linked to the Krylov matrix K and the matrix of the basis vectors V by K = V U .
From [7] we have that

Hk = UkC
(k)U−1

k ,
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FOM AND GMRES RESIDUAL POLYNOMIALS 99

where Uk is the principal submatrix of order k of U and C(k) is the companion matrix
of the Ritz values at iteration k. Let us denote Mk = U∗

kUk = K∗
n,kKn,k.

Let A be diagonalizable with A = XΛX−1. The matrix Kn,k can be factorized
as

Kn,k =
(
b, Ab, . . . , Ak−1b

)
= X

(
c, Λc, . . . , Λk−1c

)
= XDcVn,k,

where Dc is a diagonal matrix with the components of c = X−1b on the diagonal and

Vn,k =

⎛
⎜⎜⎜⎝
1 λ1 · · · λk−1

1

1 λ2 · · · λk−1
2

...
...

...
1 λn · · · λk−1

n

⎞
⎟⎟⎟⎠

is an n× k Vandermonde matrix.

2.1. Normal matrices. Let us assume that A is normal with A = XΛX∗. Then
c = X∗b. The eigenvalues θj of Hk are the roots of its characteristic polynomial.
Therefore we have,

0 = det(Hk − θI) = det(V ∗
n,kAVn,k − θI),

= det(U−∗
k K∗

n,kAKn,kU
−1
k − θI),

= det(U−∗
k [K∗

n,kAKn,k − θU∗
kUk]U

−1
k ),

= det(M−1
k ) det(K∗

n,kXΛX∗Kn,k − θMk),

=
1

det(Mk)
det(V∗

n,kD
∗
cΛDcVn,k − θV∗

n,kD
∗
cDcVn,k).

Clearly pk(θ) = det(V∗
n,kD

∗
cΛDcVn,k − θV∗

n,kD
∗
cDcVn,k) is a polynomial of degree k

in θ. We see that the two polynomials on the left- and right-hand sides are the same
up to a constant factor. We just have to know when Mk is singular. This can only
happen when at least one diagonal entry of Uk is zero, but this corresponds to Hk

being reducible.
The following theorem gives a closed-form expression of the polynomial pk.

Theorem 2.1. Let A be a normal matrix with the spectral factorization A =
XΛX∗. Then, the polynomial pk whose roots are the Ritz values at iteration k is
given by

(2.1) pk(θ) =
∑
Ik

(λi1 − θ) · · · (λik − θ) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,

where the summation is over all sets Ik of k indices
(
i1, i2, . . . , ik

)
such that

1 ≤ i1 < · · · < ik ≤ n and c = X∗b. In the product the indices ip and iq belong to the
set of indices Ik.

The characteristic polynomial p̃Fk of Hk (which is monic) is obtained by dividing
pk by

(−1)k
∑
Ik

|ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2 = (−1)k det(Mk).

The residual polynomial pFk for FOM is obtained by dividing pk by∑
Ik

λi1 · · ·λik |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,

D
ow

nl
oa

de
d 

01
/2

5/
17

 to
 9

0.
2.

21
4.

93
. R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

100 GÉRARD MEURANT

if this quantity is different from zero. If it is zero, then pk(0) = 0, the matrix Hk is
singular, and the FOM iterate is not defined.

Proof. To simplify the notation, let B = DcVn,k. Then, the Ritz values are
solutions of the equation

det(B∗ΛB − θB∗B) = det(B∗(Λ− θI)B) = 0.

Let G = (Λ− θI)B; we have det(B∗G) = 0. We need to compute the determinant of
the product of two rectangular matrices which are, respectively, k× n and n× k. We
can use the Cauchy–Binet formula (see [10]) to get

det(B∗G) =
∑
Ik

det(BIk,:) det(GIk,:),

where Ik is defined above and BIk,: (resp., GIk,:) is the submatrix of B (resp., G)
constructed with the rows in Ik and all the k columns. We have

det(BIk,:) = ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip),

and, since Λ− θI is diagonal,

(2.2) det(GIk,:) = (λi1 − θ) · · · (λik − θ) ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip).

Therefore, we have the new polynomial

det(B∗G) =
∑
Ik

(λi1 − θ) · · · (λik − θ) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,

whose roots are the Ritz values at iteration k. We remark that the product
(λi1 − θ) · · · (λik − θ) is a polynomial of degree k in θ whose roots are k of the eigen-
values of A. Hence, pk is a sum of polynomials whose roots are eigenvalues whose
indices are given by all possible ordered subsets of k elements of {1, . . . , n}. We have

(λi1 − θ) · · · (λik − θ) =

k∑
j=0

(−1)k−je(j)(λi1 , . . . , λik)θ
k−j ,

where e(j) is a symmetric elementary polynomial that is

e(j)(μ1, . . . , μk) =
∑

1≤j1<j2<···<jj≤k

μj1 · · ·μjj , e(0) ≡ 1.

The new polynomial is not monic nor with a value 1 at 0, but it is a constant multiple
of the characteristic polynomial of Hk. If we want to obtain a monic polynomial (the
characteristic polynomial of Hk) we have to divide by the coefficient of θk which is

(−1)k
∑
Ik

|ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2 = (−1)k det(Mk).

If we want a value 1 at the origin (the FOM residual polynomial pFk ) we have to divide
by the constant coefficient which is∑

Ik

λi1 · · ·λik |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,
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FOM AND GMRES RESIDUAL POLYNOMIALS 101

provided that it is nonzero. The other coefficients involve the symmetric elementary
polynomials; the coefficient of θk−j , j = 0, . . . , k, is

(−1)k−j
∑
Ik

e(j)(λi1 , . . . , λik ) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.

According to Theorem 2.1 the FOM residual vector at iteration k is

rFk = pFk (A)b,

= XpFk (Λ)X
∗b,

=

n∑
j=1

cjp
F
k (λj)x

(j),

where x(j) is the column of X corresponding to the eigenvalue λj and c = X∗b is the
vector whose components are the projections of b on the eigenvectors. We also have
(x(j))T rFk = pFk (λj)cj . Let

μ0 =
∑
Ik

λi1 · · ·λik |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2 �= 0.

The value of the polynomial pFk at the eigenvalue λj is

pFk (λj) =
1

μ0

∑
Îk

(λi1 − λj) · · · (λik − λj) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,

where the sum is over all ordered set of indices
(
i1, i2, . . . , ik

)
with i� �= j, � =

1, . . . , k. Hence, pFk (λj) depends on the distances of λj to all the other eigenvalues
and also on the pairwise distances of these other eigenvalues.

Note that the knowledge of the coefficients of the polynomial pFk gives the de-
composition of the residual vector rFk on the natural basis of the Krylov subspace(
b Ab · · · Akb

)
. In fact, the coefficients of the residual polynomial allow us to

characterize the nonzero entries of the inverse of the matrix U . It its well known that
the orthonormal basis vectors are linked to the FOM residual vectors by

rFk = −hk+1,k(yk)kvk+1.

Hence, the residual vectors are proportional to the basis vectors. Let us assume that
we have real data and that Hk is nonsingular for all k = 1, . . . , n. Since K = V U , we
have

V = KU−1 ⇒ vk+1 = KU−1ek+1 = ± 1

‖rFk ‖
pFk (A)b.

Let pFk (A)b = ξ
(k)
k Akb+ · · ·+ξ

(k)
1 Ab+b. By identification of the coefficients, we obtain

U−1ek+1 = ± 1

‖rFk ‖

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

ξ
(k)
1
...

ξ
(k)
k

0
...
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.
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102 GÉRARD MEURANT

In particular, we see that the entry (U−1)1,k+1 on the first row is equal to the inverse
of the FOM residual norm at iteration k. This fact was already proved differently in
[7, Theorem 3.2] for any Q-OR method. The previous results are also valid when A
is diagonalizable and not normal.

We can also write U−1 = Û−1D−1
r with

Dr =

⎛
⎜⎜⎜⎝
1

‖rF1 ‖
. . .

‖rFn−1‖

⎞
⎟⎟⎟⎠S, Û−1 =

⎛
⎜⎜⎜⎝
1 1 · · · 1

ξ
(1)
1 · · · ξ

(n−1)
1

. . .
...

ξ
(n−1)
n−1

⎞
⎟⎟⎟⎠ ,

where S is a diagonal matrix with ±1 on the diagonal. Using this result we can solve
the problem of constructing a matrix and a right-hand side with prescribed eigenval-
ues, a prescribed FOM convergence curve, and prescribed Ritz values (provided they
are different from zero). This problem was considered and solved in [6]; see also [2]
for an early paper describing how to prescribe the GMRES convergence curve. But,
the following construction is a little bit simpler. Prescribing the Ritz values, we can

compute the coefficients ξ
(k)
i of the polynomials pFk for k = 1, . . . , n− 1 and construct

the matrix Û−1. Prescribing the FOM residual norms (or, equivalently, the GMRES
residual norms provided GMRES does not stagnate) we can construct the matrix
Dr. The prescribed eigenvalues yield their companion matrix C. Now, let V be any
unitary matrix and

A = V DrÛCÛ−1D−1
r V ∗, b = V e1.

Then, A has the prescribed eigenvalues and using FOMwith (A, b) gives the prescribed
residual norms and the prescribed Ritz values. Note that the right-hand side can also
be chosen as we wish since we can freely choose the first column of V but, of course,
this yields a different matrix. The case of some matrices Hk being singular is treated
in [6].

2.2. Diagonalizable matrices. Let us see if we can generalize the results of the
previous subsection to the case A diagonalizable with A = XΛX−1. In fact, the only
difference is that we have to use the Cauchy–Binet formula twice, but, the formulas
are much more intricate.

Theorem 2.2. Let A be a diagonalizable matrix with the spectral factorization
A = XΛX−1. Then, the polynomial pk whose roots are the Ritz values at iteration k
is given by

pk(θ) =
∑
Ik

(λi1 − θ) · · · (λik − θ) ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ ,

where the summations are over all sets Ik and Jk of k indices defined as in Theo-
rem 2.1 and c = X−1b.
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The characteristic polynomial p̃Fk of Hk (which is monic) is obtained by dividing
pk by

(−1)k
∑
Ik

ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ .

The residual polynomial pFk for FOM is obtained by dividing pk by

∑
Ik

ci1 · · · cikλi1 · · ·λik

∏
i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ ,

if this quantity is different from zero.

Proof. The proof is essentially the same as for Theorem 2.1; we just outline the
differences. Now, the equation for the Ritz values is

0 = det(Hk − θI) = det(M−1
k ) det(K∗

n,kXΛX−1Kn,k − θMk),

=
1

det(Mk)
det(V∗

n,kD
∗
c (X

∗X)ΛDcVn,k − θV∗
n,kD

∗
cDcVn,k).

Using the same notation as above the equation reads

det(B∗(X∗X)ΛB − θB∗(X∗X)B) = det(B∗(X∗X)(Λ− θI)B) = 0.

Let us define G = (Λ − θI)B. Then we have det(B∗(X∗X)G) = 0. Once again we
can use the Cauchy–Binet formula to obtain

det(B∗(X∗X)G) =
∑
Ik

det((X∗XB)Ik,:) det(GIk,:).

As before, det(GIk,:) is given by (2.2). For (X∗XB)Ik,: we again use the Cauchy–
Binet formula. It yields

det((X∗XB)Ik,:) =
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp).

Let μ0 = pk(0) �= 0. Then, the residual vector is rFk =
∑n

j=1 cjp
F
k (λj)x

(j) with

c = X−1b and

pFk (λj) =
1

μ0

∑
Îk

(λi1 − λj) · · · (λik − λj) ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ .
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104 GÉRARD MEURANT

2.3. Relations between the coefficients of the FOM polynomials and
the matrix Mk. There exist interesting relationships between the coefficients of the
characteristic polynomial of Hk as well as those of the FOM residual polynomial and
the entries of the inverse of the matrix Mk = K∗

n,kKn,k. The vector of the coefficients
of the characteristic polynomial of Hk (in ascending order of the powers) denoted as(
α0 . . . αk−1

)T
is the solution of the linear system,

(2.3) Mk

⎛
⎜⎝

α0

...
αk−1

⎞
⎟⎠ = −M[1:k],k+1.

For a proof, see [22].

Theorem 2.3. The coefficients of the characteristic polynomial p̃Fk of Hk (in as-
cending order of powers) are given by

(2.4) αj−1 =
(M−1

k+1)j,1 − (M−1
k )j,1

(M−1
k+1)k+1,1

, j = 1, . . . , k.

Moreover, we have

(2.5)
αj−1

α0
=

(M−1
k+1)j,1 − (M−1

k )j,1

(M−1
k+1)1,1 − (M−1

k )1,1
, j = 1, . . . , k.

Proof. Let us consider the first column of the inverse of Mk+1, given by the
solution of the linear system

Mk+1x =

(
Mk M[1:k],k+1

(M[1:k],k+1)
∗ mk+1,k+1

)(
x̃

xk+1

)
=

⎛
⎜⎜⎜⎝
1
0
...
0

⎞
⎟⎟⎟⎠ .

It yields the two equations

Mkx̃+ xk+1M[1:k],k+1 = e1,

(M[1:k],k+1)
∗x̃+ xk+1mk+1,k+1 = 0.

Solving the first equation for x̃ we have

x̃ = M−1
k (e1 − xk+1M[1:k],k+1)

and multiplying by eTj , j = 1, . . . , k, we obtain

eTj x̃ = (M−1
k+1)j,1 = (M−1

k )j,1 − (M−1
k+1)k+1,1e

T
j M

−1
k M[1:k],k+1,

= (M−1
k )j,1 + (M−1

k+1)k+1,1αj−1,

since xk+1 = (M−1
k+1)k+1,1. The last relation proves (2.4). Now we can use the second

equation which, after elimination of x̃, yields

xk+1[mk+1,k+1 − (M[1:k],k+1)
∗M−1

k M[1:k],k+1] = −(M[1:k],k+1)
∗M−1

k e1.
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FOM AND GMRES RESIDUAL POLYNOMIALS 105

The term within brackets is a Schur complement equal to 1/(M−1
k+1)k+1,k+1 and the

right-hand side is ᾱ0. Therefore (M−1
k+1)k+1,1 = ᾱ0(M

−1
k+1)k+1,k+1. Plugging this

result in the expression for α0 in (2.4) yields

|α0|2 =
(M−1

k+1)1,1 − (M−1
k )1,1

(M−1
k+1)k+1,k+1

.

Therefore we obtain the following simple formula,

αj−1

α0
=

(M−1
k+1)j,1 − (M−1

k )j,1

|α0|2(M−1
k+1)k+1,k+1

=
(M−1

k+1)j,1 − (M−1
k )j,1

(M−1
k+1)1,1 − (M−1

k )1,1
, j = 1, . . . , k.

This proves (2.5).

Relation (2.5) gives the coefficients of the FOM residual polynomial. We should
mention that one can obtain closed-form expressions for the entries of the inverse of
Mk. Due to lack of space we cannot explain this in this paper. But, this gives another
way to obtain the coefficients of the FOM polynomials. However, the formulas that
are obtained are even more intricate that the ones we derived in this paper.

3. The GMRES residual polynomial. From the definition of the harmonic
Ritz values and vectors one can see that they are also given by solving

H∗
kHkx = ζH∗

kx.

We have Hk = V ∗
n,kAVn,k and Hk = V ∗

n,k+1AVn,k. It yields

V ∗
n,kA

∗(Vn,k+1V
∗
n,k+1)AVn,kx = ζV ∗

n,kA
∗Vn,kx.

But, Vn,k+1V
∗
n,k+1 is the orthogonal projector on the Krylov subspace Kk+1(A, v).

Since AVn,kx is in this subspace, we have (Vn,k+1V
∗
n,k+1)AVn,kx = AVn,kx and

V ∗
n,kA

∗AVn,kx = ζV ∗
n,kA

∗Vn,kx.

3.1. Normal matrices. When A is normal this yields the following result.

Theorem 3.1. Let A be a normal matrix with the spectral factorization A =
XΛX∗. Then, the polynomial qk whose roots are the harmonic Ritz values at iteration
k is given by

(3.1)
∑
Ik

(|λi1 |2 − ζλi1 ) · · · (|λik |2 − ζλik ) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2,

where the summation is over all sets Ik of k indices
(
i1, i2, . . . , ik

)
such that

1 ≤ i1 < · · · < ik ≤ n and c = X∗b. In the product the indices ip and iq belong to the
set of indices Ik.

The characteristic polynomial p̃Gk of Ĥk (which is monic) is obtained by dividing
qk by

(−1)k
∑
Ik

λi1 · · ·λik |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.

The residual polynomial pGk for GMRES is obtained by dividing qk by∑
Ik

|λi1 |2 · · · |λik |2 |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.
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106 GÉRARD MEURANT

Proof. With the same notation as in the previous section the equation for the
harmonic Ritz values is

det(B∗Λ∗ΛB − ζB∗Λ∗B) = det(B∗(Λ∗Λ− ζΛ∗)B) = 0.

Let G = (Λ∗Λ− ζΛ∗)B; we have det(B∗G) = 0. Therefore, the new polynomial is

det(B∗G) =
∑
Ik

(|λi1 |2 − ζλi1 ) · · · (|λik |2 − ζλik) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.

We have

(|λi1 |2 − ζλi1 ) · · · (|λik |2 − ζλik ) =
k∑

j=0

(−1)k−je(j)(λi1 , . . . , λik)λi1 · · ·λikζ
k−j .

The coefficient of ζk−j , j = 0, . . . , k, in the polynomial qk whose roots are the har-
monic Ritz values is

(−1)k−j
∑
Ik

e(j)(λi1 , . . . , λik)λi1 · · ·λik |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.

From this we can obtain the characteristic polynomial of Ĥk and the GMRES residual
polynomial dividing by the appropriate coefficient.

The residual vector at iteration k is rGk =
∑n

j=1 cjp
G
k (λj)x

(j) with c = X∗b and

pGk (λj) =
1

γ0

∑
Îk

(|λi1 |2−λjλi1) · · · (|λik |2−λjλik) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq −λip |2

with
γ0 =

∑
Ik

|λi1 |2 · · · |λik |2 |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2.

3.2. Diagonalizable matrices. Let us now assume that A is diagonalizable.
Then we have the following result. We just give a sketch of the proof since it is
essentially the same as what we did for the FOM residual polynomial.

Theorem 3.2. Let A be a diagonalizable matrix with the spectral factorization
A = XΛX−1. Then, the polynomial qk whose roots are the harmonic Ritz values at
iteration k is given by

qk(ζ) =
∑
Ik

(λi1 − ζ) · · · (λik − ζ)λi1 · · ·λikci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ ,

where the summations are over all sets Ik and Jk of k indices defined as in Theo-
rem 2.1 and c = X−1b.

The characteristic polynomial p̃Gk of Ĥk = Hk+h2
k+1,kH

−∗
k eke

T
k (which is monic)

is obtained by dividing qk by

(−1)k
∑
Ik

λi1 · · ·λikci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ .
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FOM AND GMRES RESIDUAL POLYNOMIALS 107

The residual polynomial pGk for GMRES is obtained by dividing qk by∑
Ik

|λi1 |2 · · · |λik |2ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ .

Proof. The equation for the harmonic Ritz values is

det(B∗(X∗X)Λ∗ΛB − ζB∗(X∗X)Λ∗B) = det(B∗(X∗X)(Λ∗Λ− ζΛ∗)B) = 0.

If we choose G = (Λ∗Λ − ζΛ∗)B, we have det(B∗(X∗X)G) = 0. Using the Cauchy–
Binet formula twice, we obtain,

det(B∗(X∗X)G) =
∑
Ik

(λi1 − ζ) · · · (λik − ζ)λi1 · · ·λikci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

×
⎧⎨
⎩
∑
Jk

det((X∗X)Ik,Jk
)cj1 · · · cjk

∏
j1≤jp<jq≤jk

(λjq − λjp)

⎫⎬
⎭ .

Again the residual vector at iteration k is rGk =
∑n

j=1 cjp
G
k (λj)x

(j) but with

c = X−1b. The formula for pGk (λj) is similar to what we have for normal matrices
except for the additional sum over Jk.

3.3. Relations between the coefficients of the GMRES polynomials and
the matrix Mk. In this subsection we first look for a factorization of Ĥk similar to
the one we have for Hk.

Theorem 3.3. For k < n assume that Hk is nonsingular. Then the matrix Ĥk

can be written as Ĥk = UkĈ
(k)U−1

k , Uk being upper triangular and

Ĉ(k) = C(k) − u2
k+1,k+1

ᾱ0
U−1
k U−∗

k e1e
T
k ,

being a companion matrix, where C(k) is the companion matrix in Hk = UkC
(k)U−1

k .

Let
(
β0 . . . βk−1

)T
be the coefficients of the characteristic polynomial of Ĥk. We

have

(3.2) Mk

⎛
⎜⎝

β0

...
βk−1

⎞
⎟⎠ = −M[1:k],k+1 + γk+1e1,

where Mk = K∗
n,kKn,k = U∗

kUk and

γk+1 =
u2
k+1,k+1

ᾱ0
=

1

(M−1
k+1)k+1,1

.

Proof. Let us first consider H−∗
k ek. We have H−∗

k = U−∗
k [C(k)]−∗U∗

k . Since Uk is
upper triangular we have U∗

k ek = uk,kek with uk,k real and positive. The companion
matrix C(k) is

C(k) =

(
0 −α0

Ik−1 −α̂

)

with α̂ =
(
α1 · · · αn−1

)T
, the αj ’s being the coefficients of the characteristic
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108 GÉRARD MEURANT

polynomial of Hk. We have α0 �= 0 since Hk is nonsingular. The inverse of the
companion matrix is

[C(k)]−1 =

(−α̂/α0 Ik−1

−1/α0 0

)
.

Therefore if we (Hermitian) transpose and take the last column of the result, we have

[C(k)]−∗ek = − 1

ᾱ0
e1.

Finally we obtain

H−∗
k ek = −uk,k

ᾱ0
U−∗
k e1.

On the other hand, we have hk+1,k = uk+1,k+1/uk,k. Since u1,1 = 1 (because ‖b‖ = 1)
and hk+1,k is real and positive, this implies that all the diagonal entries of U are real
and positive as we said before. Then

Ĥk = UkC
(k)U−1

k − u2
k+1,k+1

ᾱ0uk,k
U−∗
k e1e

T
k .

Let us factor Uk on the left and U−1
k on the right. We obtain

Ĥk = Uk

[
C(k) − u2

k+1,k+1

ᾱ0uk,k
U−1
k U−∗

k e1e
T
kUk

]
U−1
k .

We remark that eTkUk = uk,ke
T
k . Hence Ĥk is similar to the matrix

Ĉ(k) = C(k) − u2
k+1,k+1

ᾱ0
U−1
k U−∗

k e1e
T
k .

The second term on the right-hand side modifies only the last column. Therefore,
Ĉ(k) is a companion matrix and the coefficients of the characteristic polynomial of
Ĥk are given by the negative of the last column of Ĉ(k). We remark that

u2
k+1,k+1 =

1

(M−1
k+1)k+1,k+1

.

From Theorem 2.3 we have⎛
⎜⎝

β0

...
βk−1

⎞
⎟⎠ = −U−1

k U[1:k],k+1 + γk+1U
−1
k U−∗

k e1

with

γk+1 =
u2
k+1,k+1

ᾱ0
=

1

(M−1
k+1)k+1,1

.

Multiplying both sides by Mk = U∗
kUk we obtain

Mk

⎛
⎜⎝

β0

...
βk−1

⎞
⎟⎠ = −M[1:k],k+1 + γk+1e1.

Note that if A is real, the coefficient α0 and γk+1 are real. We see that, compared to
the linear system (2.3) for the characteristic polynomial of Hk, only the first entry of
the right-hand side is modified.
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The previous theorem shows that we have a simple relation between the coeffi-
cients of the characteristic polynomials for the harmonic Ritz values and the standard
Ritz values, ⎛

⎜⎝
β0

...
βk−1

⎞
⎟⎠ =

⎛
⎜⎝

α0

...
αk−1

⎞
⎟⎠+ γk+1M

−1
k e1.

From the results in Theorem 2.3 we have simple expressions for the coefficients of the
characteristic polynomial of Ĥk as functions of the entries of the inverse of Mk+1.

Theorem 3.4. The coefficients of the characteristic polynomial p̃Gk of Ĥk (in as-
cending order of powers) are given by

(3.3) βj−1 =
(M−1

k+1)j,1

(M−1
k+1)k+1,1

, j = 1, . . . , k.

The coefficients of the GMRES residual polynomial pGk (in ascending order of powers)
at iteration k are

1,
βj−1

β0
=

(M−1
k+1)j,1

(M−1
k+1)1,1

, j = 2, . . . , k,
1

β0
=

(M−1
k+1)k+1,1

(M−1
k+1)1,1

.

Proof. We have

βj−1 = αj−1 + γk+1(M
−1
k )j,1

=
(M−1

k+1)j,1 − (M−1
k )j,1

(M−1
k+1)k+1,1

+
(M−1

k )j,1

(M−1
k+1)k+1,1

=
(M−1

k+1)j,1

(M−1
k+1)k+1,1

.

We note that we have a relation between the coefficients of the FOM and GMRES
residual polynomials,

1

α0
=

1

β0

⎡
⎢⎣ 1

1− (M−1
k )1,1

(M−1
k+1)1,1

⎤
⎥⎦ ,

αj−1

α0
=

βj−1

β0

⎡
⎢⎣1− (M−1

k )j,1

(M−1
k+1)j,1

1− (M−1
k )1,1

(M−1
k+1)1,1

⎤
⎥⎦ .

4. The Ritz and harmonic Ritz values for k = 2. Since we know the
coefficients of the polynomials associated with FOM and GMRES, we can write the
Ritz and harmonic Ritz values for k ≤ 4. Let us assume for simplicity that A is
normal and k = 2. We consider the polynomial p2 written as

p2(θ) = δ2θ
2 + δ1θ + δ0

with

δ2 =
∑
I2

|ci1 |2|ci2 |2|λi2 − λi1 |2,

δ1 =
∑
I2

(λi1 + λi2) |ci1 |2|ci2 |2|λi2 − λi1 |2,

δ0 =
∑
I2

λi1λi2 |ci1 |2|ci2 |2|λi2 − λi1 |2,
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where the summations are over all the ordered pairs of indices (i1, i2) such that 1 ≤
i1 < i2 ≤ n. The Ritz values at the second iteration are given by the roots of p2,

θ1,2 =
−δ1 ±

√
δ21 − 4δ2δ0
2δ2

.

The harmonic Ritz values are the roots of the polynomial

q2(ζ) = ν2ζ
2 + ν1ζ + ν0,

ν2 =
∑
I2

λi1 λi2 |ci1 |2|ci2 |2|λi2 − λi1 |2,

ν1 =
∑
I2

(λi1 + λi2 )λi1 λi2 |ci1 |2|ci2 |2|λi2 − λi1 |2,

ν0 =
∑
I2

|λi1 |2|λi2 |2 |ci1 |2|ci2 |2|λi2 − λi1 |2.

Then,

ζ1,2 =
−ν1 ±

√
ν21 − 4ν2ν0
2ν2

.

Note that when A is real all the coefficients δj , νj are real. These formulas can be used,
for instance, to study what happens to the two Ritz or harmonic Ritz values when we
move around one or several eigenvalues or when we change the starting vector in the
Arnoldi process. This is what we do in the next example.

We can also write down closed-form expressions for the Ritz and harmonic Ritz
values for k = 3, 4 but the expressions are much more involved and we do not consider
them in this paper.

5. A small example. Let us consider a small example from [22]. The ma-
trix A is real normal of order 4. Its eigenvalues are λ1 = −0.432565 + 1.66558ı,
λ2 = −0.432565− 1.66558ı, λ3 = 0.187377, and λ4 = −1.20852. We have two real
eigenvalues and a pair of complex conjugate eigenvalues. As one can see in Figure 1
the field of values of A which contains the Ritz values is a quadrilateral. Let ωi = |ci|2.
The two values corresponding to λ1 and λ2 are equal, ω1 = ω2, and, therefore, since
‖c‖ = 1, 2ω1 + ω3 + ω4 = 1 with 0 < ωi < 1. Therefore we can compute the Ritz
values at k = 2 for given values of ω3 and ω4 using the formulas given above. This
gives all the possible locations of the Ritz values when we change the starting vector.
This is what was done for Figure 1 where we used 50 uniformly distributed values in
(0, 1) for ω3 and ω4. One can check that the result agrees with what was computed
in [22] by using another technique. The Ritz values do not cover the whole surface
of the field of values. As already noticed in [22], this is due to the fact that we are
considering a problem with real data. The same phenomenon does not happen with
a complex matrix. On these issues, see also [4]. For our problem we see that there
exist starting vectors (that is, values of ω3 and ω4) for which the pairs of complex
conjugate Ritz values are close to the pair of complex eigenvalues of A or very far
from it. The boundary of the region containing the pairs of complex Ritz values is
given by ω3 = 0 or ω4 = 0. Another way of computing this boundary is given in [22].

Of course, we can do the same thing for the harmonic Ritz values. Figure 2
displays the inverses of the harmonic Ritz values in the field of values of A−1. We see
that the inverses of the complex harmonic Ritz values are also clustered in a small
region of the field of values. The inverses of the real harmonic Ritz values do not
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Fig. 1. Example, n = 4, k = 2, A normal real, location of the Ritz values in the field of values
of A.

0 1 2 3 4 5
−0.6

−0.4

−0.2

0

0.2

0.4

0.6

Fig. 2. Example, n = 4, k = 2, A normal real, location of the inverses of the harmonic Ritz
values in the field of values of A−1.

completely fill the intersection of the field of values with the real axis. It would be
interesting to explain this phenomenon.

Let us now consider the third iteration of GMRES applied to this matrix. The
sum with I3 is over the set of indices

(1, 2, 3), (1, 2, 4) (1, 3, 4), (2, 3, 4).

When considering pG3 (λ1) only one term remains in the sum (corresponding to the
indices (2, 3, 4)) and we have

pG3 (λ1) =
1

γ0
[λ2λ3λ4 (λ2 − λ1)(λ3 − λ1)(λ4 − λ1)

× |c2|2 |c3|2 |c4|2 |λ2 − λ3|2 |λ2 − λ4|2 λ3 − λ4|2].
In this small example none of the pairwise distances between eigenvalues is small.
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112 GÉRARD MEURANT

Hence, generally, pG3 (λ1) can only be small if at least one of the |cj|2, j = 2, 3, 4, is
small. Let us first consider a right-hand side such that |ci| = 1, j = 1, . . . , 4. We
obtain the following residual norms,

2.0000, 1.8763, 1.4799, 1.2169, 1.2009 10−15.

The dot products of the first eigenvector and the residual vectors are

1, 0.98564, 0.30887, 0.053046, 2.7433 10−16.

As predicted, they are not small before iteration 4. Let us now take a right-hand side
for which |c1| = 0.9, |c2| = 0.1, |c3| = 0.01, |c4| = 1.0113 10−4. The right-hand side is
large in the direction of the first eigenvector. Then, the residual norms are

0.91104, 0.21835, 0.10648, 8.4935 10−4, 2.3488 10−16.

The dot products of the first eigenvector and the residual vectors are

0.9, 0.021404, 0.6861 10−4, 2.8713 10−8, 1.4048 10−16.

The component of the residual on the first eigenvector becomes quite small at iteration
3 because pG3 (λ1) is small. This is an example of what can be obtained with the
formulas derived in this paper.

6. Distances of Ritz values to eigenvalues. For k > 4 we cannot obtain
closed-form expressions for the Ritz values. Therefore, we are interested in finding
bounds for the distance of an eigenvalue of A to the Ritz values at a given iteration
of the Arnoldi algorithm. We have seen above that we know closed-form expressions
for the coefficients of the characteristic polynomial of Hk in terms of the eigenvalues
and eigenvectors of A. Therefore the problem is reduced to finding bounds for the
roots of a given monic polynomial as a function of its coefficients.

6.1. Bounds for roots of polynomials. There exist many lower and upper
bounds for the moduli of the roots of a given polynomial as a function of its coeffi-
cients in the literature. Some of them use Gershgorin disks for the companion matrix
associated with the polynomial coefficients or their generalizations; see [19, 20]. There
are hundreds of papers providing upper bounds. But one can obtain lower bounds by
applying their results to the polynomial

p̃(z) =
zk

α0
p

(
1

z

)
,

whose roots are the inverses of the roots of p. A few of these papers are (in chronolog-
ical order) [14, 17, 24, 16, 15, 1, 5]. Note that [5] does not use the companion matrix
but the Fiedler matrices.

For the moment we consider a monic polynomial

p(z) = zk + αk−1z
k−1 + · · ·+ α1z + α0,

and its roots θj . Some of the bounds that one can find in the literature are the
following (see [12, 18, 5]):

• Cauchy’s bounds,

|α0|
maxi=1,...,k−1(1, |α0|+ |αi|) ≤ |θj | ≤ max

i=1,...,k−1
(|α0|, 1 + |αi|);
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• Montel’s bounds,

|α0|
max(|α0|, 1 + |α1|+ · · ·+ |αk−1|) ≤ |θj | ≤ max(1, |α0|+ · · ·+ |αk−1|);

• Carmichael and Mason’s bounds,

|α0|
(1 + |α0|2 + · · ·+ |αk−1|2) 1

2

≤ |θj | ≤ (1 + |α0|2 + · · ·+ |αk−1|2) 1
2 ;

• De Terán, Dopico, and Pérez’s bounds,

|α0|
maxi=2,...,k−1(1 + |α1|, |α0|(1 + |αi|)) ≤ |θj | ≤ max

i=1,...,k−2

(
1 +

|αi|
|α0| , |α0|+ |αk−1|

)
.

6.2. Application to the Arnoldi algorithm. At iteration k of the Arnoldi
algorithm we have the characteristic polynomial of Hk,

p̃Fk (z) = zk + αk−1z
k−1 + · · ·+ α1z + α0.

When A is normal the coefficients are given by Theorem 2.1.
The results that we have seen above give us bounds for |θj | depending on the

coefficients of the polynomial. However, this is not particularly interesting for us.
What we would like to know is if some Ritz values are close to some eigenvalues of A.
Hence, we are interested in the distances of the Ritz values to a given eigenvalue of
A, say λi. A way to obtain this is to do a change of variable in the polynomial,

z → z + λi.

The roots of the new polynomial p̂k(z) will be θj − λi and the lower bounds will give
us lower bounds for the distances of λi to the Ritz values. As long as they are not
small, there won’t be convergence of Ritz values to λi. The upper bounds are useless
since they are always larger than 1 and they are upper bounds of the distance from
λi to any Ritz value which means that they are usually large. Note that to do this
change of variable we have to know the eigenvalue λi (or at least a target that has
to be reached). Therefore these bounds are only of theoretical interest and cannot be
used to stop the Arnoldi algorithm. Of course, we have to compute the coefficients of
the modified polynomials p̂k. Let us denote

p̂k(z) = zk + μk−1z
k−1 + · · ·+ μ1z + μ0.

There could have been an index i for the coefficients, but we are only considering one
eigenvalue at a time, so there is no need for that. We have

(z + λi)
j =

j∑
�=0

(
j
�

)
λj−�
i z�.

Then we have to collect the coefficients of z� for j = 1, . . . , k. Hence,

μ� =
k∑

j=1

αj

(
j
�

)
λj−�
i , � = 1, . . . , k − 1
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with
(
j
�

)
= 0 if � > j and αk = 1. The constant coefficient is

μ0 = α0 +

k∑
j=1

αjλ
j
i .

Therefore, in the normal case the coefficients are

μ� =
1

dk

k∑
j=1

(−1)j
(
j
�

)
λj−�
i

∑
Ik

e(k−j)(λi1 , . . . , λik) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq−λip |2

with
dk =

∑
Ik

|ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq − λip |2

and

μ0 = α0 +
1

dk

k∑
j=1

(−1)jλj
i

∑
Ik

e(k−j)(λi1 , . . . , λik) |ci1 |2 · · · |cik |2
∏

i1≤ip<iq≤ik

|λiq −λip |2.

For instance the Cauchy lower bound when A is normal is

|μ0|
max�=1,...,k−1(1, |μ0|+ |μ�|) ≤ |θj − λi|,

and we have similar relations for the other bounds described above. The behavior of
these lower bounds requires further study.

6.3. A numerical experiment for the Ritz values. Let us give a small ex-
ample to illustrate the behavior of the lower bounds defined above from the coefficients
of the polynomials. We consider a random normal real matrix of order 10. Figure 3
(resp., Figure 4) displays the eigenvalues of A (as circles) which are well separated
and the Ritz values (as crosses) at iterations 4 and 6 (resp., 8 and 9). At iteration 6
four of the Ritz values are close to four outer complex eigenvalues. The smallest real
eigenvalue is almost reached at iteration 8. Figure 5 shows the smallest distance of a
Ritz value to λ1 = −0.43256+ı1.6656 (the eigenvalue with the largest imaginary part)
which is an outlier and the lower bounds as functions of the iteration number. After
iteration 6 the best result is given by the De Terán, Dopico, and Pérez bound. The

−1.5 −1 −0.5 0 0.5 1 1.5
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
iteration 4

−1.5 −1 −0.5 0 0.5 1 1.5
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2
iteration 6

Fig. 3. Example, n = 10, eigenvalues (circles) and Ritz values (+), iterations 4 and 6.
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Fig. 4. Example, n = 10, eigenvalues (circles) and Ritz values (+), iterations 8 and 9.
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Fig. 5. Example, n = 10, minimum distance to λ1 and lower bounds.

next best is Cauchy’s bound. The worst result is given by Montel’s bound. Figure 6
displays the distance and the bounds for a real eigenvalue λ8 = 0.41257 which is the
largest real eigenvalue. There is no decrease of the distance before iteration 9. On
this example the lower bounds are quite sharp (at least on a log-scale) and they well
describe the decrease of the distance between the given eigenvalues and Ritz values.
Other numerical experiments with different problems show that the relative merits of
the different bounds are not always the same.

Numerical experiments not reported here show that the lower bounds describe
quite well the distances of Ritz values to an eigenvalue when A is diagonalizable but
not normal.

7. Conclusion. We have derived closed-form expressions for the coefficients of
the FOM and GMRES residual polynomials as functions of the eigenvalues, the eigen-
vectors, and the right-hand side for diagonalizable matrices. It yields the solution of
the minimization problem (1.2). These expressions can be used to write down the
Ritz and harmonic Ritz values for the first four iterations of the Arnoldi algorithm.
They can also yield lower bounds for the minimum distances of eigenvalues to Ritz
values. Unfortunately, these expressions are intricate functions of the eigenvalues and
eigenvectors, even though they simplify when A is a normal matrix. It remains to
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Fig. 6. Example, n = 10, minimum distance to λ8 and lower bounds.

study more carefully the coefficients and the lower bounds to obtain more information
about the convergence of the Ritz values. It would also be interesting to find good
upper bounds for the minimum distances, but this requires other techniques than the
ones developed here.

Acknowledgment. The author thanks the referees for interesting comments and
suggestions.
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[4] Z. Bujanović, On the permissible arrangements of Ritz values for normal matrices in the
complex plane, Linear Algebra Appl., 438 (2013), pp. 4606–4624.

[5] F. De Terán, F. M. Dopico, and J. Pérez, New bounds for roots of polynomials based on
Fiedler companion matrices, Linear Algebra Appl., 451 (2014), pp. 197–230.

[6] J. Duintjer Tebbens and G. Meurant, Any Ritz value behavior is possible for Arnoldi and
for GMRES, SIAM J. Matrix Anal. Appl., 33 (2012), pp. 958–978.

[7] J. Duintjer Tebbens and G. Meurant, On the convergence of Q-OR and Q-MR Krylov
methods for solving linear systems, BIT, 56 (2016), pp. 77–97.
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