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8 4 Bases for Krylov subspaces

4.9 Finite precision arithmetic and numerical experiments

4.9.1 Orthogonal basis
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Fig. 4.1 fs 183 6, log,q |1 - VnT & Va.k |l Arnoldi MGS (plain), CGS (dashed), Householder
(dot-dashed) ’
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Fig. 4.2 5 183 6, log,, of minimum singular value of V,, r, Arnoldi MGS (plain), CGS (dashed),
Householder (dot-dashed)
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fs 183 6

140 T T T T T T T T T T T T T MGS, 0.03 sec
= = = CGS, 0.03sec
ol d | ———— Hous, 0.05sec

100 b

80 b

rank

20 b

0 1 1 1 1 1 1 1 1 1 1 1 1 1

0O 10 20 30 40 50 60 70 8 90 100 110 120 130 140

iteration

Fig. 4.3 fs 183 6, numerical rank of V,, x, Arnoldi MGS (plain), CGS (dashed), Householder
(dot-dashed)
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Fig.4.4 fs 183 6,log,, |1 —VnT « Vo k ||, Arnoldi MGS (plain), CGS (dashed), CGS with reorthog-
onalization (dot-dashed)
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4 Bases for Krylov subspaces
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Fig. 4.5 f5 183 6, MGS, log,,

log 10 orthogonality and min ls

(11— VTkVn,k || (plain) and log;, of cond(V, x) (dashed)
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Fig. 4.6 fs 183 6, MGS, log,, || — VnT’kVn,k || (plain) and log,,, of min,, |[vi — AV}, xy||
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Fig. 4.7 fs 680 lc, log;, 11 — VnTkVn,k ||, Arnoldi MGS (plain), CGS (dashed), Householder
(dot-dashed)
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Fig. 4.8 fs 680 Ic, log;, of minimum singular value of V,, 1, Arnoldi MGS (plain), CGS (dashed),
Householder (dot-dashed)
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fs 680 1c
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Fig. 4.9 s 680 lc, numerical rank of V,, i, Arnoldi MGS (plain), CGS (dashed), Householder
(dot-dashed)
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Fig. 4.10 random matrix n = 100, log;, || — VnTkVn, « |, Arnoldi MGS (plain), CGS (dashed),
Householder (dot-dashed)
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random matrix, n = 100
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Fig. 4.11 random matrix n = 100, numerical rank of V,, r, Arnoldi MGS (plain), CGS (dashed),

Householder (dot-dashed)




14

4.9.2 Hessenberg basis

4 Bases for Krylov subspaces

fs 183 6
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Fig. 4.12 fs 183 6, log,, of minimum singular value of V,, i, Hessenberg with pivoting (plain),
without pivoting (dashed)
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Fig. 4.13 fs 183 6, numerical rank of V,, i, Hessenberg with pivoting (plain), without pivoting

(dashed)
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fs 680 1c
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Fig. 4.14 fs 680 Ic, log, of minimum singular value of V,, i, Hessenberg with pivoting (plain),

without pivoting (dashed)
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4.9.3 Biorthogonal basis

4 Bases for Krylov subspaces

fs 183 6
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Fig. 4.15 fs 183 6, log;, of the level of biorthogonality, biortho (plain), biortho bis (dashed),

biortho 2t (dot-dashed)
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Fig. 4.16 fs 183 6, log,, of minimum singular value of V,, i, biortho (plain), biortho bis (dashed),

biortho 2t (dot-dashed)
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fs 183 6
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Fig. 4.17 fs 183 6, numerical rank of V,, i, biortho (plain), biortho bis (dashed), biortho 2t (dot-

dashed)
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Fig. 4.18 fs 680 1c, log, of the level of biorthogonality, biortho (plain), biortho bis (dashed),

biortho 2t (dot-dashed)
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fs 680 1c

4 Bases for Krylov subspaces
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Fig.4.19 fs 680 Ic, log;, of minimum singular value of V,, , biortho (plain), biortho bis (dashed),

biortho 2t (dot-dashed)
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Fig. 4.20 fs 680 Ic, numerical rank of V,, i, biortho (plain), biortho bis (dashed), biortho 2t

(dot-dashed)
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4.9.4 Q-OR opt basis
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Fig. 4.21 fs 183 6, log;(, of minimum singular value of V}, x, Q-OR (plain), Q-OR t (dashed)
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Fig. 4.22 fs 183 6, numerical rank of V,, r, Q-OR (plain), Q-OR t (dashed)
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fs 680 1c

4 Bases for Krylov subspaces
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Fig. 4.23 f5 680 Ic, log;, of minimum singular value of V}, r, Q-OR (plain), Q-OR t (dashed)
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Fig. 4.24 fs 680 Ic, numerical rank of V;, i, Q-OR (plain), Q-OR t (dashed)
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Fig. 4.25 5 680 Ic, log;, of minimum singular value of V,, . (plain) and lower bound (dashed)
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4.9.5 Newton and Chebyshev bases

21

fs 183 6
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Fig. 4.26 fs 183 6, log,, of minimum singular value of V,, i, Arnoldi (plain), Newton RS (dashed),

Chebyshev (dot-dashed)
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Fig.4.27 fs680 1c,log;, of minimum singular value of V,, 1, Arnoldi (plain), Newton RS (dashed),

Chebyshev (dot-dashed)
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4.9.6 Truncated Q-OR basis
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Fig. 4.28 fs 680 1c, log,, of minimum singular value of V,, i, different values of (p, q)
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Fig. 4.29 f5s 680 lc, numerical rank of V,, , different values of (p, g)
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Fig. 4.30 supg 001, log,, of minimum singular value of V,, i, different values of (p, q)
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Fig. 4.31 supg 001, numerical rank of V,, i, different values of (p, gq)
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5 FOM/GMRES and variants

5.12 Numerical examples

5.12.1 FOM and GMRES

fs 183 6

log10 relative residual

T T T T T T T T T T

GMRES, 0.02sec
— = = FOM, 0.02sec

0 10

20 30 40 50 60 70 80 90 100 110

iteration

Fig. 5.1 fs 183 6, log,, of the relative residual norm, GMRES (plain) and FOM (dashed)
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6, log,, of the relative true residual norm, GMRES (plain) and FOM (dashed)



5.12 Numerical examples

fs 183 6
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Fig. 5.3 fs 183 6, logq of the relative error norm, GMRES (plain) and FOM (dashed)
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Fig. 5.4 fs 680 1c, log; of the relative residual norm, GMRES (plain) and FOM (dashed)
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Fig. 5.5 e05r0500, log, of the relative residual norm, GMRES (plain) and FOM (dashed)
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5.12.2 Variants of GMRES

fs 183 6
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Fig.5.6 fs 183 6, log;, of the relative true residual norm, GMRES, MGS (plain), CGS (dashed)
and Householder (dot-dashed)
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Fig. 5.7 fs 183 6, log,, of the relative true residual norm, GMRES-MGS (plain) and level of
orthogonality(dashed)
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fs 183 6
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Fig.5.8 fs 183 6,log of the relative true residual norm, GMRES-MGS double-precision (plain)
and GMRES-MGS variable precision with 64 decimal digits (dashed)
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Fig.5.9 fs 680 1c,log,, of the relative true residual norm, GMRES, MGS (plain), CGS (dashed)
and Householder (dot-dashed)
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log10 relative residual and orthogonality
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5 FOM/GMRES and variants
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Fig. 5.10 fs 680 1c, log of the relative true residual norm, GMRES-MGS (plain) and level of

orthogonality(dashed)
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Fig. 5.11 fs 680 1c, log;, of the relative true residual norm, GMRES-MGS double-precision
(plain) and GMRES-MGS variable precision with 64 decimal digits (dashed)
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5.12.3 Prescribed convergence and stagnation

Eigenvalues (*) and Ritz values (+)
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Fig. 5.12 Eigenvalues of A and Ritz values
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Fig. 5.13 Relative difference between the prescribed values gx and the GMRES true generated
residual norms
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example of stagnation
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Fig. 5.14 GMRES-MGS true residual norms
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5.12.4 Residual norm bounds

log10 relative residual and bounds

Greenbaum and Strakos example
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Fig. 5.15 Example from [?], GMRES-MGS true residual norms and bound (??

log10 relative residual and bound
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Fig.5.16 fs 680 1c, GMRES-MGS true residual norms and bound

GMRES, 0.06 sec
= = = upper bound, 0.29 sec
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T T T T GMRES, 0.08 sec
B = = =bound, 0.61sec
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Fig. 5.17 supg 001, n = 1225, GMRES-MGS true residual norms and bound
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5.12.5 Error norm estimates

fs 183 6
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Fig. 5.18 fs 183 6, GMRES-MGS, exact error norm (plain) and estimate, d = 1 (dashed)
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Fig. 5.19 fs 680 1c, GMRES-MGS, exact error norm (plain) and estimate, d = 1 (dashed)
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Fig. 5.20

e05r0500, GMRES-MGS, exact error norm (plain) and estimate, d = 1 (dashed)
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Methods equivalent to FOM or GMRES

6.1 GCR, Orthomin, Orthodir and Axelsson’s method

6.2 Simpler, residual-based simpler and adaptive simpler
GMRES

6.3 Orthores
6.4 Q-OR Optinv
6.5 Parallel computing
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6 Methods equivalent to FOM or GMRES

6.7 Numerical examples

6.7.1 GCR, Orthodir and Axelsson

fs 183 6

log10 relative true residual

1 1 1 1

-18 !

20 30 40 50
iteration
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GMRES MGS, 0.03 sec
GCR, 0.01sec
Orthodir, 0.01 sec
Axel, 0.02sec

Fig. 6.1 fs 183 6, true residual norms, GMRES-MGS (plain), GCR (dashed), Orthodir (dot-

dashed), Axelsson (+)
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Fig. 6.3 supg 001, true residual norms, GMRES-MGS (plain), GCR (dashed), Orthodir (dot-
dashed), Axelsson (+)
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6.7.2 ASGMRES
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Fig. 6.5 fs 680 1c, relative true residual norms, GMRES-MGS (plain), SGMRES (dashed), RB

GMRES (dot-dashed), ASGMRES v = 0.8 (+)
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Fig. 6.6 supg 001, relative true residual norms, GMRES-MGS (plain), SGMRES (dashed), RB
GMRES (dot-dashed), ASGMRES v = 0.8 (+)
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6.7.3 FOM and Orthores
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Fig. 6.7 fs 183 6, relative true residual norms, FOM-MGS (plain), Orthores (dashed)
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Fig. 6.9 supg 001, order 1225, relative true residual norms, FOM-MGS (plain), Orthores (dashed)



44

6.7.4 Q-OR Optinv
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Fig. 6.12 supg 001, order 1225, relative true residual norms, GMRES-MGS (plain), Q-OR Optinv
(dashed)
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7.8 Numerical experiments
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Fig. 7.2 fs 680 1c, relative true residual norms, GMRES-MGS (plain), CMRH (dashed)
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Fig. 7.3 supg 001, order 1225, relative true residual norms, GMRES-MGS (plain), CMRH
(dashed)
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8.11 Numerical examples

8.11.1 BiCG
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Fig. 8.1 fs 183 6, relative true residual norms, BiCG (plain), Lanczos-Orthodir (dashed),

Lanczos-Orthores (dot-dashed)
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Fig.8.2 fs 183 6,log of the relative true residual norm, BiCG (plain), BiCG variable precision
with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)
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Fig. 8.3 fs 680 1c, relative true residual norms, BiCG (plain), Lanczos-Orthodir (dashed),
Lanczos-Orthores (dot-dashed)

fs 680 1c

4 T T T T T BiCG, 0.01sec
— — = BiCG vp 32, 36.01sec
_____ BiCG vp 64, 35.57 sec

log10 relative true residual

40 L L L L L \

iteration

Fig.8.4 fs 680 1c,log;, of therelative true residual norm, BiCG (plain), BiCG variable precision
with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)
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Fig. 8.5 supg 001, order 1225, relative true residual norms, BiCG (plain), Lanczos-Orthodir

(dashed), Lanczos-Orthores (dot-dashed)
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8.11.2 QMR
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Fig. 8.6 fs 183 6, relative true residual norms, BiCG (plain), QMR 2t (dashed), QMR 3t (dot-
dashed)
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Fig. 8.7 fs 680 1c, relative true residual norms, BiCG (plain), QMR 2t (dashed), QMR 3t (dot-
dashed)
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8 BiCG/QMR and Lanczos algorithms
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Fig. 8.8 supg 001, order 1225, relative true residual norms, BiCG (plain), QMR 2t (dashed),

QMR 3t (dot-dashed)
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8.11.3 Comparisons with GMRES

raefskyl

57

log10 relative residual

1 1 1 1

-16

50 100

150 200 250

iteration

GMRES, 1.81sec
— — = BICG, 0.31sec
_____ QMR 2t, 0.33sec

Fig. 8.9 raefskyl, relative residual norms versus iteration number, GMRES-MGS (plain), BiCG
(dashed), QMR 2t (dot-dashed)
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Fig. 8.10 raefskyl, relative residual norms versus number of matrix-vector products, GMRES-
MGS (plain), BiCG (dashed), QMR 2t (dot-dashed)
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Fig. 8.11 raefskyl, relative residual norms versus computing time, GMRES-MGS (plain), BiCG

(dashed), QMR 2t (dot-dashed)
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8.11.4 Methods with look-ahead
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Fig. 8.12 Relative true residual norms, GMRES-MGS (plain), HMRZ-stab (dashed)
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9.7 Numerical experiments

9.7.1 BiCGS
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Fig. 9.1 fs 183 6, relative true residual norms, BiCG (plain), BiCGS (dashed)
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Fig. 9.2 fs 680 1c, relative true residual norms, BiCG (plain), BiCGS (dashed)
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Fig. 9.3 supg 001, order 1225, relative true residual norms, BiCG (plain), BiCGS (dashed)
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9.7.2 BiCGStab and variants
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Fig. 9.4 fs 183 6, relative true residual norms, BiCG (plain), BiCGStab (dashed)
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Fig. 9.5 fs 183 6, log,, of the relative true residual norm, BiCGStab (plain), BiCGStab variable
precision with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)
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Fig. 9.6 fs 680 1c, relative true residual norms, BiCG (plain), BiCGStab (dashed)
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Fig.9.7 fs 680 1c,log, of the relative true residual norm, BiCGStab (plain), BiCGStab variable
precision with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)
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Fig. 9.8 supg 001, order 1225, relative true residual norms, BiCG (plain), BiCGStab (dashed)
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Fig. 9.11 supg 001, order 1225, relative true residual norms, BiCGStab (plain), BiCGStab2

(dashed), BiCGtab(¢) £ =2:2: 10
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9 Transpose-free Lanczos methods
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Fig. 9.14 fs 680 1c, relative true residual norms, different BiCG-like algorithms
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Fig. 9.16 fs 680 1c, relative true residual norms, BiCGStab (plain), CA-BiCGStab s = 2
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Fig. 9.17 supg 001, order 1225, relative true residual norms, BiCGStab (plain), CA-BiCGStab

(dashed), I-BiCGtab (dot-dashed), K-BiCGStab (+), P-BiCGStab (0)
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Fig. 9.18 raefskyl, relative true residual norms, BiCGStab (plain), CA-BiCGStab (dashed),
1-BiCGtab (dot-dashed), K-BiCGStab (+), P-BiCGStab (o)
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9.7.3 QMR-like methods
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Fig. 9.19 fs 183 6, relative true residual norms, QMR 2t (plain), TFQMR (dashed)
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Fig. 9.20 fs 680 1c, relative true residual norms, QMR 2t (plain), TFQMR (dashed)
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Fig. 9.22 fs 680 1c, relative true residual norms, different QMR-like algorithms
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10.10 Numerical examples

10.10.1 IDR
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Fig. 10.1 fs 183 6, relative residual norms, different IDR algorithms
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Fig. 10.2 fs 183 6, relative true residual norms, different IDR algorithms
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—-—-—IDR(8), 0.08 sec

-+ IDR Bio(2), 0.30 sec
IDR Bio(4), 0.15sec

—O— IDR Bio(8), 0.02sec
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fs 183 6,8 = 4

IDR Bio, 0.01sec
— = = IDR Bio vp 32, 65.49sec
————— IDR Bio vp 64, 39.86 sec

log10 relative true residual

1 1 1 I 1 1

L
Ll

40 | | | |
0 25 50 75 100 125 150 175 200 225 250 275 300

iteration

Fig. 10.3 fs 183 6, log;, of the relative true residual norm, IDR-Bio(4) (plain), IDR-Bio(4)
variable precision with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)

fs 183 6,5 = 8

T T T

IDR Bio, 0.01 sec
— — = IDR Bio vp 32, 79.60 sec
————— IDR Bio vp 64, 58.58 sec

log10 relative true residual

0 25 50 75 100 125 150 175 200
iteration

Fig. 10.4 fs 183 6, log, of the relative true residual norm, IDR-Bio(8) (plain), IDR-Bio(8)
variable precision with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)
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fs 680 1c

10 The IDR family

log10 relative residual

T T T T T

\
1 I,‘

Fig. 10.5 fs

50 100 150

matvecs

680 1c, relative residual norms, different IDR algorithms

IDR prim, 0.01sec
— = =IDR class, 0.00 sec
), 0.01sec
), 0.01sec
), 0.01sec
—O— IDR(8), 0.02sec

log10 relative true residual

-12

fs 680 1c
T

\ Wt A
(RO LN PR SR 0 ) IR

-16

Fig. 10.6 fs

100

matvecs

680 1c, relative true residual norms, different IDR algorithms

IDR(2), 0.01sec
— — —IDR(4), 0.01sec
— ===~ IDR(8), 0.02sec
IDR Bio(2), 0.01 sec
IDR Bio(4), 0.01 sec
—O— IDR Bio(8), 0.02sec
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fs 680 1c, s = 4

79

log10 relative true residual
N
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T

T T T

IDR Bio, 0.01sec

— = = IDR Bio vp 32, 184.03 sec
-~ IDR Bio vp 64, 185.25sec

1 1 1 1 1 1 L 1

25 50 75 100 125 150 175 200

iteration

Fig. 10.7 fs 680 1c, log;, of the relative true residual norm, IDR-Bio(4) (plain), IDR-Bio(4)
variable precision with 32 decimal digits (dashed) and with 64 decimal digits (dot-dashed)

raefskyl
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raefsky1, relative true residual norms, different IDR algorithms

IDR(2), 0.22sec

— — —IDR(4), 0.19sec

-— IDR(8), 0.21 sec

.......... IDR Bio(2), 0.39 sec
IDR Bio(4), 0.28 sec

—O—IDR Bio(8), 0.44 sec
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IDR(2), 0.21sec

— — —IDR(4), 0.20sec

—-—-~IDR(8), 0.25 sec

---------- IDR Bio(2), 0.22 sec
IDR Bio(4), 0.21 sec

—O— IDR Bio(8), 0.19sec

log10 relative residual

20 | | | | | | | |
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

time (s)

Fig. 10.9 raefskyl, relative residual norms, different IDR algorithms, residual norms vs time
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10.10.2 Variants of IDR and IDR-QMR

81

log10 relative true residual

1 1 1 1 1

0 20 40

Fig.10.10 fs 680
algorithms

60 80

matvecs

fs 680 1c

IDRp(2) srIDR, 0.02 sec
— — —IDRp(2) fmIDR, 0.02sec
— IDRp(2) mnIDR, 0.03 sec
---------- IDRp(4) srIDR, 0.03 sec
IDRp(4) fmIDDR, 0.03 sec
—O—IDR p(4) mnIDR, 0.03 sec

1c, relative true residual norms, different Q-OR IDR partial orthogonalization

log10 relative true residual

0 20 40

matvecs

(

(2) fmIDR, 0.02sec

(2) mnIDR, 0.03 sec
(4) stIDR, 0.03 sec

IDRp(4) fmIDDR, 0.03 sec

—O—IDR p(4) mnIDR, 0.03sec

Fig. 10.11 fs 680 1c,relative true residual norms, different Q-MR IDR partial orthogonalization

algorithms
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fs 680 1c
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0 \ |
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matvecs

IDRp s=1, 0.04 sec

= = = IDRp s=2, 0.06 sec
0

IDRp s=8, 0.06 sec

Fig. 10.12 fs 680 1c, relative true residual norms, Q-MR IDR partial orthogonalization mnIDR

algorithms, different values of s
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IDRp s=1, 0.68sec
— — —IDRp s=2, 0.67 sec
— IDRp s=4, 0.69sec

IDRp s=8, 0.79 sec

Fig. 10.13 raefskyl, relative true residual norms, Q-MR IDR partial orthogonalization mnIDR

algorithms, different values of s



10.10 Numerical examples

fs 680 1c

83

log10 relative true residual

16 | | | | | | |
0 20 40 60 80 100 120 140 160

matvecs

QMR IDR s=1, 0.02sec
— = — QMR IDR s=2, 0.02sec
————— QMR IDR s=4, 0.01 sec
---------- QMR IDR s=6, 0.01 sec
QMR IDR s=8, 0.03 sec

Fig. 10.14 fs 680 1c, relative true residual norms, Q-MR IDR algorithms from [?], different

values of s

raefskyl

log10 relative true residual

212 1 1 1 1 1 1 1 1

0 50 100 150 200 250 300 350 400 450

matvecs

QMR IDR s=1, 0.61sec
— = = QMR IDR s=2, 0.44 sec
————— QMR IDR s=4, 0.30 sec
---------- QMR IDR s=6, 0.33 sec
QMR IDR s=8, 0.24 sec

Fig. 10.15 raefskyl, relative true residual norms, Q-MR IDR algorithms from [?], different

values of s
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fs 680 1c

10 The IDR family

log10 relative true residual

IDRStab s=2, ell = 2, 0.02sec
— = = IDRStab s=2, ell = 4, 0.02sec
— IDRStab s=2, ell = 8, 0.02sec
-« IDRStab s=4, ell = 2, 0.02sec

IDRStab s=4, ell = 4, 0.02sec
—Q— IDRStab s=4, ell = 8, 0.02sec

-16

matvecs

Fig. 10.16 fs 680 1c, relative true residual norms, IDRStab algorithms from [?], different values

of s and £

log10 relative true residual

raefskyl

L L

IDRStab s=2, ell = 2, 0.33sec
— — — IDRStab s=2, ell = 4, 0.31sec
— IDRStab s=2, ell = 8, 0.30sec
-+ IDRStab s=4, ell = 2, 0.26sec

IDRStab s=4, ell = 4, 0.28 sec
—O— IDRStab s=4, ell = 8, 0.34sec

200

matvecs

250

Fig. 10.17 raefsky1, relative true residual norms, IDRStab algorithms from [?], different values

of s and €
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10.10.3 ML(k)BiCGStab

fs 680 1c

85

logl0 relative true residual

IDR Bio(2), 0.01 sec

— — —1IDR Bio(4), 0.01 sec

~=-—-— IDR Bio(8), 0.02 sec

---------- ML(2)BiCGStab, 0.01 sec
ML(4)BiCGStab, 0.01 sec

—O— ML(8)BiCGStab, 0.01sec

matvecs

Fig. 10.18 fs 680 1c, relative true residual norms, IDR Bio(s) and ML(k)BiCGStab algorithms,

different values of s and k
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log10 relative true residual
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raefskyl
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IDR Bio(2), 0.65 sec

— — —IDR Bio(4), 0.45 sec

~====IDR Bio(8), 0.43 sec

---------- ML(2)BiCGStab, 0.47 sec
ML (4)BiCGStab, 0.39 sec

—O— ML(8)BiCGStab, 0.37 sec

0 50 100 150 200

250

matvecs

300

Fig. 10.19 raefskyl, relative true residual norms, IDR Bio(s) and ML(k)BiCGStab algorithms,

different values of s and k
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Restart, deflation and truncation

11.1 Restarted FOM and GMRES

11.2 Prescribed convergence
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11.9 Numerical experiments

11.9.1 Restarted GMRES without preconditioning

log10 relative true residual

fs 183 6

11 Restart, deflation and truncation

T

1

50

100
iterations

200

full GMRES, 0.01 sec
— = = GMRES(10), 0.01 sec
GMRES(25), 0.02sec
---------- GMRES(30), 0.02 sec
GMRES(40), 0.01 sec
—O— GMRES(50), 0.01 sec

Fig. 11.1 fs 183 6, relative true residual norms, GMRES-MGS(m), different values of m

log10 relative true residual

100

150
iterations

200

250

300

full GMRES, 0.07 sec
— — — GMRES(21), 0.04 sec
GMRES(22), 0.03 sec
---------- GMRES(40), 0.03 sec
GMRES(60), 0.03 sec
—O— GMRES(80), 0.04 sec

Fig. 11.2 fs 680 lc, relative true residual norms, GMRES-MGS(m), different values of m
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supg 001
2 T T T T T T T
e
3 2 : A
=
6
B
= -10- RN R
g
=
2 1af
18 \ \ \ \ \ \ \
0 20 40 60 80 100 120 140

iterations

full GMRES, 0.04 sec
— — — GMRES(20), 0.04 sec
), 0.04 sec
«+==- GMRES(34), 0.02sec
GMRES(35), 0.02sec
),
):

—O— GMRES(40), 0.02sec
—— GMRES(50), 0.02sec

Fig. 11.3 supg 001, relative true residual norms, GMRES-MGS(im), different values of m

diff conv 400
T T

log10 relative true residual

0 50 100 150 200 250 300 350 400 450

iterations

full GMRES, 0.07 sec
— — — GMRES(1), 0.05sec
— GMRES(2), 0.04 sec
---------- GMRES(5), 0.03 sec
GMRES(10), 0.02 sec

—O— GMRES(20), 0.02sec

Fig. 11.4 diff conv 400, relative true residual norms, GMRES-MGS(m), different values of m

raefskyl

log10 relative true residual

0 200 400 600 800 1000 1200 1400 1600 1800 2000
iterations

full GMRES, 4.83 sec
— — — GMRES(20), 1.92sec
————— GMRES(125), 6.16 sec
---------- GMRES(130), 6.00 sec
GMRES(160), 3.70 sec
—O— GMRES(200), 3.71sec

Fig. 11.5 raefskyl, relative true residual norms, GMRES-MGS(m), different values of m
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rorTo T T full GMRES, 2.30 sec
— — — GMRES(20), 1.25sec
-— GMRES(125), 3.31sec
---------- GMRES(130), 3.13 sec
GMRES(160), 1.93 sec
—O— GMRES(200), 1.95 sec

log10 relative residual

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

8
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3 32
time (s)

Fig. 11.6 raefskyl, relative residual norms vs time, GMRES-MGS(m), different values of m
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11.9.2 Restarted GMRES with preconditioning

supg 001 22500 SSOR

! full GMRES, 0.63 sec
— — — GMRES(2), 0.33sec
————— GMRES(10), 0.60sec
---------- GMRES(30), 0.73 sec
GMRES(65), 1.00sec
—O— GMRES(70), 0.82sec

log10 relative true residual

-12

.16 1 1 1 1 1
0 50 100 150 200 250 300

iterations

Fig. 11.7 supg 001 22500, relative true residual norms, GMRES-MGS(m) with SSOR precondi-
tioning, different values of m

supg 001 22500 SSOR
rroTo T T T T full GMRES, 0.63 sec
— — — GMRES(2), 0.33sec
~ GMRES(10), 0.60 sec
---------- GMRES(30), 0.73 sec
),

)

GMRES(65), 1.00 sec
1 | —o— GMRES(70), 0.82sec

log10 relative true residual

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

0 0.050.10.150.20.250.30.350.40.450.50.550.60.650.70.750.80.850.90.95 1
time (s)

Fig. 11.8 supg 001 22500, relative true residual norms vs time, GMRES-MGS(m) with SSOR
preconditioning, different values of m
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supg 001 22500 IL
T

U(0)

11

Restart, deflation and truncation

log10 relative true residual

T

iterations

full GMRES, 0.26 sec
— — — GMRES(2), 0.21sec
————— GMRES(10), 0.31 sec
---------- GMRES(30), 0.59 sec
GMRES(40), 0.26 sec
—O— GMRES(50), 0.19 sec

Fig. 11.9 supg 001 22500, relative true residual norms, GMRES-MGS(m) with ILU(0) precondi-

tioning, different values of m

supg 001 22500 ILU(0)

T T T

log10 relative true residual

T

6
0 005 01 015 02 025
time (s)

0.3

full GMRES, 0.26 sec
— = = GMRES(2), 0.21 sec
— GMRES(10), 0.31sec
---------- GMRES(30), 0.59 sec
GMRES(40), 0.26 sec
—O0O— GMRES(50), 0.19 sec

3
4
5

Fig. 11.10 supg 001 22500, relative true residual norms vs time, GMRES-MGS(m) with ILU(0)

preconditioning, different values of m




11.9 Numerical experiments

rajat27b ILU(0)
T T

93

log10 relative true residual

0 20 40 60 80 100 120 140

iterations

full GMRES, 0.19 sec
— — — GMRES(10), 0.36sec
— GMRES(20), 0.50sec
---------- GMRES(30), 0.51 sec

GMRES(35), 0.46 sec
—O— GMRES(40), 0.53 sec

Fig. 11.11 rajat27b, relative true residual norms, GMRES-MGS(m) with ILU(0) preconditioning,

different values of m

rajat27b ILU(0)

T T

log10 relative true residual

full GMRES, 0.19 sec
— = = GMRES(10), 0.36 sec
— GMRES(20), 0.50 sec
---------- GMRES(30), 0.51 sec

GMRES(35), 0.46 sec
—O— GMRES(40), 0.53 sec

-8 e |
12 |
o i i STt i
-20 L ) . 1 .................

0 0.05 0.1 0.15 02

time (s)

Fig. 11.12 rajat27b, relative true residual norms vs time, GMRES-MGS(m) with ILU(0) precon-

ditioning, different values of m
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matrix-new 3 ILU(0)

J) T T T T T T T T T full GMRES, 13.94 sec
0 4 — — — GMRES(10), 15.63 sec
—-—-~ GMRES(30),
serenens GMRES(
GMRES(
—O0— GMRES(

25.20 sec
, 30.26 sec
, 35.19sec
, 39.36 sec

40
50
60

log10 relative true residual

0 100 200 300 400 500 600 700 800 900 1000

iterations

Fig. 11.13 matrix-new 3, relative true residual norms, GMRES-MGS(m) with ILU(0) precondi-
tioning, different values of m

matrix-new 3 ILU(0)

T T T T T T T T T T T T T

full GMRES, 13.94 sec

— = = GMRES(10), 15.63 sec

————— GMRES(30), 25.20 sec

---------- GMRES(40), 30.26 sec
GMRES(50), 35.19 sec
(60),

4
5
—O— GMRES(60), 39.36 sec

log10 relative true residual

time (s)

Fig. 11.14 matrix-new 3, relative true residual norms vs time, GMRES-MGS(m) with ILU(0)
preconditioning, different values of m
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matrix-new 3 ILU(0)

T T T T T T T T T T T T T T full GMRES, 13.94 sec
— — — GMRES(10), 15.63 sec
~==—=— GMRES(30), 25.20 sec
---------- GMRES(40), 30.26 sec

GMRES(50), 35.19 sec
—O— GMRES(60), 39.36 sec

40
50
60

log10 relative true residual

2
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3
time (s)

Fig. 11.15 matrix-new 3, relative true residual norms vs time, GMRES-MGS(m) with ILU(0)
preconditioning, different values of m
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11.9.3 Restarting with deflation and augmentation without

preconditioning

fs 680 1c
2 ! ! ! ! ! ! ! ! ! ! ! ! ! ! full GMRES, 0.07 sec
— = — GMRES(35), 0.06 sec
----- GMRES-DR(35,10), 0.04sec
s -2r 1 | e GMRES-DEF(35,10), 0.06 sec
= DQGMRES(35), 0.11sec
%
=
g -6f
=1
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= -10f
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(=]
o
S 14t
P S T S S T S S S S S S S

8
0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

iterations

Fig. 11.16 fs 680 Ic, relative true residual norms, full GMRES and GMRES(m) with different

restarting techniques

fs 680 1c
2 T T T T T T T T

T T T T T T

log10 relative true residual

1 1 1 1 1 1 1 1 1 1 1 1 1 1

8
0 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

iterations

full GMRES, 0.07 sec

— — — GMRES(40), 0.08 sec

————— GMRES-DR(40,5), 0.07 sec

---------- GMRES-DR(40,10), 0.07 sec
GMRES-DR(40,15), 0.08 sec

—0O— GMRES-DR(40,20), 0.10 sec

Fig. 11.17 s 680 lc, relative true residual norms, full GMRES, GMRES(40) and GMRES-DR(40)

with different number of harmonic Ritz vectors
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fs 680 1c
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full GMRES, 0.05 sec

— — — GMRES(40), 0.08 sec

GMRES-DR(45,5), 0.11 sec

GMRES-DR(50,10), 0.13 sec
GMRES-DR(55,15), 0.10 sec

—O— GMRES-DR(60,20), 0.12sec

S HS o

Fig. 11.18 fs 680 Ic, relative true residual norms, full GMRES, GMRES(40) and GMRES-DR (1)
with different number of harmonic Ritz vectors
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Fig. 11.19 fs 680 Ic, eigenvalues and harmonic Ritz values, iterations 20:5:40
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fs 680 1c

11 Restart, deflation and truncation

log10 relative true residual
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L L
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Fig. 11.20 fs 680 lc, relative true residual

RES(30,5) and HBGMRES(34)

iterations

fs 680 1c

GMRES(35), 0.05sec

— — — GMRES-DR(35,5), 0.06 sec
~ ===~ LGMRES(30,5), 0.07 sec
---------- HB GMRES(34), 0.06 sec

norms, GMRES(35), GMRES-DR(35,5), LGM-

log10 relative true residual

.18 L L L L L
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1

1

1

1

1
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0O 20 40 60 80 100 120 140 160 180 200 220 240 260 280 300

iterations

GMRES(40), 0.07 sec

— — — GMRES-DR(40,5), 0.07 sec
————— LGMRES(35,5), 0.09 sec
---------- HB GMRES(39), 0.07 sec

Fig. 11.21 fs 680 lc, relative true residual norms, GMRES(40), GMRES-DR(40,5), LGM-

RES(35,5) and HBGMRES(39)
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supg 001
2 T T T T T T T full GMRES, 0.04 sec
— = = GMRES(35), 0.02 sec
-— GMRES-DR(35,10), 0.08 sec
§ 2+ | eenennne GMRES-DEF(35,10), 0.07 sec
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Fig. 11.22 supg 001, n = 1225, relative true residual norms, full GMRES and GMRES(m) with

different restarting techniques

log10 relative true residual
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iterations

full GMRES, 0.04 sec

— = = GMRES(40), 0.03 sec
————— GMRES-DR(40,5), 0.06 sec

- GMRES-DR(40,10), 0.07 sec

(

(
GMRES-DR(40,15), 0.06 sec

(

—O— GMRES-DR(40,20), 0.09 sec

Fig. 11.23 supg001, n = 1225, relative true residual norms, full GMRES, GMRES(40) and
GMRES-DR(40) with different number of harmonic Ritz vectors
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log10 relative true residual

supg 001

T

40 60 80

iterations

full GMRES, 0.04 sec

— — — GMRES(40), 0.05 sec

— GMRES-DR(45,5), 0.05 sec

-+ GMRES-DR(50,10), 0.04 sec

GMRES-DR(55,15), 0.07 sec
6

—O— GMRES-DR(60,20), 0.07 sec

Fig. 11.24 supg001, n = 1225, relative true residual norms, full GMRES, GMRES(40) and
GMRES-DR(m) with different number of harmonic Ritz vectors
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Eigenvalues and harmonic Ritz values, supg 001
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Fig. 11.25 supg 001, n = 1225, eigenvalues and harmonic Ritz values, iterations 20:5:40
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Fig. 11.26 supg 001, n = 1225, relative true residual norms, GMRES(35), GMRES-DR(35,5),

LGMRES(30,5) and HBGMRES(34)

GMRES(35), 0.06 sec
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Fig. 11.27 supg 001, n

1225, relative true residual norms, GMRES(35), GMRES-DR(40,5),
LGMRES(35,5), HBGMRES(39) and GMRES(40)
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11.9.4 Restarting with deflation and augmentation with

preconditioning

11.9.5 Truncated Q-OR

fs 680 1c

T T T

log10 relative true residual

1 1 1 1 1 1 1 1 1 1 1

full GMRES, 0.07 sec

— — = QOR-T(1,40), 0.22sec
QOR-T(20,20), 0.06 sec
QOR-T-r(120,20,20), 0.06 sec

1 1 1

iterations

60 80 100 120 140 160 180 200 220 240 260 280 300

Fig. 11.28 fs 680 Ic, relative true residual norms, full GMRES, QOR-T(1,40), QOR-T(20,20) and

QOR-T(20,20) with restart at k = 120

full GMRES, 0.10 sec

— = = QOR-T(1,20), 0.09sec
QOR-T(10,10), 0.07 sec
QOR-T(100,10,10), 0.08 sec

log10 relative true residual

80

iterations

100

120

Fig. 11.29 supg 001, n = 1225, relative true residual norms, full GMRES, QOR-T(1,20), QOR-

T(10,10) and QOR-T(10,10) with restart at k = 100
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Chapter 13
Numerical comparisons of methods

13.1 Introduction

13.2 Small matrices

min matvecs
T

16 T T T T

15 GMRES
14 GMRESG)L4 [
13 GMRES(10)
12 GMRES(2aL2 -
11 GMRES(40)

10CMRH 10 1 % k% % %% * % kKKK KKK X K kKKK

9 CMRH(5)
8 CMRH(10)
7 CMRH(20)
6 CMRH(40)
5BiCGStab 6 ¥k *
4 BiCGStab2
3 BICGStab(4) 4 |- * * ¥ ¥ * *
2 IDR Bio(4)
LIDRQVR@) , |

0 1 1 1 1 1
0 5 10 15 20 25 30

Fig. 13.1 Small matrices, minimum number of matvecs, € = 107°
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min time
T

16 T T T T T T T

GMRES
GMRES(5) 14 [
GMRES(10)
GMRES(20 12 - N
GMRES(40) *

CMRH L -
CMRH(5)
CMRH(10)
CMRH(20)
CMRH(40)
BiCGStab 6 [~ T
BiCGStab2 * * * k¥ * ¥k * kX
BICGStab(4) 4 |-k% KK KKK KKK KKK KK¥k* % * % * -
IDR Bio(4)

IDRQMR(A) 5 | * * * * * 4

* * * * * b

0 I I I I I I I I
0 5 10 15 20 25 30 35 40

Fig. 13.2 Small matrices, minimum computing time, € = 1076

min matvecs
16 T T T T T T T T

15 GMRES KK * *K * % * * * *

14 GMRES(5)14
13 GMRES(10)
12 GMRES(2A.2 [~ T
11 GMRES(40)
10CMRH 10 1 Kk ok kK * % K okk KKk KKk K Kk kK Kk
9 CMRH(5)
8 CMRH(10)
7 CMRH(20)
6 CMRH(40)
5BiCGStab 6 [~
4 BiCGStab2
3 BICGStab(4) 4 |-k * X ¥ % % -
2 IDR Bio(4)
1I1DR QMR(4) 2k * X x4

0 I I I I I I I I
0 5 10 15 20 25 30 35 40

Fig. 13.3 Small matrices, minimum number of matvecs, € = 10710

min time
T

16 T T T T T T T

GMRES
GMRES(5) 14 [
GMRES(10)
GMRES(20 12 [ B
GMRES(40)

CMRH 19 L ,
CMRH(5)
CMRH(10)
CMRH(20)
CMRH(40)
BiCGStab 6 [~ H
BiCGStab2 * * ¥ * * * Xk kX ok kX KX k¥
BICGStab(4) 4 %% * * K% ¥ K% * =
IDR Bio(4)
IDR QMR() , |

* * *kX% ok * * % * 4

0 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Fig. 13.4 Small matrices, minimum computing time, € = 10~'°
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13.3 Larger matrices

S
T

upg 001 22500 ILU(0)
T

107

log10 relative true residual

-12

-16 .

T

60 80

matvecs

100 120

full GMRES, 0.21 sec
— — — GMRES(40), 0.32sec
-— CMRH, 0.34 sec
---------- CMRH(40), 0.52sec
BiCGStab, 0.19 sec
—O— BiCGStab2, 0.16 sec
—)— BiCGStab(4), 0.18 sec
—>— IDR Bio(4), 0.20 sec
~<}——IDR QMR(4), 0.16 sec

Fig. 13.5 supg 001 22500, relative true residual norms vs matvecs, ILU(0) preconditioning

supg 001 22500 ILU(0)

log10 relative true residual

-12

-16 !

0.4

full GMRES, 0.18 sec
— — — GMRES(40), 0.29 sec
————— CMRH, 0.34 sec
---------- CMRH(40), 0.51 sec
BiCGStab, 0.14 sec
—O— BiCGStab2, 0.13 sec
—)— BiCGStab(4), 0.17 sec
—>— IDR Bio(4), 0.14 sec
—<}—IDR QMR(4), 0.16 sec

Fig. 13.6 supg 001 22500, relative true residual norms vs time, ILU(0) preconditioning




108

supg 001 22500 TLU(0)
T T

13 Numerical comparisons of methods

log10 relative true residual

-12

-16 : :

T

1 1

full GMRES, 0.18 sec
— = = GMRES(40), 0.29 sec
————— CMRH, 0.34 sec
---------- CMRH(40), 0.51 sec
BiCGStab, 0.14 sec
—0O— BiCGStab2, 0.13 sec
—)— BiCGStab(4), 0.17 sec
—>— IDR Bio(4), 0.14 sec
—<— IDR QMR(4), 0.16sec

0 0.02 0.04

0.06 0.08
time (s)

Fig. 13.7 supg 001 22500, relative true residual norms vs time, zoom, ILU(0) preconditioning

log10 relative true residual

rajat27b ILU(0)
T T

full GMRES, 0.18 sec
— — — GMRES(30), 0.21 sec
————— CMRH, 0.27 sec
---------- CMRH(30), 0.37 sec
BiCGStab, 0.16 sec
—O— BiCGStab2, 0.14 sec
—)— BiCGStab(4), 0.17 sec
—>— IDR Bio(4), 0.10 sec
~<}——IDR QMR(4), 0.12sec

matvecs

Fig. 13.8 rajat27b, relative true residual norms vs matvecs, ILU(0) preconditioning

rajat27b ILU(0)

log10 relative true residual

T

full GMRES, 0.18 sec
— — — GMRES(30), 0.22sec
-— CMRH, 0.27 sec
---------- CMRH(30), 0.37 sec
BiCGStab, 0.18 sec
—O— BiCGStab2, 0.13 sec
—)— BiCGStab(4), 0.15sec
—>— IDR Bio(4), 0.11 sec
—<— IDR QMR(4), 0.11 sec

time (s)

Fig. 13.9 rajat27b, relative true residual norms vs time, ILU(0) preconditioning
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log10 relative true residual
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2 T T full GMRES, 0.18sec
— — — GMRES(30), 0.22 sec
CMRH, 0.27 sec
2+ E CMRH(30), 0.37 sec
BiCGStab, 0.18 sec
—O— BiCGStab2, 0.13sec
6l | | —€— BiCGStab(4), 0.15 sec
—>— IDR Bio(4), 0.11sec
—<}— IDR QMR(4), 0.11sec
-10F
-14 EYAl b
~ o~
18 L L L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
time (s)

Fig. 13.10 rajat27b, relative true residual norms vs time, zoom, ILU(0) preconditioning

log10 relative true residual

matrix-new 3 ILU(0)

-14

-18 !
0 50

100 150 200 250 300 350 400 450 500

matvecs

full GMRES, 10.13sec
— — — GMRES(40), 6.09 sec
-— CMRH, 23.64 sec
- CMRH(40), 13.20 sec
BiCGStab, 2.84 sec
—O— BiCGStab2, 2.82sec
—<— BiCGStab(4), 4.55 sec
—>— IDR Bio(4), 2.98 sec
—<}—IDR QMR(4), 5.95sec

Fig. 13.11 matrix-new 3, relative true residual norms vs matvecs, ILU(0) preconditioning

log10 relative true residual

matrix-new 3 ILU(0)

-14

-18L——

3 4 5 6 7 8 9
time (s)

10 11 12 13 14 15

full GMRES, 10.13 sec
— — — GMRES(40), 6.09 sec
CMRH, 23.64 sec
--» CMRH(40), 13.20 sec
BiCGStab, 2.84 sec
—O— BiCGStab2, 2.82sec
—<)— BiCGStab(4), 4.55sec
—p>— IDR Bio(4), 2.98 sec
~—<}—IDR QMR(4), 5.95 sec

Fig. 13.12 matrix-new 3, relative true residual norms vs time, ILU(0) preconditioning
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matrix-new 3 ILU(0)

2 T T T T T T T T T T T T T T full GMRES, 10.13sec
— = = GMRES(40), 6.09sec
CMRH, 23.64 sec
CMRH(40), 13.20 sec
BiCGStab, 2.84 sec
—O— BiCGStab2, 2.82sec
—— BiCGStab(4), 4.55sec
—>— IDR Bio(4), 2.98 sec
—<— IDR QMR(4), 5.95 sec

log10 relative true residual

8
0 02 04 06 08 1 12 14 16 18 2 22 24 26 28 3
time (s)

Fig. 13.13 matrix-new 3, relative true residual norms vs time, zoom, ILU(0) preconditioning

min matvecs
16 T T T T T T T

15 GMRES
14 GMRES (514
13 GMRES(10)
12 GMRES(242 | B
11 GMRES(40)
10CMRH 10 | * * * * .
9 CMRH(5)
8 CMRH(10)
7 CMRH(20)
6 CMRH(40)
5BICGStab 6 [~
4 BiCGStab2
3BICGStab(4) 4 |- * * 7
2 IDR Bio(4)
1IDRQMR@), |

0 I I I I I I I
0 1 2 3 4 5 6 7 8

Fig. 13.14 Large matrices, minimum number of matvecs, € = 107

min time
16 T T T T T T T

GMRES
GMRES(5) 14 [
GMRES(10) *
GMRES(20 12 - * b
GMRES(40)
CMRH 19 | i
CMRH(5)
CMRH(10)
CMRH(20)
CMRH(40)
BiCGStab 6 [
BiCGStab2 * * *
BICGStab(4) 4 |- * 4
IDR Bio(4)
DR QWR() , |

0 I I I I
0 1 2 3 4 5 6 7 8

Fig. 13.15 Large matrices, minimum computing time, € = 107°
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16
15 GMRES

14 GMRES(51H4 [

13 GMRES(10)
12 GMRES(24.2
11 GMRES(40)
10 CMRH
9 CMRH(5)
8 CMRH(10)
7 CMRH(20) 8
6 CMRH(40)
5BiCGStab 6
4BICGStah2
3 BICGStab(4) 4
2 IDR Bio(4)

1IDRQMR(), |

0

Fig. 13.16 Large matrices, minimum number of matvecs, €

16

GMRES

GMRES(5) 14 [

GMRES(10)
GMRES(20 12
GMRES(40)
CMRH
CMRH(5)
CMRH(10)
CMRH(20)
CMRH(40)
BiCGStab 6
BICGStab2
BICGStab(4) 4
IDR Bio(4)

IDR QMR(4) , |

0

min matvecs

T
*

0

min time

0

Fig. 13.17 Large matrices, minimum computing time, € = 10~'°
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