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This correspondence publishes, with detailed proofs, methods of investi-
gating the convergence of Seidel’s method from Professor Mehmke. Methods
of the same kind belonging to Prof. Nekrasov, cited here in abbreviated form
and without proof, are published in the Appendix to Vol. LXIX of the Notes
of the Academy of Sciences (St. Petersburg. 1892), in the article “On the
question of solving a linear system of equations with a large number of un-
knowns by successive approximations”; this article did not include only some
modifications to the rules of convergence of Seidel’s method, indicated below
in the letter of Prof. Nekrasov of June 17 (5), 1892. To this correspondence
we should add a letter from Professor Mehmke of January 31 (19), 1892,
published in Mat. Sbornik earlier under the following title: ”On Seidel’s
method for solving a system of linear equations with a very large number of
unknowns through successive approximations”. (Mat. Sb., vol. XVI , vol. 2,
pp. 342-345).



Nekrasov to Mehmke
Moscow. March 27 (15), 1892.

Dear Colleague,

According to your wish, I am writing to you in Russian, which is a great
relief to me.

For my part, I also, like you, was looking for practically applicable rules
of convergence of Seidel’s method and I have had some success. Assume
that this system is

11T+ a12y+ - +aiputcg =

a21x + a272y + -+ az n +c =

an1T + an2y + -+ appu+c, = 0

In addition, let us use the symbol |A| to denote the absolute value of A.

I succeeded in proving the following series of new rules.
Rule I. For s =0,1,...,n — 1 let:

an,n—s an—1,n—s an—s+1,n—s

q +

G+t gs +

gs+1 =

an—sn—s an—sn—s Un—sn—s

an—s—1,n—s an—s—2n—s A1 n—s

- +ot

+

Un—sn—s Gn—sn—s Un—sn—s

If the largest of the values ¢9,4¢s, ..., q, is smaller than 1, Seidel’s method
applied to this system must be be convergent.

This rule is inferior to your excellent rule! in its simplicity, but it is
still applicable in practice and besides, it is broader than your rule. It may
happen that your rule is not applicable, while the rule I above is still useful.

Rule II. If for ¢ = 1,2,...,n the value of |a;;| is greater than the sum
go o ey |ai’i,1\, |ai,i+1],. ooy |ai,n|, then Seidel’s

of the magnitudes |a; 1], |ai2
method should be convergent.

This rule is similar to yours and has the same degree of simplicity as
your rule.

Rule III. Let for ¢ =1,2,...,n,

a1 a2 @i i—1
pi = D+ p2+ -t Pi—1+
A it1 Qi it2 Qi
+ el
Qi Q4 Q4

!Math. Sborn., vol. XVI, n. 2, p. 342.



If the largest of the values pa, p3, ..., pyn is less than 1, then Seidel’s method
should be convergent.

If the conditions mentioned in rule I1I are satisfied, it is easy to write the
maximum limits of errors for approximate values .., Ym, ..., U, obtained
by Seidel’s method after m corrections. If by A we denote the greatest of

|=Tm - xm—l’u ’ym - ym—l‘a sy ’um - um—l’v

and by P the largest of the values ps, ps, ..., pn, then we have:
JLYAN

Slu—up| < ——

A p2A
|$ $m|<1_P7 |y ym|<1 1_p’

1 p
it P<1.

Higher error limits for approximate quantities are easily obtained even
when Rule IT applied.

I expect to publish these results in Russian. If this comes to fruition, I
will send you a reprint.

Please accept my assurances of complete esteem and faithfulness.



Mehmke to Nekrasov
Darmstadt. April 4 (March 23), 1892

Esteemed colleague,

I have received the prints of my communication which you were kind
enough to have made for me as well as your substantial letter of March 27
(15). Receive my sincere thanks for your efforts. Your new rules for the
convergence of Seidel’s method have surprised me very much.

I have managed to generalize your rules. I write like you the given system
in the form

a1+ ary+ - taputcp =

a2 1T + a2y + -+ agpu+co =

Gp 1T + ap2Y + -+ appt+cn = 0

just as I denote the absolute value of the quantity A by |A| in the usual way.
The generalization of your rule I is now:
Let for i =1,2,3,...,n—1,

_ Qin
T, = 7& ;
n,n
. Gn.n—1 Ajn—1
4= "Tli—— —&in-1"
an—1,n—1 an—1,n—1
- Gn.n—2 an—1,n—2 Qj,n—2
T3 = —Trij———— — Ty j———— — Ejp2———,
an—2,n—2 an—2n—2 an—2n—2
. an,n—3 an—1,n—3 ap—2n—3 Ain—3
Tai = —T1, — T2 — T3, —Eip_3——),
Gn—3,n—3 an—-3,n—3 Gnp—3n—3 Gn—3,n—3

and so on, where €;, = 1if i <k, and g;;, = 0 if ¢ > k further let

n—1
dh = Z ’Th,k|7 h=1,2,3,...,n.
k=1

If each of the quantities q1,¢s, ..., ¢y is less than 1, then Seidel’s method is
convergent.

If you exchange a; ; with akf everywhere in this rule, you get the gen-
eralization of your rule III.

It can easily happen that your rule I fails while the above rule still applies.
I will give the reason for this later. Let us take as an example the system

MM +Ty+724+c = 0
Te+1ly4+72+c2 = 0
Tx+T7y+11lz+c3 = 0

2Tt must read “ai,k With an—g+1,n—i+1” (Note during printing)



[Note from the translator: the matrix is positive definite]
Your rules do not lead to the goal here, since:

14 175 2303

ﬁ’ P2 =42 = 57 p3ZQS:ﬁ-

p1=q = 121

If, on the other hand, the above rule is applied, the following is found

14 7 931

Chzﬁ, 92 = 57 Q3:71331-

121’
According to this, the sizes of ¢ and g3 are smaller than 1, consequently
there is convergence.

Since your rules contain only the absolute values of the coefficients a; x,
these rules can only lead to the goal, if Seidel’s method converges when the
signs of the coefficients are changed somehow. Such a system is comparable
to an absolutely convergent infinite series. The above rule, on the other
hand, is also applicable to systems which are, so to speak, only conditionally
convergent, i.e. whose coefficients do not tolerate any change of their sign.
The example considered above is an example. Because for the system

Mz -7y —Tz4¢c; = 0
—Tx+1ly—Tz4c3 = 0
—Tz—Ty+1lz+c3 = 0

it is easy to prove that Seidel’s method diverges.

[Note from the translator: the matrix above is indefinite and one eigen-
value of the iteration matrix is > 1]

Of course, the above rule can also be extended to the cases in which,
according to my suggestion, the unknowns are not improved individually,
but in groups.

I would be very grateful if you could inform the “Mathematic Society”
of the contents of this letter as well.

In the highest esteem. Yours sincerely



Nekrasov to Mehmke
Moscow, April 14 (2), 1892.

Dear Colleague,

I received your interesting letter of April 4 (March 23), and I will convey
its contents to the Moscow Mathematical Society, which will certainly want
to publish it in its magazine.

Now it is obvious to me that each of us has a way of deriving very
general rules for determining convergence of Seidel’s method. At the same
time, I have every reason to believe that your proofs and mine are different.
Would you be able to tell me in writing the essence of your proofs for their
publication in Mat. Sbornik? From my side I have prepared my proofs for
print and I have already sent them to a St. Petersburg publishing house
for publication. Such a mutual publication of our proofs now seems to me
perfectly timely.

If you dared to publish the essence of your proofs in our “Mathematical
Collection”, I would ask you, if possible, to point out what means your
method of proof has for judging the speed of convergence of Seidel’s method.

As for the generality of the expression of the rules of convergence, it is
easy to prove the following general rules (here I am following the notation
used in your last letter).

Rule IV. Let
AL1s
A21, A22,
A31, A32, A3 3,
Al A2y -5 Ann,
M1, H2,... 5 Un
be arbitrary quantities, of which A1 1, A2 2,..., Ay, 1, 2, . . ., fin are nonzero

(and, without limiting the generality can be chosen as A\j 1 = Ago = -+ =
A =p1=1). Letfor k=1,...,n,s=1,...,k,

bk,s = ()\k,s Gp—s+1n—s—1 + )\k,erl Op—s4+1,n—s + -+ )\k,k anferl,nkarl)M&
eps=1forh<sandey,=0for h>s,andfork=1,...,n,s=2,...,k,
/Bk,s = ()\k,l Up—s+1,n Z‘:1,8‘|_)\k,2 An—s+1n—1€2,5F" " '+)\k,k Qp—s+1n—k+1 Ek,s),us;

B1,2 B1,3 B1,n

b1 b1 b1.1

Q1= + +-+
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B2 Br.3 Br,n
Qk} 2 —|— ? _|_ . + jidd 1o
b i bk b k
b b by r—
b | Q4 | Qo+ ALy, k=2,3,. 0.
br & bi k br i

Let @ be the largest of the values QQ2,Qs3,...,Qn. If Q < 1, then Seidel’s
method must be convergent.

Rule V. Let
AL,1s
A21, A22,
A31, A32, A3 3,
A1y A2 Anns
H1s 2, -5 Hn
be arbitrary quantities, of which A1 1, A22, ..., Aun, pi1, f2, - . ., 4y, are nonzero.

Let for k=1,...,n,s=1,...,k,
bk,s = ()‘k,s as,s + )\k,s—i-l Gst1,s+ -+ )‘k,k ak,s)lufSa

eps =1lfor h<sandep,=0for h>s,andfor k=1,...,n,s=2,...,k,

ﬁlas = (>\k,1 a1,s€1,s + >\k,2 a2s€2s+ -+ )\k,k Qs Ek,s),us»

B1,2 B1,3 Bim
P = > + > 44 /= ,
! 1)171 b171 bl,l
Br,2 Br,3 Brn
P il [N ok IR kil
bk bk bk
b b br
+ k.1 P+ k.2 P+ 4 MPk_l,k:ZS,...,n.
bk bk bk

Let P be the largest of the values P, P3,..., FP,. If P < 1, then Seidel’s
method must be convergent.

These two general rules, which you can probably easily prove with your
own methods, encompass all the rules you and I recently found, including
the ones you get with the grouping of equations. The rule you stated in
your last letter is derived from the previous rule IV in the case where pu; =
p2 = -+ = i, = 1 and the quantities A, ; are chosen such that each of the
quantities by ; with h < i are zero.



In conclusion, let me correct a small inaccuracy in your last letter. You
write about the general rule you found: “If you swap a;; with ay; every-
where in this rule, you get the generalization of your rule III”. It seems to
me, here instead of “a;; and az;” it should be: “a;; with ay,—g41,n—it1”-
This small inaccuracy again gives me reason to guess that your proofs are
different from mine. Therefore, the simultaneous publication of yours and
my proof is now highly desirable. I look forward to your letter regarding
these proofs.

Please accept my assurance of my sincere esteem and perfect faithfulness
to you.



Mehmke to Nekrasov
Darmstadt. May 21 (9), 1892.

Dear Colleague,

Receive my best thanks for your kind letter of April 14 (2) this year.
Unfortunately, due to lack of time, it was not possible for me to answer it
immediately.

In accordance with your request, I am sharing with you today my proofs
of the rules for the convergence of Seidel’s procedure, which you had estab-
lished in your letter of March 27 (15) and for which I proposed a somewhat
more general version in my letter of April 4 (March 23). In connection with
this, I will develop some new convergence criteria.

Let the given system be

a11x + a1y +--+aputc = 0
a2 1T+ agpy + - +asputca = 0
an 1T + ap2y +---+appu+c, = 0
If one sets in these equations the approximate values x;, yi, 2, ..., u;, (i =

0,1,2,...) in place of the unknowns z,y, z,...,u so the left-hand sides be-
come wgz),wél), . ,wy(f ) which T will call the inconsistencies (dissent) of the
equations in question. While Seidel aimed at reducing the sum of the squares
of the inconsistencies by applying improvements to the approximate values
of the searched quantities, I have considered another function of the in-
consistencies, whose unlimited decrease until disappearance also guarantees
the achievement of the goal, namely the sum of the absolute values of the
inconsistencies.

Allow me to make an intermediate remark.

By geometrical considerations I have found that for any condition of the
system of coefficients a the approximate value of any unknown can always
be improved in such a way that the sum of the absolute values of the incon-
sistencies is not only reduced at all, but by the largest amount, and further,
that after applying this improvement, one equation of the system is always
exactly fulfilled. But this exactly fulfilled equation is not always the one in
which -according to Seidel’s expression- the unknown in question is in the
diagonal (i.e. at one of the coefficients a1 1,a22,...,an). The idea suggests
itself to modify Seidel’s method accordingly, i.e. not to improve any un-
known always with the help of the equation which contains this unknown in
the diagonal, but to ensure only that with each improvement of an unknown
the sum of the absolute values of the inconsistencies is reduced as much as
possible. Unfortunately, one does not always reach the goal in this way,
because it can easily happen that some individual equations are not used at



all and therefore are not affected by the improvements to the extent that
the inconsistencies of these equations could be reduced below any amount.

From now on, I want to presuppose that one either proceeds completely
according to the prescription of Seidel, or, according to my suggestion, that
the approximate values of the unknowns are improved group-wise. If one
demands that the sum of the absolute values of the inconsistencies is reduced
at each individual step, then one easily finds the convergence rules® commu-
nicated in my letter of January 31 (19). If, however, one only requires that
after a single improvement of the approximate values of all unknowns a de-
crease of that sum has taken place, then, as I will show shortly, convergence
rules of the kind of your rule I result.

It is easy to see that the inconsistencies w(*t1) are linear functions of the
inconsistencies w(®, where the coefficients in these linear functions depend
only on the order in which the unknowns are introduced and on whether
one computes their approximate values individually or in groups and of the
values of the coeflicients a. If each time with the simultaneous improvement
of the approximation values of the k last unknowns from the £ last equations,
then for i =1,2,3, ...

wiﬁkﬂ =0, wﬁﬁku =0,... ,wﬁf) =0.
We can consequently set (1)

ng— ) = Z OéLh w,(;),
h=1

wgﬂ) = Z Q2,h w,(f),
h=1

NS (i)

w, =D kg

h=1

(In the case i = 0 the sums on the right-hand side are of course from = 1 to
h =n).
Now, if |A] is, as usual, the absolute value of A,

n—k
. |
< 3 g [wl)],
h=1

and therefore when using the abbreviations

n—k
Ry = |agnl,
=1

3See Mat. Sborn., vol. XVI, n. 2, p. 342.
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(i+1)

§i+1)| ot w, ) < R1|w§i)| + R2\w§i)\ 4ot Rn—kz|w7(:1k :

i ™|+
So, if the conditions
Ri<l1 Ro<l1,....R,_ <1

are fulfilled, then

i+1 +1 i+1 7 7 7
D] ol 4 ) <l ol e

and we have convergence.
One can also set

B n—k
Ry = |angl,
=1

then ' B '
WD < R, W9, (m=1,2,....,n—k),
where W denotes the largest of |w§i)|, |w§i)|, e \wfﬁk . So if the condi-
tions - - B
Ri <1, Ro<1,....R,_r <1
are fulfilled, then each of the values |w§i+1)|, ]wgﬂ)], ey ]wy(ff,i)] will be

smaller than the largest among the values \wgi)|, \wéi)|, .
consequently, convergence occurs.

To find the quantities «, in the given system of equations for x, y, z, ..., u,
initial values are chosen such that the inconsistency of the h-th equation
takes the value 1 and inconsistencies of all other equations vanish. If one
corrects those (not precisely known) initial values under this assumption
according to the underlying method, then the new inconsistencies of the
(n—k) first equations immediately yield as many of the quantities «, because

for

., ]wq(ﬁk| and,

w§°) =0, wl = 0,... ,wggl =0, w® = 1,
wf(gzl = 0,...,w,(10) =0,

one obtains by virtue of the equations (1),

() (4) ()
w," = al,h» Wy ™ = 0427}1, e ,wn_k = an—k,h-

In order to find all «, one has to set h in order equal to 1,2,3,...,n — k.

Let us consider the special case in which the approximate values of the
sought quantities are improved individually in the order z,y,z,...,u. In
this case the quantities « can also be calculated recursively. Let us assume
as above that

wgo) =0, w(o) =0,... ,w}(lo_)l =0, w(o) =1,

11



w,(loll :0,...,w7(lo) =0.

Then only the approximate value of the h-th unknown receives a nonzero
improvement —1/ay, j, and after applying it the inconsistencies of the n given
equations become

ai,p a2 p ap—1,h Ah+1,h Qn b
- [ ety T aov_ ey T 9
Qp h Qh.h Qp,h Gh.h Gp.h

in turn.

If one now calculates further, i.e. one improves also the approximate
value of the (h + 1)th, (h + 2)th,..., n-th unknowns, then the amounts
added to the (h — 1) first of those inconsistencies are obviously equal to the
inconsistencies, which would have resulted if the original inconsistencies had
been:

wgo) =0, wéo) =0,... ,w,(lo_)l =0, w,go) =0,
0 Ah4-1,h Qn,h
wl®, = ~GELh ) O

b
ah.h Gh,h

and the same is true of the inconsistencies which the (n+1—h) last equations
will finally show. With the help of the equations (1) we get consequently
)

1,h Ah+2,h Qp h

Ah+
, Qg h+1 — Q42 — T Qyp )
ap,h ap.h ap,h ap,h

Qy.n =

with egj, = 1 for £ < h and g7 = 0 for £ > h. Because

_ Qyn
Qpp = —

ann
the quantities ay j, belonging to the same value of £ can be calculated with the
help of equation (*) in the order oy, @ pn—1, 0 n—2,.... The conditions (4),
in which now k& = 1, together with equations (3) and (*) in other notation
give your rule I in the further version I propose.

Much sharper convergence criteria than those under (4) and (4’) are
obtained by the assumption that only after repeated improvement of the
approximate values of all unknowns, the sum of the absolute inconsisten-
cies of all equations is forced to fall below the initial amount. By m-times
application of the linear substitutions (1) equations of the form

+m+1
Zm ) = Zaehwh (5)

will result, which with the terms
—k
m N 10 (6
= Z |a£,h | (6)
=1

12



and

n—=k
RM =% \agj;)y (6))
/=1

lead to the conditions

R™ <1, RI™ <1,... . R™ <1, (1)
and B ) )

R™ <1, RI™ <1,... . R™ <1, (7)
guaranteeing the convergence.

Let us take as an example the system

x+03y—02z—-4 =
3xr+y—z—11 =
20r+y+2—20 =

whose solution is x = 2, y = 10, z = 5. We have
wgiﬂ) = wgi) — O.5w§i), wéiH) = O.5w§i) — wg),

a1l = 1, a12 = —0.5, Qg1 = 0.5, Qg2 = —1,
Ri =15, Roy=15 R =15,Ry=1.5.
Conditions (4) and (4’) are not satisfied, as can be seen. But,
W = 0750 Wit = 0.750,

ie.

i =075, afy =0, af) =0, all) = 0.75,

R1:R2=R1=R2=0.75<1,

Consequently, convergence must occur. This is understandable, because one

has (i+2) (i+2) ) (4)
j-+2 j+2 j j
i | Jwy ™ = 0.75(lwy |+ wy” ),
i.e. after calculating twice through the whole system the sum of the absolute
values of the inconsistencies is only equal to 3/4 of the previous amount.

I think I know how you arrived at your rules II and III. Presumably you
start from the equations (4’) of your treatise “Determining the unknown
by the method of least squares with a very large number of unknowns” in

13



Mat. Sbornik of the Mathematical Society in Moscow, year 1885, namely
(in other notation)

a11&iv1 taien +a13G+ - +arpy; = 0
a2,1&i+1 + a2onit1 +a23G + - +asv; = 0
a3 &1 +az2mit1 + a3 3Gier + - +azpy; = 0
an1&i+1 + an2Niv1 + an3Civ1 + -+ applits = 0
where &;, 15, G, - . ., v; denote the errors of the approximations x;, v, i, - - ., U;.

If one looks for the condition under which the error of the last improved ap-
proximation value is definitely smaller, taken in absolute values, than the
largest of the errors of the previously improved approximation values, one
actually obtains your rule II. If one is satisfied with demanding that each of
the errors 7,41, Gi+1, - - -, Vi1 1S, in absolute terms, smaller than the largest
of the errors n;, G, ..., v; that is how you arrive at your rule III. Allow me
to point out that a rule of similar form is obtained when condition

1Mig1] + (Gl + -+ Vi | < [mil + |Gl + -+ + |4

is imposed. It relates to your Rule IIT as Rule (4) of my letter today relates
to Rule (47).

Of course, much stricter criteria result, if one merely makes the de-
mand, that for any integer m, which is greater than 1, each of the errors
Nitms Citms - - -, Viem taken in absolute values should be smaller than the
largest among the errors 7;, (;, ..., v; or also, it should be

Mitm| + [Giaml| + -+ igm| <Imil + Gl + -+ -+ [wil-
For example, let us look again at the system

403y —02z—-4 =
3zr+y—z—11
25z +y+2z—20

Here you find
Ni+1 = 0.9m; + 0.4¢,  G+1 = —0.15m; — 0.9¢;.

However, since
09404>1, 015409>1,

your rule III has no force in this case. But,
Ni+2 = 0.757%, Ci+2 = 0-75<i7

14



so nevertheless, as we had already seen above, convergence takes place. The
law of symmetry you discovered, according to which one can derive another
convergence rule by simply substituting each quantity aj; by the quantity
which is symmetric with respect to the transverse diagonal a1y, a2, n—1,...,an1
- in my last letter I had written a;; by mistake - is most interesting. I am
very curious about your proof of this.

My proofs for the limits of the errors you have established will hardly
differ from yours, which is why I refrain from communicating them. I have
not yet succeeded in finding new error limits, however, I have not yet found
the time to pay special attention to this subject.

As far as your rules IV and V are concerned, I have not yet been able
to form a judgment about their meaning and significance. It would be very
desirable to me if you would show the application of these new rules to the
example of a system of 3 equations treated in this letter.

With the assurance of the greatest respect and faithfulness.

15



Nekrasov to Mehmke
Moscow. 17 (5) June 1892.

Dear Colleague,

Thank you very much for your letter of May 21 (9), revealing your
proofs of the rules of Seidel convergence and intended for publication in
Mat. Sbornik.

As for the meaning of rules IV and V in my letter to you from April 14 (2),
I must say that a successful choice of arbitrary Ap, j and py as part of these
rules can make it possible to solve the problem of the Seidel convergence
when more simple rules do not lead to the goal. Thus, for the system

r—33y—6z4+c1 = 0
y+3z+c2 = 0
z+2y—100z +c3 = 0

the rules indicated in my letter of March 27 (15), as well as the rules in your
letter of March 4 (23), or rules (4) and (4’) in your letter of 21 (9) May do
not reach their goal. If you apply rule V, using p1 = A1 = A2 = A33 =1,
)\2’1 = 0, )\371 = —1, )\372 = —2, Ho = 10, M3 = \/ﬁ, we will have

big=1, by1 =0, bpo =10, b3 =b32 =0,
by = —100V/11, b = —330, bsz =0,
P, =330+6V11, P, =P;=+0.99 <1,

i.e., Seidel’s method is convergent. This convergence can be found even with
m = 1 by means of rule (7) in your letter of May 21 (9).

I have tried with the help of rules IV and V to interpret the system (1)

z4+03y—-02z—4 = 0
3r+y—z—11 = 0
2z +y+2—-20 = O
which you proposed in your letter of May 21 (9); but I was unsuccessful in my
attempt. In order to successfully interpret system (1), I had to modify rules
IV and V, by increasing their sensitivity (and the number of computations
was by necessity greater).
The suggested modification of rule V can be stated in the following form.
If z;,vi, 2i, . . ., u; is a system of approximate values, obtained by Seidel’s
method, then (2)
a11%i41 + a12Y; ++ai132z; + -+ a1pu; +¢c1 =

a21Ti4+1 + 22Yi+1 + 2232 ++ -+ a2,U; +C2 =

p1Tit1 + Qn2Yit1 + an32ip1 + -+ Appliy1 +cp = 0

16



Assume (3)

x;, = A11X,
Yi Ax1 X + Ar0Y,
zi = Az1Xi+ Az2Yi + Az 37;,

u, = ApaXi+Ap2Yi 4+ AU,

where Ay are arbitrary coefficients, the choice of which can be used for
the best achievement of the goal, and coefficients Ay 1, A2 2, ... Ay, must be
different from zero.

Using equations (2) and (3), it is easy to obtain expressions of AY;, AZ;, . ..
from AY,_1,AZ;_1,...,AU;—1 assuming AM; = M; 1 — M;. Let these ex-
pressions be:

AY; = y1AY o + 7120871+ + Y- 1AU;;
AZi = 71AYiq + 7207 14+ Y20 18U

AU; = Ym-11AY 1 +m-128Z 1+ + Yn—1,n-1AU; 1

Let us then take
n—1
on=3 lme, (A=1,2,...,n—1).
(=1

Seidel’s method should be convergent if
p1 < 17 p2 < 17"'7pn—1 <1

Using your methods as indicated in the letter of May 21 (9), 2011, and based
on the consideration of the sum of |Y;11 —Y;|+|Zis1 — Zi|+- - -+ |Uip1 — Uil
instead of which you can also look at the sum of

|AY;| + [AZi] + -+ - + |AU;,
We will also conclude that Seidel’s method should be convergent if
p1 < ]-a p2 < ]-a---vﬁnfl < 17

with

n—1
o= lwnl, (h=1,2,....,n—1).
/=1
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If further in the expressions pp and ppp, which depend on the coefficients of
the system (2), if we replace the coefficients a; j, with coefficients 41— n+1-4,
then the two rules (5) and (6) mentioned above will become two new rules,
the first of which will be a modified version of rule IV mentioned in my letter
of April 14 (2).

Finally, these four rules are modified by your method, based on looking at
expressions of AYjm, AZivm, ..., AUy from AY, 1, AZ;_1,...,AU;—1. 1
do not intend to resort to them when discussing system (1).

Of all the rules listed above, rules (5) and (6) have the peculiarity that
they easily lead to expressions of better limits of errors of approximations
Ly Yiy Zgy e ooy Usg-

Now applying rule (5) or (6) to the system (1), let us assume that A; ; =
1, A271 = O, A272 = 4, A371 = O, A372 = —9, A3,3 = 5\/§ Under these

conditions we find:
AY; =V0.75AZ; 1, AZ; =V0.75AY; 4.

Consequently, p1 = ps = p1 = p2 = V0.75 < 1, i.e., Seidel’s method is
convergent.

It goes without saying that practical calculators will prefer the simplest
rules given by you and me. But the above general rules for the convergence
of Seidel’s method in different cases can be applied in the hands of a skilled
calculator.

Please accept, dear colleague, the assurance in my deep respect and
sincere faithfulness.
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