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GMRES is one of the most used methods for solving nonsymmetric
linear systems Ax = b

It uses an orthonormal basis of the Krylov subspace

/Ck(A, ro) = {r(), An, A2r0. cey Akilro}

constructed with the Arnoldi process and ry = b — Axg

Avn,k - Vn,k+1 Hk

where H, is a (k + 1) x k upper Hessenberg matrix and
Vi Vik = Ik



The iterates are defined as

Xk = X0 + Vi k Yk

Vi is computed by minimizing the residual norm

min [ llroller — Hyy|

This is done by using Givens rotations to reduce H, to upper
triangular form and solving a triangular (small) linear system



Simpler GMRES

H.F. WALKER AND L. ZHOU, A simpler GMRES, Numer. Linear
Algebra Appl., v 1 n 6 (1994), pp. 571-581

Let us assume that we have a basis of [C,(A, b) given by the
columns of a matrix V,, ,

This basis is not necessarily orthogonal but the basis vectors are of
unit norm

Let W, x be an orthonormal matrix obtained by the QR
factorization of AV, «

AV = Wi Tk

where T is upper triangular

The columns of W, , give an orthonormal basis of AKX, (A, ro)



To minimize the residual norm we would like to have residual
vectors which are orthogonal to AK,(A, r) that is,

ry = (/ — Wn,k W,ik)ro
This is obtained recursively by

Mk = Mk—1 — Q) Wy, Oék:(Wkarkfl)

As in GMRES we define the iterates as
Xk = X0 + Vi Yk

It yields
re =10 — Wi Tk yk



Multiplying by W,

a1
Ty = Wy o =
ak
since (wj, 1) = (wj, rj-1) = @

We have to choose V), . In SGMRES Walker and Zhou chose

Vi = (ﬁ Wn,k71>

They proved that if ry is not in AK,_1(A, rp), the columns of V/, ,
form a basis of KCx(A, rp) and
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Theorem
[_et a(kil) = (al e ak—l)

K(Vok) =

T. Then,

_ iroll + fla =D

Proof. Let 7y = ro/||rol|. Then,
Vo = (Fo
and, since W', W,, o = 1,

1

Vn,k Vn,k - <W:k_1FO I

But, W*, ;o = ok 1. It yields

. B 1 0
Vi Vo =1 - ol (a(kl)
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The two nonzero eigenvalues of B are i||a(k_1)H
Therefore, the singular values of V, , are k — 2 times 1 and

1+ lloX D and its condition number is

1
(k=11 2 (k-1)
(Vo) <\ro\ + o u) - Iroll + o * 1|

Iroll — [lalk=D)] Irol2 — [Jatk=D)|[2)2

But, rx_1 =rp — ka,loz(k*l)

properties,

and, because of the orthogonality

=1l = llrol|* = [[Wa,sq o™V = o)) — a2

O

When the residual norms go to zero, V,, , increases unboundedly
The interest of SGMRES compared to GMRES is that we do not
have to compute the QR factorization of the upper Hessenberg
matrix H, using Givens rotations



RB-SGMRES

P. JIRANEK, M. RozLOZNiK AND M.H. GUTKNECHT, How to
make simpler GMRES and GCR more stable, SIAM J. Matrix
Anal. Appl., v 30 n 4 (2008), pp. 1483-1499

(- ... k=1
Vi = (urou Hr@\)

RB means residual-based

They chose

If rp is not in AK,_1(A, ro) and the residual norms are strictly
decreasing, the columns of V,, x are linearly independent
They proved that
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It turns out that we can explicitly compute the entries of
Sk =V Vi

Proposition

The entries of Sy are given by

[Sk],'7,':1, [Sk],J Hrl” i>j, iZl,...,k

[

Proof. Let i = r;/||ri||. By definition the entry (i,)) of S is
(i, ).
It is obvious that [Sy];; =1,/ =1,... k. Then,
(rivr) = (ro— WyiaD, g — W, jal)),
Iroll? + (@D, Wi ;Wi jaW)) = (0, Wi ja) = (Wi 0, 1),
= |lrol? + (a1, Wy ;Woja D) — a2 — [l



Ifi>j
. ()
. a
Wn,iWnJa(J) = ( 0 >
Hence (a(), W:7iWn,j@U)) = [la9||? and
(ri, ;) = llrol[® = [l P2

We note that ||r;[|2 = ||r]|> — [[a()||? and, dividing by ||r;|| | rjll we

obtain , - ,
Iroll® = D] _ il il

(7, 7) = = =
o [Frill [l il W]l (lxll

which proves the result O
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This shows that the inverse of V,T’k Vi is @ symmetric tridiagonal

matrix (31, v, 5;) whose nonzero entries ar not too difficult to
compute



Proposition
The non zero coefficients of the inverse of the matrix V', V,, \ are
given by

_ Mol
Irol[? = [lral|?’

2
o
ol?

Iroll? =l

o = lral? ( ! T— )
= iy
: ' [ricall2 = llrical? - lricall® = 1Inill? )

for i =2,...,k—1,
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This proposition can be used to bound the smallest singular value
of the matrix V, , as well as its condition number



Theorem

Let
o o]l
ol = I[rl’
1 1
W = Tl ¥ ) im2ke,
: ' ricall = [lricall — |lrieall =[]l
| ri—2]|
Yk
-2l = [[re—1l]
Then, )
a(Vor) > ——
Omin(Vik) 2 max;—1,.._k \/7i

and the condition number of V,, , is bounded by

K(Vax) < Vk max /7



Proof. We use the previous proposition and the Gershgorin
intervals to bound the largest eigenvalue of V', V/,, «

Taking the square root, this gives a lower bound for the smallest
singular value of V,,

Since the columns of V/,, x are of unit norm, its Frobenius norm is
bounded by 'k which yields the upper bound for the condition
number [

We can sometimes improve the upper bound 'k for ||V, x| by
considering the lower bound obtained for the Gershgorin intervals
(if it is positive)

An adaptive version mixing SGMRES and RB-SGMRES was
proposed in

P. JIRANEK AND M. ROzLOZN{K, Adaptive version of Simpler
GMRES, Numer. Algorithms v 53 n 1 (2010), pp. 93-112.



Numerical experiments
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Conclusions

As it is known SGMRES is quite unstable

We gave an exact expression for the condition number of V,,  in
SGMRES

RB-SGMRES is a much better method which suffers problems only
when GMRES stagnates

We gave a new bound on the condition number of V,, , in
RB-SGMRES
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Happy birthday, Mirek
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