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The Conjugate Gradient (CG) is the algorithm of choice for solving
iteratively linear systems

Ax = b

when A is symmetric and positive definite (SPD) of order n

M.R. Hestenes and E. Stiefel, Methods of conjugate gradients for
solving linear systems, J. Nat. Bur. Standards, v 49 n 6 (1952),
pp. 409–436

This paper is still worth reading!



Conjugate Gradient (CG)

input A, b, x0
r0 = b − Ax0
p0 = r0
for k = 1, . . . until convergence do

σk−1 =
rTk−1rk−1

pTk−1Apk−1

xk = xk−1 + σk−1pk−1

rk = rk−1 − σk−1Apk−1

δk =
rTk rk

rTk−1rk−1

pk = rk + δkpk−1

end for



CG minimizes the A-norm of the error

‖εk‖A = (A(x − xk), x − xk)1/2

which is decreasing

We would like to see if we can construct matrices A and right-hand
sides b such that the residual norms ‖rk‖ have prescribed positive
values

The answer to this question was (almost) given by Hestenes and
Stiefel page 432





If you were not able to read that page. . .

Theorem 18.3

There is no restriction whatever on the positive constants ai , bi
(our σk and δk) in the cg-process, that is, given two sequences of
positive numbers a0, . . . , an−1 and b0, . . . , bn−1, there is a
symmetric positive definite matrix A and a vector r0 such that the
cg-algorithm applied to A, r0 yield the given numbers . . .

Furthermore, the formula

bi =
‖ri+1‖2

‖ri‖2

shows that there is no restriction at all on the behavior of the
length of the residual vector during the cg-process



Hence, it seems we are done!

However, we will show that we can construct matrices and
right-hand sides such that we can prescribe the residual norms and
the A-norms of the error

CG is related to the Lanczos algorithm. It implicitly constructs a
Cholesky factorization of the Lanczos tridiagonal matrix

We will construct symmetric tridiagonal matrices T such that CG
(with x0 = 0) yields prescribed relative residual norms with the
right-hand side e1
Then, the linear system Ax = b is obtained from A = VTV T and
b = Ve1 where V is any orthonormal matrix

Strangely enough, let us start with the nonsymmetric case. . .



The nonsymmetric case

We consider the Full Orthogonalization Method (FOM) of Y. Saad
for solving nonsymmetric linear systems

FOM ≡ Lanczos ≡ CG when A is symmetric

Prescribing the residual norms for FOM was studied some years ago

We can construct linear systems for which the matrix has
prescribed eigenvalues and such that FOM delivers prescribed
residual norms and gives also prescribed Ritz values at all
iterations, see

J. Duintjer Tebbens and G. Meurant, Any Ritz value behavior is
possible for Arnoldi and for GMRES, SIAM J. Matrix Anal. Appl.,
v 33, n 3 (2012), pp. 958–978



Assume FOM does not stop early, then we get

AV = VH

V is the orthonormal matrix whose columns are the Arnoldi basis
vectors and H is an unreduced upper Hessenberg matrix with
positive subdiagonal entries

H = UCU−1

where U is upper triangular with u1,1 = 1 and C is the companion
matrix corresponding to the eigenvalues of A (and H)

U =
(
e1 He1 · · · Hn−1e1

)
It was proved (see JDT-GM) that the inverses of the absolute

values of the entries of the first row of U−1 are equal to the FOM
relative residual norms ‖rFk ‖/‖r0‖
Note that the other entries of U−1 can be chosen to prescribe the
Ritz values but we won’t use that in the symmetric case



1) We construct an upper triangular matrix U−1 with appropriate
values on the first row

2) With the prescribed eigenvalues, we construct the companion
matrix C

3) H = UCU−1

4) A = VHV T , b = Ve1, V being any orthonormal matrix

However, it is difficult to construct a symmetric H in this way

So, we proceed differently. . .



Now we use results in
A. Greenbaum and Z. Strakoš, Matrices that generate the same
Krylov residual spaces, in Recent advances in iterative methods,
G.H. Golub, A. Greenbaum and M. Luskin Eds., Springer (1994),
pp. 95–118

Theorem
Let wi , i = 1, . . . , k be an orthonormal basis for AKk(A, v) with
k ≤ n, W be the matrix whose columns are the vectors
wi , i = 1, . . . , n and H the upper Hessenberg matrix such that
AW = WH. Then, AKk(A, v) and BKk(B, v) are the same for
k = 1, . . . , n if and only if

B = WRHW ∗

where R is any nonsingular upper triangular matrix



Let k = n and Y = RH

Then R−1 = HY−1 and the matrix HY−1 must be upper triangular

From G and S, HX is upper triangular if and only if

L(X ) = L(H−1)D

where L(F ) is the lower triangular matrix whose lower triangular
part is the same as for the matrix F , D is a diagonal matrix and
L(H−1) has no zero column

It means that the lower triangular part of X = Y−1 is the lower
triangular part of H−1 with any column scaling



Let us assume that we have H = UCU−1 for which FOM applied
to (H, e1) gives the prescribed residual norms

We are looking for a nonsingular matrix X for which FOM gives
the same residual norms on (X−1, e1)

It is sufficient to construct a lower triangular matrix X whose lower
triangular part is the same as that of H−1

Let H = UCU−1 with

U−1 =

(
1 ν̂T

0 Û−1

)
⇒U =

(
1 −ν̂T Û
0 Û

)

C =


0 0 . . . 0 −α0

1 0 . . . 0 −α1

0 1 . . . 0 −α2
...

. . .
. . .

...
...

0 . . . 0 1 −αn−1





Let α̂ =
(
α1 · · · αn−1

)T
Since α0 6= 0, C is nonsingular and its inverse is

C−1 =

(
−α̂/α0 In−1

−1/α0 0

)
We denote the entries of the first column as

β1 = −α1/α0, β̂T =
(
−α2/α0 · · · −αn−1/α0 −1/α0

)
Let E be the matrix of order n − 1 which is zero except for the

first upper diagonal whose entries are equal to 1,

C−1 =

(
β1 eT1
β̂ E

)

H−1 = UC−1U−1



Theorem
Using the previous notation the inverse of H is

H−1 =

(
β1 − ν̂T Ûβ̂ (β1 − ν̂T Ûβ̂)ν̂T + (eT1 − ν̂T ÛE )Û−1

Ûβ̂ Ûβ̂ν̂T + ÛEÛ−1

)

The matrix ÛEÛ−1 is strictly upper triangular. Hence, we have a
simple proof of a well-known result about inverses of Hessenberg
matrices
Namely, the lower triangular part of H−1 is the same as the lower
triangular part of a rank-one matrix

Y. Ikebe, On inverses of Hessenberg matrices, Linear Algebra
Appl., v 24 (1979), pp. 93–97



Let us construct a lower triangular matrix X such that
L(X ) = L(H−1)

To simplify the notation, let β̃ = β1 − ν̂T Ûβ̂

X =

(
β̃ 0

Ûβ̂ Ũ

)
⇒X−1 =

(
1
β̃

0

− 1
β̃
Ũ−1Ûβ̂ Ũ−1

)

with Ũ = L(Ûβ̂ν̂T )

The matrix X−1 is, in fact, lower bidiagonal



Theorem
Let γ = Ûβ̂, Dν (resp. Dγ) be the diagonal matrix whose diagonal
entries are 1/νi , i = 1, . . . , n (resp. 1/γi−1 with γ0 = β̃) and B be
the bidiagonal matrix

B =


1
−1 1

. . .
. . .

−1 1
−1 1


Then, X−1 = DνBDγ



X = D−1
γ B−1D−1

ν =


γ0
γ1 γ1ν2
...

...
. . .

γn−1 γn−1ν2 · · · γn−1νn


In this matrix, the νi ’s are linked to the FOM residual norms and
the γi ’s appear as parameters that we are free to choose

We can prove that FOM applied to (X−1, e1) yields residual norms
such that ‖r0‖/‖rFk ‖ = νk+1



The symmetric case

We follow G-S and define

Xs = L(H−1) + L̂(H−1)T

where L̂ gives the strict lower triangular part of the matrix

Xs =

(
β̃ (Ûβ̂)T

Ûβ̂ L(Ûβ̂ν̂T ) + L̂(Ûβ̂ν̂T )T

)
=


γ0 γ1 · · · γn−1

γ1 γ1ν2 · · · γn−1ν2
...

...
. . .

...
γn−1 γn−1ν2 · · · γn−1νn


From the structure of Xs we know that X−1

s is a symmetric
tridiagonal matrix whose nonzero entries can be computed from
the entries of Xs



Let ν =
(
1 ν2 · · · νn

)T
and µi , i = 1, . . . , n, ηi ,

i = 1, . . . , n − 1 be the diagonal and subdiagonal entries of the
tridiagonal matrix X−1

s

µ1 = − ν2
γ1 − ν2γ0

, η1 =
1

γ1 − ν2γ0
= −µ1

ν2
,

and for i = 2, . . . , n − 1,

di = νi (νiγi − νi+1γi−1)

µi = −νi+1

di
− ηi−1

νi−1

νi
, ηi =

νi
di
,

the last diagonal entry being equal to

µn =
1

νnγn−1
− ηn−1

νn−1

νn

We have to assume that di 6= 0



We claim that FOM (≡ CG) applied to (X−1
s , e1) gives relative

residual norms equal to the inverses of the absolute values of the
components of ν

Let UX−1
s

=
(
e1 X−1

s e1 · · · X
−(n−1)
s e1

)
We would like to show that eT1 U−1

X−1
s

= νT that is, νTUX−1
s

= eT1

We can first prove that νTX−1
s ei = 0 for i = 1, . . . , n − 1

Only the last component of νTX−1
s is nonzero and the (n, 1) entry

of the i-th power of X−1
s is zero for j ≤ n − 2 and it follows that

νTUX−1
s

= eT1

However for CG we need the tridiagonal matrix to be positive
definite



We can choose the γi ’s to obtain a positive definite matrix

Let us compute the Cholesky-like factorization X−1
s = LΩ−1LT

with L lower bidiagonal and Ω diagonal. Let ωi , i = 1, . . . , n be
the diagonal entries of L and Ω

ωi = −νi+1

νi

1

νiγi − νi+1γi−1
, i = 1, . . . , n − 1, ωn =

1

νnγn−1

We have ωi = 1/σi−1. If ωi > 0, the matrix T = X−1
s is positive

definite

Note that γi−1 and νi have to be of the same sign for T−1 to be
positive definite

If we choose the νi ’s and γi ’s strictly positive, the condition is

γi−1

γi
>

νi
νi+1

, i = 1, . . . , n − 1



Prescribing the A-norm of the error

Let εk = x − xk be the error vector, A = VTV T . It is known that

‖εk‖2A = ‖r0‖2[(T−1)1,1 − (T−1
k )1,1]

where Tk is the principal submatrix of T of order k

See, for instance, Theorem 12.1 in
G.H. Golub and G. Meurant, Matrices, moments and quadrature
with applications, Princeton University Press, (2010)

We have to link the entries of T−1
k to those of T−1



This can be done in different ways, by induction using the
Cholesky factorization or more directly. The result is the following

Theorem

(T−1)1,1 − (T−1
k )1,1 =

γk
νk+1

, k = 1, . . . , n − 1

Corollary

The square of the A-norm of the error is given by

‖εk‖2A = ‖r0‖2
γk
νk+1

= |γk | ‖r0‖ ‖rk‖, k = 0, . . . , n − 1

If we prescribe decreasing values for ‖εk‖A we obtain the values of
the γk ’s

Prescribing decreasing values corresponds to the condition to have
T positive definite



In fact, the inverse of Tk is

T−1
k =


γ
(k)
0 γ

(k)
1 · · · γ

(k)
k−1

γ
(k)
1 γ

(k)
1 ν2 · · · γ

(k)
k−1ν2

...
...

. . .
...

γ
(k)
k−1 γ

(k)
k−1ν2 · · · γ

(k)
k−1νk


with

γ
(k)
i = γ

(k+1)
i − γ(k+1)

k

νi+1

νk+1
, i = 0, 1, . . . , k − 1

Moreover,

γ
(k)
i = γi − γk

νi+1

νk+1
, i = 0, 1, . . . , k − 1

It yields ∀i = 0, . . . , k − 1

‖εk‖2A = ‖r0‖ ‖ri‖ [(T−1)i+1,1 − (T−1
k )i+1,1]



Mathematically, any residual norm convergence curve is possible
for CG with any decreasing A-norm convergence curve

Let us consider some numerical experiments



Numerical experiments

Example 1

n = 15, res = [1 2 1 2 1 2 1 2 1 2 1 2 1 2 1], err:
g0 = 1, gi = 0.6 gi−1, i = 1, . . . , n, cond(T ) = 6.37 106
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Example 2

n = 20, res = [1; 0.9; 0.8; 0.6; 0.3; 0.1; 0.09; 0.08; 0.06; 0.03;
0.01; 0.009; 0.008; 0.006; 0.003; 0.001; 0.0005; 0.0001; 0.00005;
0.00001], err: g0 = 1, gi = 0.3 gi−1, i = 1, . . . , n, cond(T ) =
2.20 1010
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Example 3

n = 20, res = [1; 0.9; 0.8; 0.6; 0.3; 0.1; 0.09; 0.08; 0.06; 0.03;
0.01; 0.009; 0.008; 0.006; 0.003; 0.001; 0.0005; 0.0001; 0.00005;
0.00001], err: g0 = 1, gi = 0.6 gi−1, i = 1, . . . , n, cond(T ) =
2.43 103

iteration
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Example 4

n = 20, res: f0 = 1, fi = 0.8 fi−1, i = 1, . . . , n, err: γi ≡ 1,
cond(T ) = 2.82 103
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In this example, in finite precision arithmetic, CG suffers from
rounding errors and residual vectors loose their orthogonality
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Conclusion

We have shown how to construct symmetric positive definite linear
systems with a prescribed CG residual norm convergence curve as
well as a prescribed A-norm of the error convergence curve
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