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Many Krylov methods have been proposed over the years for
solving linear systems iteratively

Most of them can be classified as quasi-orthogonal (Q-OR) or
quasi-minimum residual (Q-MR)

Q-OR: FOM, BiCG, Hessenberg, ...

Q-MR: GMRES, truncated GMRES, QMR, CMRH, ...



Whatever their definition, these methods share many fundamental
properties

See the nice paper by M. Eiermann and O.G. Ernst, Geometric
aspects in the theory of Krylov subspace methods, Acta Numerica,
v 10 n 10 (2001), pp. 251-312

These methods differ mainly by the basis of the Krylov space that
is constructed:

- orthogonal for FOM/GMRES (true OR/MR methods)

- bi-orthogonal for BiCG/QMR

- based on an LU factorization of the Krylov matrix for
Hessenberg/CMRH

Our aim is to show that some results about GMRES convergence
can be extended to other Q-OR/Q-MR methods



GMRES

GMRES uses the Arnoldi process to construct an orthonormal basis
of the Krylov susbpsace

Kn(Ab)=1{b Ab --- Ar-lp}

where n is the order of A. Assume the basis vectors are linearly
independent. Then, V gives a basis of IC,(A, b) and

AV = VH, V*V =1,

the matrix H is (unreduced) upper Hessenberg

With xp = 0, the GMRES iterates x, = Vjy\ are computed by
solving

min ||b — Axk||
XkEICk(A,b)

with Vi n x k, k first columns of V



With xg = 0 we have

[rll = [|b — Ax[[ = min [[p(A)b]]
pe

where [1y is the set of polynomials of degree k with a value 1 at
the origin

This leads to bounds for the residual norms. If A is diagonalizable,
A= XAX"1, it yields

[ricll < K(X) min [[p(A)] || b]]
pE

The main question is: What quantities does GMRES convergence
depend on for a general non singular system?



What do we know about GMRES?

In exact arithmetic GMRES is a direct method. It terminates at
iteration n
Let

K= (b Ab A%bp ... A”*lb)

be the Krylov matrix that we assume of full rank. Then
K=WwW

with V orthogonal (or unitary) and U upper triangular with

positive real diagonal entries

As we know, the matrix H = V*AV is upper Hessenberg

We have
H=UcUu

where C is the companion matrix for the eigenvalues of A

[This is a consequence of AK = KC(]



Let xC (resp. x/) be the iterates for GMRES (resp. FOM) and the
residual vectors r® = b — AxC (resp. rf = b — Ax[)

Without loss of generality we assume xop = 0 and ||b[| =1

We know that

- every non-increasing residual norm convergence curve is possible
for GMRES

- one can construct matrices A with a prescribed spectrum and
right-hand sides b such that GMRES yields a prescribed decreasing
residual norm convergence curve. In addition one can prescribe the
Ritz values for all iterations

- we have two parametrizations of this class of matrices and
right-hand sides



For these properties, see
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The APS parametrization

Greenbaum and Strako¥ (1994) proved that any convergence curve
for the residual norm that can be generated with GMRES can be
obtained with a matrix having prescribed eigenvalues

Greenbaum, Ptdk and Strako¥ (1996) showed that any
nonincreasing sequence of residual norms can be given by GMRES

Arioli, Ptdk and Strako¥ (1998) gave a complete parametrization
of all pairs {A, b} generating a prescribed residual norm
convergence curve



Theorem (APS)

Assume we are given n positive numbers such that
l=fo>h>--2>2f_1>0

and n complex numbers A1, ..., \, all different from 0. Let A be
a matrix of order n and b an n-dimensional vector. The following
assertions are equivalent:

1- The spectrum of Ais {\1,...,A,} and GMRES applied to A
and b yields residuals r, j =0,...,n— 1 such that

Il =6, j=0,....n—1



2- The matrix A is of the form A = WYCY 'W* and b = Wh,
where W is any unitary matrix, Y is given by

(1)

R being any nonsingular upper triangular matrix of order
n—1, h a vector such that

h = (7717 . '777n)T7 nj = (62—1 - 62)1/2

and C is the companion matrix corresponding to the
polynomial g,

n—1
q(z) =(z—= M) (z—An) :Zn+zaj2j
Jj=0

0 . 0 —ag
1 0 e 0 —Q1

1 —apa



These results have led some people to write that "GMRES
convergence for non-normal matrices does not depend on the
eigenvalues”

We are going to see in a moment that this statement is not correct

It must be: “"GMRES convergence for non-normal matrices does
not depend only on the eigenvalues”



Another parametrization, GM-JDT

Assume we are given n positive numbers such that
l=fo>h>--2>2f_1>0

and n complex numbers A1, ..., \, all different from 0. Let A be
a matrix of order n and b an n-dimensional vector. The following
assertions are equivalent:

1- The spectrum of Ais {\1,...,A,} and GMRES applied to A
and b yields residuals r, j =0,...,n— 1 such that

Il =6, j=0,....n—1



2- The matrix A is of the form A = VUCU 1V* and b = Ve,
where V' is any unitary matrix, U is nonsingular upper
triangular such that

utoq, o (Lo b 5 j=2 n
1,1 — & 1, — - , ] =4y,
T\

and C is the companion matrix corresponding to the
prescribed eigenvalues

This type of parametrization can also be used to prescribe all the
Ritz values at every iteration



Moreover
- [(U )1kl = 1/(Irf |l

- Ir€1? = 1/(Ml))1a with Migy = Upy Ukga

The latter result has been proved by several people: Stewart,
Zitko, lpsen, Liesen, Rozloznik and Strakos, and Sadok

Following ideas from H. Sadok, to compute (/\//k_jl)m we use two
“simple” tools:
» Cramer's rule (1750 but known before that)

» The Cauchy-Binet formula (1812) for det(AB) with A and B
rectangular



G. Cramer
1704-1752



A.L. Cauchy J. Binet
(1789-1857) (1786-1856)



The residual norms for diagonalizable matrices

Let A= XAX~!and c = X~'h. Then the Krylov matrix is

K=X(c Ac - A" Lc)
Therefore
M=KK=(c Ac -+ N7c)"X*X(c Ac -+ A""Lc)
and

with D, diagonal with ¢; as diagonal entries and ...



1 A - /\11<

1L X --- XS
Virr=1. . :
1 A, - 2K
an n x (k + 1) Vandermonde-like matrix

Using Cramer's rule, we have

1 mp - myy
1 0
M1 = —————det
( k+1)171 det(My.1) : M2 je41,2:k41
0

det(Ma.x41,2:k+1)
det(Mk+1)




Let F = XDcVi41, an n x (k + 1) matrix. Then My, 1 = F*F and
by the Cauchy-Binet formula

det(Mys1) = ) | det(F,., )

lkt1

the sum is over all sets /.1 of k+ 1 row indices (i1, i>, ..., ixsi1)
such that 1 <y <--- <ixy1 < nand F_, . is the submatrix of F
whose row indices belong to ;11

Fior: = (XDe)iy Vierr, [(k+1) xn]x [nx (k +1)]

Hence we can again apply the Cauchy-Binet formula



det(F/kH,i) - Z det(XIk+17Jk+1)Cj1 G det(v()‘jlv s 7)\jk+1))

k1

with the Vandermonde matrix

1\ )\J.:l
1 A_]Z Aj2

V(/\jl‘/"")‘jkﬂ) = : :
1 )\jk+1 )‘jkkH

But det(V(Aj,...,Aj,.,)) is known

We apply the same technique for computing det(Mo.x 11 2:4+1)



The residual norms
Let A be a diagonalizable matrix with A = XAX ™!, ¢ = X~ 1b.
Then
Ire1? = o1 /ol

with

O—’/‘V+1 - Z Z det(Xlk+laJk+1)ql G H (>‘j —Aj )

1 | Jks1 N <hr<ip<jkt1

and

D
Ok :Z Zdet(X/ka)le"'Cjk At A H ()‘J' _/\j) ; k>1
e | 1 <Jr<Jp<jk
where the summations are over all sets of indices /x4 1, Jkt1, Ik, Jk
defined as /; to be a set of £ indices (i1, io, ..., i¢) such that
1<ih<---<ip<n, X, is the submatrix of X whose row and

column indices are defined by /; and J;



If the matrix A is normal, we have X*X = | and simpler formulas

2
Ok+1 Z ‘le‘ |Cjk+1|2 H ‘(/\Jp - )‘JI)’

lkt1 N <0i<Jp<jkt1

n
D
of = GNP
i=1
and

2
D DI A SV | (VR I

A< <p<jk

See the paper by J. Duintjer Tebbens, GM, H. Sadok and
Z. Strakos, LAA v 450 (2014)

The results for diagonalizable matrices can somehow be extended
to the case of non-diagonalizable matrices using the Jordan
canonical form

In particular we can obtain nice expressions of the residual norms
for one Jordan block



Bounds for the residual norms (diagonalizable matrices)

Using a result by Bellalij, Jbilou and Sadok we can prove that

ka”2 < HX”2
~ e ( r1DEDVy ) e
It yields
k+1 2
HrkH2 < HXH2 Zl§i1<-~-<ik+1§n Hj:l Wi Hilgié<i,,gikﬂ ‘)‘ip - )‘fz‘

k
Zl§i1<~-<ik§n Hj:l ij‘)"'j‘ Hilgig<ipgik ’/\fp B /\f£‘2

where w; = |¢;|> with ¢ = X~ 1b
We can also obtain a similar lower bound where the multiplying
factor is o pmin(X)? (min of the singular values)



Hence, the residual norms depend on the (differences of the)
eigenvalues, the eigenvectors and the right-hand side (through
X~1b)

If omin(X) = || X||, the convergence depends essentially on the
eigenvalues (and the right-hand side)




Q-OR and Q-MR methods

Can we extend some of these results to Q-OR and Q-MR methods?

We assume that we have an ascending basis V' of the Krylov space
(with columns of unit norm) such that K = VU with V
nonsingular and U upper triangular
We define H = UCU~!. As a consequence AV = VH. The iterates
are

Xk = Viyk
where V) is the matrix of the k first columns of V. The residual
e is

Vier—AVieyi = Vik(er—Hiyi ) —hir 1,k (Vi) kvier1 = Vir1(er—Hyyi)



The Q-OR method is defined (provided that Hy is nonsingular) by
Hiyl = e

where Hy is the principal submatrix of order k. This annihilates
the first term in the residual

In the Q-MR method y,iw is computed as the solution of the least
squares problem
minles — Hyy|

where H, is (k+1) x k

The vector z,iw = e — ﬂky,iw is referred as the quasi-residual

The residual vector is r} = V. 1z



Generally, the two problems are solved using Givens rotations with
sines s;. It is known that

128" = Isys2 -~ sl

Moreover we have a relation between the Q-OR residual norms and
the Q-MR quasi-residual norms

11 1
[T (= e

See Eiermann and Ernst (2001), Freund and Nachtigal (1991)



Properties of Q-OR and Q-MR methods

From these results we can show that

1
(U™ Y)1

[fos

This is proved by using the rotation matrices G; such that
Gp-1---GIH=R
From H = UCU~! we have
utlGrt- G = cUTIRT?

n

The first row of the matrix on the right-hand side is zero except
for the last entry

Looking at the product of the inverses of the rotation matrices, we
can show by induction that

& 1 1 1/2
Ut =—- i< — ) L j=1,...,n-1
1j+1 51...Sj (51...Sj)2 (51...51-71)2 ! J !




. -1 —1 4,—
L.et My 1 = Ui 1 Uky1. Since M, = U 7, Uk_f_‘l and.from the
first row of U™!, a consequence of the previous result is the
following

1
(Mk_.&l)l.l

The difference with GMRES is that we only have the norm of the
quasi-residual

M2
12”17 =

Then, we obtain expressions of the quasi-residual norms



The quasi-residual norms
Let A be a diagonalizable matrix with A = XAX~!, Z = V71X

and ¢ = X 1h. Then
M N D
[k H2 = 0k+1/0k

with

UI,<V+1 = Z Z det(ZlkJthkJrl)CJ'l 0 Gk H ()‘j - )‘J')

Ieyr | kit T < <lp<jkt1

2
n

o =3

i=1

n
DZijg A

j=1

and

UIE):Z Zdet(Z/ka)le"'CJ'k )‘J' "'>‘J'k H ()‘j 7/\j) , k>1

/k Jk j1<J'I<jp<J'k
where the summations are over all sets of indices lx41, Jkt1, Ik, Jk

where Iy is a set of £ indices (i1, i2, ..., i¢) such that
1<in<---<ip<n,Z,y, is the submatrix of Z whose row and

column indices are defined by /; and J,



This result arises from ||z}||? = 1/(M1:+11)171 and

M = U'U=K'V*V1lK
= (c NAc - /\”flc)*Z*Z(c Ac --- /\”flc)
It yields
Myy1 = VZHD;‘Z*ZDCV;(H

where D, is diagonal and Vy 1 is an n x (k + 1)
Vandermonde-like matrix

As for GMRES, we compute the (1, 1) entry of the inverse using
Cramer's rule and the Cauchy-Binet determinant formula

Note that there is no simplification when A is normal (Z*Z # I)



Construction of linear systems with a prescribed
convergence curve

Can we construct linear systems with a prescribed convergence
curve and a prescribed spectrum for Q-OR and Q-MR methods?

For FOM/GMRES this is easy since we just have to construct an
upper triangular matrix U~ with the inverses of the FOM residual
norms (obtained from the GMRES norms) on the first row. Then
we take

A=VUCU'V*, b= Ve

where C is the companion matrix of the given eigenvalues and V
is any unitary matrix

Things are more difficult for some Q-OR/Q-MR methods because
we may ask for some non-zero structure in H



BiCG

We would like to find matrices H tridiagonal (with a given
spectrum) and U upper triangular such that

v B 0O 0 0
p2 V2 D3 0 0
o . - o | =ucu?
0 0 pn-1 Y1 Bn
0 O 0 Pn n

H =

and the first row of U~! is prescribed as (1 g - gn,l) with
g #0

,...,wp be arbitrary chosen entries of the last column of
U~t with w, #0, w1 = gn1 and —ap, ..., —ap,_1 be the entries
of the last column of C that we know from the prescribed spectrum



We compute U~! and H recursively column-wise
The last column of U~tH = CU! yields

&n—20n + &n—17n —QoWn

WnYn Wpn—1 — Gp—1Wp

We use the first and last equations

8n—2 8n—-1 Hn) _ < —QoWn >
0 Wn Tn Wn-1 — Qp—1Wp

The solution of this 2 x 2 non singular linear system vyields ~v,, G,

From the other equations that we discarded we can compute the
unknown entries v ,_1 of column n — 1 of Ut



Then we go on backwards with column n—1

We have three unknowns 3,_1,v,—1 and p,
We first take the first and the last two equations
This gives us a linear system with an upper triangular matrix

8n-3 8n-2 8n—1 anl 0
0 Vp—1,n—1 Wn-1 Yn—1 | = | Vn-2,n—1
0 0 Wnp Pn Vn—1,n—-1

And so on... Then A= VHV ! and b = Ve; for an appropriately
chosen matrix V

So far we don’t know how to completely handle the case with zero
entries on the first row of U~!

This algorithm can be easily extended to a larger upper bandwidth
but what about stability?

This allows to prescribe BiCG (finite) residual norm convergence
(or QMR quasi-residual norms)



Summary

» Many known properties of FOM/GMRES are also valid for
general Q-OR/Q-MR methods

» We express the Q-MR quasi-residual norms as functions of the
eigenvalues, the eigenvectors, the right-hand side and the
basis of the Krylov space

» We (almost) have a parametrization of the class of matrices
with a prescribed spectrum and a prescribed Q-OR/Q-MR
convergence curve

» In particular we can construct examples with a BiCG (finite)
convergence curve
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