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The Ritz values are the eigenvalues of Hk which is defined by

AVk = VkHk + hk+1,kvk+1e
T
k

Let us assume that Hk is diagonalizable. Let θi and y (i) be a Ritz
value and a corresponding eigenvector of Hk (not necessarily
normalized). Then,

AVky
(i) = θiVky

(i) + hk+1,ky
(i)
k vk+1

Let z(i) = Vky
(i) be the approximate eigenvector of A

Az(i) − θiz(i) = hk+1,ky
(i)
k vk+1

It is orthogonal to the Krylov subspace of dimension k . Hence

θi = (z(i))∗Az(i) = (y (i))∗Hky
(i)

since z(i) is in the Krylov subspace of dimension k



Assume A normal, A = XΛX ∗

We have
Hk = UkC

(k)U−1
k

with Uk upper triangular, C (k) a companion matrix and
Kk = VkUk . Then

0 = det(Hk − θI ) = det(V ∗
k AVk − θI ),

= det(U−∗
k K ∗

kAKkU
−1
k − θI ),

= det(U−∗
k [K ∗

kAKk − θU∗
kUk ]U−1

k ),

= | det(U−1
k )|2 det(K ∗

kXΛX ∗Kk − θMk),

=
1

det(Mk)
det(V∗kD∗

c ΛDcVk − θV∗kD∗
cDcVk).

with Mk = U∗
kUk = K ∗

kKk , Dc diagonal matrix, c = X ∗v ,
v = Vke1, Vk Vandermonde matrix



Let B = DcVk

det(B∗ΛB − θB∗B) = det(B∗(Λ− θI )B) = 0

Let G = (Λ− θI )B, we have det(B∗G ) = 0
We use the Cauchy-Binet formula

det(B∗G ) =
∑
Ik

det(BIk ,:) det(GIk ,:) = 0

Ik = {(i1, . . . , ik)|1 ≤ i1 < · · · < ik ≤ n}. We have

det(BIk ,:) = ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)

and, since Λ− θI is diagonal,

det(GIk ,:) = (λi1 − θ) · · · (λik − θ) ci1 · · · cik
∏

i1≤ip<iq≤ik

(λiq − λip)



Therefore, we have the new polynomial∑
Ik

(λi1 − θ) · · · (λik − θ) |ci1 |2 · · · |cik |
2

∏
i1≤ip<iq≤ik

|λiq − λip |2 = 0

whose roots are the Ritz values
The product (λi1 − θ) · · · (λik − θ) is a polynomial of degree k in θ
whose roots are k of the eigenvalues of A
We have

(λi1 − θ) · · · (λik − θ) =
k∑

j=0

(−1)k−je(j)(λi1 , . . . , λik )θk−j

where e(j) is a symmetric elementary polynomial

For the characteristic polynomial of Hk we have to divide by the
coefficient of θk which is

(−1)k
∑
Ik

|ci1 |2 · · · |cik |
2

∏
i1≤ip<iq≤ik

|λiq − λip |2 = (−1)k det(Mk)



If we want a value 1 at the origin (the FOM residual polynomial)
we have to divide by the constant coefficient which is∑

Ik

λi1 · · ·λik |ci1 |
2 · · · |cik |

2
∏

i1≤ip<iq≤ik

|λiq − λip |2

The coefficient of θk−j , j = 0, . . . , k is

(−1)k−j
∑
Ik

e(j)(λi1 , . . . , λik ) |ci1 |2 · · · |cik |
2

∏
i1≤ip<iq≤ik

|λiq − λip |2

The coefficients can also be obtained when A is not normal but
diagonalizable but the formulas are more intricate



We can do the same thing for the harmonic Ritz values

When A is normal the polynomial in ζ is∑
Ik

(|λi1 |2−ζλi1) · · · (|λik |
2−ζλik ) |ci1 |2 · · · |cik |

2
∏

i1≤ip<iq≤ik

|λiq−λip |2 = 0

The coefficient of ζk−j , j = 0, . . . , k is

(−1)k−j
∑
Ik

e(j)(λi1 , . . . , λik )λi1 · · ·λik |ci1 |
2 · · · |cik |

2
∏

i1≤ip<iq≤ik

|λiq−λip |2

From this we can obtain the characteristic polynomial and the
GMRES residual polynomial if we divide by the appropriate
coefficient



We are interested in finding bounds for the distance of an
eigenvalue of A to the Ritz values at a given iteration of the
Arnoldi algorithm

We would like to stress that these bounds are of purely theoretical
interest to be able to gain more insights in Arnoldi’s convergence.
They cannot be used to stop the iterations since they contain
quantities which are either unknown or not computable for
practical problems

To obtain bounds for the distances of Ritz values to eigenvalues we
have to do a change of variable in the characteristic polynomial



For the moment we consider a monic polynomial

p(z) = zk + αk−1z
k−1 + · · ·+ α1z + α0

and its roots θj
Let σj , j = 1, . . . , k be the singular values of the companion
matrix. Then

σn ≤ |θj | ≤ σ1, ∀j = 1, . . . , k

Since we can compute the singular values of C (k), it yields[
1

2

(
‖α‖2 + 1− ((‖α‖2 + 1)2 − 4|α0|2)

1
2

)] 1
2

≤ |θj |

|θj | ≤
[

1

2

(
‖α‖2 + 1 + ((‖α‖2 + 1)2 − 4|α0|2)

1
2

)] 1
2

with ‖α‖2 =
∑k−1

i=0 |αi |2



- Cauchy’s bounds

|α0|
maxi=1,...,k−1(1, |α0|+ |αi |)

≤ |θj | ≤ max
i=1,...,k−1

(|α0|, 1 + |αi |)

- Montel’s bounds,

|α0|
max(|α0|, 1 + |α1|+ · · ·+ |αk−1|)

≤ |θj | ≤ max(1, |α0|+· · ·+|αk−1|)

- Carmichael and Mason’s bounds,

|α0|
(1 + |α0|2 + · · ·+ |αk−1|2)

1
2

≤ |θj | ≤ (1 + |α0|2 + · · ·+ |αk−1|2)
1
2



- De Terán, Dopico and Pérez’s bounds

|α0|
maxi=2,...,k−1(1 + |α1|, |α0|(1 + |αi |))

≤ |θj |

|θj | ≤ max
i=1,...,k−2

(
1 +
|αi |
|α0|

, |α0|+ |αk−1|
)

We do a change of variable z → z + λi . The roots of the new
polynomial p̂i (z) are θj − λi

p̂i (z) = zk + γk−1z
k−1 + · · ·+ γ1z + γ0



In the normal case the coefficients γ` are

1

dk

k∑
j=1

(−1)j
(
j
`

)
λj−`
i

∑
Ik

e(k−j)(λi1 , . . . , λik ) |ci1 |2 · · · |cik |
2 ×

∏
i1≤ip<iq≤ik

|λiq − λip |2

with
dk =

∑
Ik

|ci1 |2 · · · |cik |
2

∏
i1≤ip<iq≤ik

|λiq − λip |2

and the coefficient γ0 is

α0 +
1

dk

k∑
j=1

(−1)jλji

∑
Ik

e(k−j)(λi1 , . . . , λik ) |ci1 |2 · · · |cik |
2 ×

∏
i1≤ip<iq≤ik

|λiq − λip |2



Numerical experiments with the lower bounds

We consider a random normal matrix of order 10 with some
eigenvalues which are clustered

Ritz values converge first to λ1 and λ2 which are 0.19872± ı1.3691
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Upper bounds

The upper bounds we saw are useless because they bound the
distance to any of the Ritz values

Let λi be a simple eigenvalue and xi the corresponding eigenvector,
Pk be the orthogonal projector on the Krylov subspace
Then, at iteration k there exists a Ritz value θ such that (6.1)

|θ − λi | ≤ 2γk cond(Xk)
‖(I − Pk)xi‖
‖Pkxi‖

where Xk is the matrix of the eigenvectors of Hk and
γk = ‖PkA(I − Pk)‖ ≤ ‖A‖

We have closed-form expressions of the distance of the eigenvector
to its projection on the Krylov subspace



For a simple eigenvalue we also have the bound (6.2)

|θ − λi | ≤ γk ‖P(k)‖‖(I − Pk)xi‖
‖Pkxi‖

+ O

((
‖(I − Pk)xi‖
‖Pkxi‖

)2
)

where P(k) is the spectral projector associated to θ. This projector
may be computed analytically

Other bounds can be found by perturbation arguments (see Elsner,
Stewart)



Numerical experiments with the upper bounds
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Conclusion

We have seen that we can find upper and lower bounds for the
distances of Ritz values to eigenvalues

These bounds are only of theoretical interest since they involve the
eigenvalues, eigenvectors of A as well as the Arnoldi initial vector
and, for some of them, the Ritz values

We hope they can help understanding the convergence of the
Arnoldi algorithm
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