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Abstract
Our goal in this paper is to clarify the relationship between the block Lanczos and
the block conjugate gradient (BCG) algorithms. Under the full rank assumption for
the block vectors, we show the one-to-one correspondence between the algorithms.
This allows, for example, the computation of the block Lanczos coefficients in BCG.
The availability of block Jacobi matrices in BCG opens the door for further develop-
ment, e.g., for error estimation in BCG based on (modified) block Gauss quadrature
rules. Driven by the need to get a practical variant of the BCG algorithm well suited
for computations in finite precision arithmetic, we also discuss some important vari-
ants of BCG due to Dubrulle. These variants avoid the troubles with a possible rank
deficiency within the block vectors. We show how to incorporate preconditioning and
computation of Lanczos coefficients into these variants. We hope to help clarify which
variant of the block conjugate gradient algorithm should be used for computations in
finite precision arithmetic. Numerical results illustrate the performance of different
variants of BCG on some examples.
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Numerical Algorithms

1 Introduction

Consider the problem of solving several systems of linear algebraic equations

Ax (i) = b(i), i = 1, . . . ,m,

where A ∈ R
n×n is symmetric and positive definite, m ≥ 1, and b(i) ∈ R

n,

i = 1, . . . ,m. Denoting b = [b(1), . . . , b(m)] and x = [x (1), . . . , x (m)], we want
to solve the system Ax = b with a block right-hand side b ∈ R

n×m . If A is large
and sparse, then it is natural to apply block Krylov subspace methods, in particular
the (preconditioned) block conjugate gradient (BCG) method. In block methods, A
is applied to a block of vectors rather than just a single vector at each iteration. This
operation is used to construct a common subspace for all right-hand sides, producing
a richer search subspace. From a computational perspective, block methods have the
potential to benefit from the capabilities of modern computers. The block-level opera-
tions have been shown to be efficient in a high-performance computing environment.
For a comprehensive overview and summary of block Krylov subspace methods, see
[1].

Several versions of BCG (and related methods) were introduced by O’Leary in [2].
Note that the proposed algorithms also include auxiliary nonsingular block coefficients
which can be freely chosen. They can be used as scaling factors. These scaling factors
will play an important role later in our discussion. In [2] it was observed that the block
algorithms can exhibit numerical instability when the vectors within a block become
(nearly) linearly dependent. Rank deficiency can lead to inaccurate computation of
(ill-conditioned) block coefficients, and consequently can slow down convergence and
reduce the maximum attainable accuracy. In rank deficient cases, it was suggested to
monitor the rank of the blocks and to reduce the block size if necessary. Nevertheless,
the algorithmic details were not given in [2].

Several attempts have been made to improve BCG for solving practical problems.
In general, approximate solutions for different right-hand sides cannot be expected
to converge similarly. In [3] the authors suggest that the converged approximations
can be removed, and one could continue the BCG algorithm only with unconverged
ones. However, a technical realization of this approach is not present in the given
paper. This improvement does not completely solve the rank deficiency problem.
Nikishin and Yeremin [4] addressed the problem of monitoring near rank deficiency
and presented a variable block CG method, which is used to speed-up the solution of
single right-hand side systems.

An alternative approach to address the issue of singular or nearly singular matrices
in BCG can be found in a paper by Dubrulle [5]. The approach suggests maintaining
the block size and ensuring that the blocks are well conditioned (the vectors within
a block remain sufficiently well linearly independent). This guarantees that the block
coefficients are well-defined and can be computed in a numerically stable manner. The
approach presented by Dubrulle has two main ingredients. First, the BCG algorithms
of O’Leary can be reformulated by a convenient choice of the scaling factors. Second,
the basis (related to a direction block or to a residual block) can be changed in order to
implicitly eliminate the effects of rank deficiencies. For example, a QR factorization
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of a rank-deficient block v ∈ R
n×m can be computed such that the Q-factor of size

n×m has full column rank, and the upper triangular R-factor of sizem×m is singular.
Such a QR factorization can be obtained using the MATLAB command

[w, σ ] = qr(v, ”econ”).

Since this command relies on Householder reflections, we will refer to it as the
Householder QR fromnowon. The resulting blockw ∈ R

n×m has always orthonormal
columns. If v is rank deficient, then the upper triangular matrix σ ∈ R

n×m is singular.
However, the algorithm can be formulated such that it uses only the block w and
not the inverse of the coefficient matrix σ . Then the inverses of the corresponding
matrices wTw and wT Aw, which are used to compute the block coefficients, are
always well defined. One can observe that in the rank deficient case, some columns
of w are artificially created. However, these spurious vectors do not cause any harm
in the block CG process. In the following, we will refer to the process of creating
a well conditioned block w as a regularization of the block v. Note that the span of
columns of w contains the span of columns of v. In BCG, one can regularize either the
direction blocks or the residual blocks. For the purpose of regularization, one may use
a QR factorization or an LU factorization with pivoting, as discussed by Dubrulle. It is
even possible to ensureA-orthogonality within the regularized direction block, without
any additional multiplication with A. The two most promising Dubrulle variants are
discussed in Section 5.

An idea analogous to that of Dubrulle was presented by Ji and Li in [6]. The
algorithm proposed in [6] is referred to as a breakdown-free block CG. Similarly to
[5], Ji and Li first reformulate BCG using a convenient choice of scaling factors and
then focus on the change of basis for the direction block. In particular, an orthonormal
basis for the direction block is computed. In case of a (near) rank deficiency, the
corresponding vectors within the direction block are removed. In summary, while
Dubrulle preserves the block sizes by incorporating spurious directionvectors, Ji andLi
[6] eliminate the (nearly) linearly dependent vectors from the direction block. As will
be demonstrated by our numerical experiments, the removal of vectors is not always
an optimal approach. In finite precision computations, the algorithm proposed by Ji
and Li typically exhibits inferior performance compared to the algorithms proposed
by Dubrulle.

Birk and Frommer [7] present a deflated shifted block CG method that effectively
integrates several techniques. The method is based on the Hermitian version of the
non-symmetric block Lanczos algorithm proposed in [8], which includes deflation.
Deflation heremeans the process of detecting and removing linearly dependent vectors
in the block Krylov sequences. Due to the shifts, using the block Lanczos algorithm
as the engine for BCG is a natural choice, as the basis of the underlying block Krylov
subspace only needs to be generated once. Note that the resulting algorithm, which
incorporates deflation techniques, can also be used to solve a single block system
Ax = b. Thus, it may be regarded as a variant of BCG, which addresses the problem
of rank deficiency.

This paper has two goals. The first goal is to clarify the relationship between blocks
and coefficient matrices that appear in the block CG and block Lanczos algorithms. In
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particular, assuming exact arithmetic and full rank of the corresponding block Krylov
subspaces, wewill show the relation between theBCG residual blocks and the Lanczos
blocks.We also showhow to compute inBCG the block Jacobimatrices, defined by the
block Lanzcos coefficients. This clarification opens the door for further developments,
e.g., for error estimation based on modifications of block Jacobi matrices; see our
forthcoming paper [9] and the books [10] and [11] for an overview.

The second goal is to formulate a variant of preconditioned BCG that is suitable
for practical computation in finite precision arithmetic. In particular, we would like to
have a version that avoids problems with rank deficiency and that potentially allows
to monitor the A-norm of the error for each system and to remove a system if an
approximate solution is accurate enough. At the same time, we want to reconstruct in
such a practical version of BCG the underlying block Jacobi matrices.

The paper is organized as follows. In Section 2we recall the classical vector versions
of the Lanzcos and CG algorithms, and their relationship. Block versions of these
algorithms are discussed in Section 3. Assuming exact arithmetic and full dimension
of the block Krylov subspace, the connection between the block Lanczos and CG
algorithms is investigated in Section 4. In Section 5 we formulate block CG variants
which are suitable for practical computation and in Section 6we discuss some practical
issues like preconditioning and stopping criteria. Finally, in Section 7 we present
numerical experiments justifying our considerations.

2 Lanczos and CG

Let us first discuss the case m = 1, i.e., the classical vector case. Consider a sequence
of nested Krylov subspaces

Kk(A, v) ≡ span{v, Av, . . . , Ak−1v}, k = 1, 2, . . . , (1)

where v ∈ R
n is a given starting vector and A ∈ R

n×n is symmetric. The dimension
of those Krylov subspaces is increasing up to an index d called the grade of v with
respect to A, at which the maximal dimension is attained, and Kd(A, v) is invariant
under multiplication with A.

Algorithm 1 Lanczos algorithm.
1: input A, v
2: v0 = 0
3: β1v1 = v

4: for k = 1, . . . do
5: w = Avk − βkvk−1
6: αk = vTk w

7: w = w − αkvk
8: βk+1vk+1 = w

9: end for

Assuming that k < d, the Lanczos algorithm (Algorithm 1) computes a sequence of
Lanczos vectors v1, . . . , vk+1 which form an orthonormal basis of Kk+1(A, v). Note
that the notation βk+1vk+1 = w used on lines 3 and 8 of Algorithm 1 means that vk+1
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is obtained by normalization of the given vector w with the positive normalization
coefficient βk+1. In other words, βk+1 = ‖w‖ and vk+1 = w/βk+1. The Lanczos
vectors satisfy a three-term recurrence

β j+1v j+1 = Av j − α jv j − β jv j−1, j = 1, . . . , k, (2)

which can be written in matrix form as

AVk = VkTk + βk+1vk+1e
T
k ,

where Vk = [v1, . . . , vk], the vector ek denotes the kth column of the identity matrix
of an appropriate size (here of size k), and

Tk =

⎡
⎢⎢⎢⎢⎣

α1 β2

β2
. . .

. . .

. . .
. . . βk

βk αk

⎤
⎥⎥⎥⎥⎦

(3)

is the k by k symmetric tridiagonal matrix of the Lanczos coefficients computed in
Algorithm 1. The coefficients β j being positive, Tk is a Jacobi matrix. Note that if A
is positive definite, then Tk = V T

k AVk is positive definite as well.

Algorithm 2 Conjugate gradients.
1: input A, b, x0
2: r0 = b − Ax0
3: p0 = r0
4: for k = 1, . . . until convergence do

5: γk−1 = rTk−1rk−1

pTk−1Apk−1
6: xk = xk−1 + γk−1 pk−1
7: rk = rk−1 − γk−1Apk−1

8: δk = rTk rk
rTk−1rk−1

9: pk = rk + δk pk−1
10: end for

When solving a system of linear algebraic equations Ax = b with symmetric and
positive definite matrix A, the standard Hestenes and Stiefel version of the CGmethod
(Algorithm 2) can be used. It is well known that in exact arithmetic, the CG iterates
xk minimize the A-norm of the error over the manifold x0 + Kk(A, r0),

‖x − xk‖A = min
y∈x0+Kk (A,r0)

‖x − y‖A,

the residual vectors r j = b − Ax j , j = 0, . . . , k, are mutually orthogonal, and the
direction vectors p j , j = 0, . . . , k, are A-orthogonal (conjugate). Moreover,

span{r0, . . . , rk−1} = span{p0, . . . , pk−1} = Kk(A, r0).
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In exact arithmetic, if rk = 0 or pk = 0, then the algorithm has found the solu-
tion and the maximum dimension d of the corresponding Krylov subspace has been
reached. The coefficients γk and δk+1 are strictly positive since A is positive definite.

If the Lanczos algorithm is applied to the symmetric and positive definite A and
v = r0, then the CG residual vectors r j = b − Ax j are collinear with the Lanczos
vectors v j+1,

v j+1 = (−1) j
r j

‖r j‖ , j = 0, . . . , k. (4)

Thanks to this close relationship it can be shown (see, for instance [12]) that the
recurrence coefficients of both algorithms are linked through

βk+1 =
√

δk

γk−1
, αk = 1

γk−1
+ δk−1

γk−2
, δ0 = 0, γ−1 = 1.

Writing these formulas in a matrix form, we get

Tk = LkDkL
T
k , (5)

where Lk is unit lower bidiagonal and Dk is diagonal,

Lk =

⎡
⎢⎢⎢⎢⎣

1

�1
. . .

. . .
. . .

�k−1 1

⎤
⎥⎥⎥⎥⎦

, Dk =

⎡
⎢⎢⎢⎢⎣

d1
. . .

. . .

dk

⎤
⎥⎥⎥⎥⎦

with
� j = √

δ j , j = 1, . . . , k − 1, d j = γ −1
j−1, j = 1, . . . , k.

In other words, CG implicitly computes the Cholesky factorization of the tridiagonal
Jacobi matrix Tk from the Lanczos algorithm. Hence, the Lanczos-related quantities
can be reconstructed in CG and vice versa. More precisely, the CG approximations xk
can be computed from thematrix Vk of the Lanczos vectors and the Lanczos coefficient
matrix Tk via

xk = x0 + Vk yk, Tk yk = β1e1. (6)

Clearly, this above-mentioned version of CG is not very efficient since it requires
storing the matrices Vk and Tk . However, a more efficient algorithm that implements
(6) can be derived; see, e.g., [13, 14].

The relations discussed above showaone-to-one correspondence between theLanc-
zos and CG algorithms. In this paper we want to formulate analogous relations for the
block versions of both algorithms.

3 Block Lanczos and block CG

In this section, we introduce analogues of the Lanczos and CG algorithms that work
with blocks of vectors of size n × m instead of single vectors. Given a starting block
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v ∈ R
n×m and a matrix A ∈ R

n×n , we can define the corresponding generalization of
the kth Krylov subspace (1) as

Kk(A, v) ≡ colspan{v, Av, . . . , Ak−1v},

and we will call it the kth block Krylov subspace generated by A and v. Here colspan
denotes the span of the columns of all blocks v, Av, . . . , Ak−1v. From the definition
it is clear that

Kk(A, v) = Kk(A, v(1)) + Kk(A, v(2)) + · · · + Kk(A, v(m)),

where v(i) denotes the ith column of v, i = 1, . . . ,m. In the following, we will assume
for simplicity that Kk(A, v) has full dimension, i.e., that

dimKk(A, v) = km ≤ n.

The case of rank deficiencywill be discussed later in Section 5. To denote the blocks
of vectors and the block coefficients, we will use the same notation as before, so at
first glance the algorithms look almost the same. The only difference will be in the
size of the objects we are working with. Instead of vectors of size n × 1 we will work
with blocks of size n ×m, and instead of scalar coefficients we will work with m ×m
coefficient matrices denoted by the same letters as before. The justification for using
the same notation is that the algorithms that work with vectors can be seen as a special
case of block algorithms with m = 1.

3.1 Block Lanczos algorithm

Suppose we are given a starting block v ∈ R
n×m and a symmetric matrix A ∈ R

n×n .
Then one can compute the orthonormal basis of the kth block Krylov subspace
Kk(A, v) of dimension km using the block Lanczos algorithm (Algorithm 3) intro-
duced in [15] and [16]. For practical efficiency, we use the modified Gram-Schmidt
version of this algorithm.

Algorithm 3 Block Lanczos.
1: input A, v
2: v0 = 0
3: v1β1 = v

4: for k = 1, 2, . . . do
5: w = Avk − vk−1β

T
k

6: αk = vTk w

7: w = w − vkαk
8: vk+1βk+1 = w

9: end for

Algorithm 3 looks formally the same as Algorithm 1, but now v, vk , and w are
blocks of size n × m, and αk and βk are coefficient matrices of size m × m. For
simplicity, we will call the coefficient matrices αk and βk coefficients again. We use
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the notation vk+1βk+1 = w with the meaning that βk+1 is a normalization coefficient
such that vTk+1vk+1 = I , where I is the m × m identity matrix. In other words, βk+1
is chosen such that

β−T
k+1w

Twβ−1
k+1 = I , or, equivalently, wTw = βT

k+1βk+1. (7)

It can be shown, see, e.g., [16], that the blocks vk produced by Algorithm 3 satisfy

vTi v j = δi, j I , i, j = 1, . . . , k + 1,

where δi, j denotes the Kronecker delta. The coefficients αk are given by

αk = vTk w = vTk

(
Avk − vk−1β

T
k

)
= vTk Avk .

Note that if we compute αk using αk = vTk Avk , we obtain the classical Gram-
Schmidt version of the block Lanczos algorithm, while Algorithm 3 corresponds to
the modified Gram-Schmidt version. Both versions are mathematically equivalent,
but the modified Gram-Schmidt version better preserves orthogonality during finite
precision computations. Assuming that no breakdown occurs due to rank deficiency,
we obtain after k iterations

AVk = VkTk + vk+1βk+1e
T
k , (8)

where Vk = [v1, v2, . . . , vk] ∈ R
n×km , eTk = [0, . . . , 0, I ] ∈ R

m×km, and

Tk =

⎡
⎢⎢⎢⎢⎣

α1 βT
2

β2
. . .

. . .

. . .
. . . βT

k
βk αk

⎤
⎥⎥⎥⎥⎦

(9)

is symmetric block tridiagonal with m × m blocks.
Concerning a particular choice of the normalization coefficients βk+1 satisfying (7),

the standard way introduced by Golub and Underwood [16] is to define βk+1 as the R-
factor of the QR factorization ofw. If βk+1 is upper triangular, then the resulting block
tridiagonal matrix Tk has semi-bandwidth m, so that the block Lanczos algorithm is
equivalent to the band Lanczos algorithm; see [17]. Note that to define βk+1 satisfying
(7), one could also use the more expensive singular value decomposition or the polar
decomposition of w. Using the polar decomposition, the coefficient matrices βk+1
would be symmetric and positive definite.

In the followingwewill consider Algorithm 3with the standard choice of βk+1, that
is, computed using a QR factorization. To define βk+1 uniquely and to be consistent
with the casem = 1, we will consider βk+1 with positive diagonal entries. Then, βT

k+1
can also be seen as the L-factor of the Cholesky factorization of wTw.
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3.2 Block CG algorithm

Consider now a system of linear algebraic equations with multiple right-hand sides

Ax = b,

where A ∈ R
n×n is symmetric and positive definite, and b ∈ R

n×m . Let x0 ∈ R
n×m be

an initial approximate solution. Then one can compute approximate solutions using
the block conjugate gradient (BCG) method that was introduced by O’Leary [2]; see
Algorithm 4.

Algorithm 4 O’Leary Block CG (OL-BCG).
1: input A, b, x0
2: r0 = b − Ax0
3: p0 = r0φ0
4: for k = 1, 2, . . . do

5: γk−1 =
(
pTk−1Apk−1

)−1
φT
k−1r

T
k−1rk−1

6: xk = xk−1 + pk−1γk−1
7: rk = rk−1 − Apk−1γk−1

8: δk = φ
−1

k−1

(
rTk−1rk−1

)−1
rTk rk

9: pk = (
rk + pk−1δk

)
φk

10: end for

In this algorithm, the nonsingular coefficient matrices φk ∈ R
m×m are free to

choose. They play the role of scaling coefficient matrices for the direction blocks
pk , see line 9 of Algorithm 4. Assuming again that the corresponding block Krylov
subspace Kk(A, r0) has full dimension km, there is no breakdown in block CG and it
holds that

Kk(A, r0) = colspan{r0, r1, . . . , rk−1} = colspan{p0, p1, . . . , pk−1}.

Denoting by x (i)
k , r (i)

k , p(i)
k , i = 1, . . . ,m, the columns of xk , rk , pk respectively, it

holds that

x (i)
k ∈ x (i)

0 + Kk(A, r0), r (i)
k ⊥ Kk(A, r0), p(i)

k ⊥A Kk(A, r0) = Kk(A, p0).

As a consequence, x (i)
k minimizes

(
y − x (i)

)T
A

(
y − x (i)

)
= ‖y − x (i)‖2A

over all vectors y ∈ x (i)
0 + Kk(A, r0); see [2, p. 301, Theorem 2].

The classical choice φk = I leads to the Hestenes and Stiefel version of BCG (HS-
BCG). However, one can also choose φk differently, e.g., as the inverse of the R-factor
from the QR factorization of rk + pk−1δk so that pk has orthonormal columns. The
choice of φk can be used, e.g., to derive other BCG versions, see [2, 5] and Section 5,
and some of these versions can avoid breakdown in the rank deficient case.
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To discuss the relation between the Block CG and the Block Lanczos algorithms,
we note that xk and rk are unique, but the columns r (i)

k of rk are not mutually orthog-
onal in general. This observation indicates that the analog of relation (4) will not be
straightforward in the block case.

It is well known that the BCG block residuals can be computed using a three-term
recurrence; see, e.g., [2, 4]. Here we derive this recurrence because it is a key for
formulating the relation between block Lanczos and block CG algorithms.

Lemma 1 Consider the quantities determined by Algorithm 4. The BCG residual
blocks r j , j = 1, . . . , k, satisfy

ARk = Rk T̂k − rkγ
−1
k−1φ

−1
k−1e

T
k (10)

with Rk ∈ R
n×km, Rk ≡ [

r0, . . . , rk−2, rk−1
]
, and the km × km block tridiagonal

coefficient matrix

T̂k ≡

⎡
⎢⎢⎢⎢⎢⎢⎣

(
γ −1
0 φ−1

0

)
−γ −1

0 δ1

−γ −1
0 φ−1

0

(
γ −1
1 φ−1

1 + γ −1
0 δ1

) . . .

. . .
. . . −γ −1

k−2δk−1

−γ −1
k−2φ

−1
k−2

(
γ −1
k−1φ

−1
k−1 + γ −1

k−2δk−1

)

⎤
⎥⎥⎥⎥⎥⎥⎦

.

The matrix T̂k can be written in the factorized form

⎡
⎢⎢⎢⎣

I
−I I

. . .
. . .

−I I

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎣

γ −1
0 φ−1

0
γ −1
1 φ−1

1
. . .

γ −1
k−1φ

−1
k−1

⎤
⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎣

I −φ0δ1

I
. . .

. . . −φk−2δk−1
I

⎤
⎥⎥⎥⎥⎦

.

Proof For a residual block r j , j = 1, . . . , k, we obtain

r j = r j−1 − Ap j−1γ j−1 = r j−1 − A(r j−1 + p j−2δ j−1)φ j−1γ j−1,

and, therefore,

(
r j−1 − r j

)
γ −1
j−1φ

−1
j−1 = Ar j−1 + Ap j−2δ j−1

= Ar j−1 + (
Ap j−2γ j−2

)
γ −1
j−2δ j−1

= Ar j−1 + (
r j−2 − r j−1

)
γ −1
j−2δ j−1,

with r−1 ≡ 0, δ0 ≡ 0, γ−1 ≡ I , where the zero and identitymatrices are of appropriate
sizes. This results in three-term recurrences

Ar j−1 = −r j−2γ
−1
j−2δ j−1 + r j−1

(
γ −1
j−1φ

−1
j−1 + γ −1

j−2δ j−1

)
− r jγ

−1
j−1φ

−1
j−1,
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which can be written for j = 1, . . . , k in matrix form (10). 	

Note T̂k from Lemma 1 is nonsymmetric in general, but the matrix

RT
k ARk = diag(rT0 r0, . . . , r

T
k−1rk−1)T̂k

is symmetric.

4 The connection

To show the connection between block CG and block Lanczos algorithms, we implic-
itly assume exact arithmetic and full dimension of the corresponding block Krylov
subspace. We first introduce normalization coefficients 	 j of size m × m such that

	−T
j r Tj r j	

−1
j = I , i.e., rTj r j = 	T

j 	 j , j = 0, . . . , k. (11)

As in the block Lanczos algorithm, we have some freedom in determining these
coefficients. In particular, consider the R-factor of the QR factorization of r j with
diagonal positive entries and denote it by σ j . This factor is uniquely determined and
can also be seen as the transpose of the L-factor of the Cholesky factorization of rTj r j .
In Matlab notation

σ j = chol(rTj r j ).

Then, any 	 j satisfying (11) can be parameterized using

	 j = θTj σ j

where θ j is a unitary m × m matrix to be chosen. In the following, we will use the
freedom in the choice of unitary θ j to show the connection between the two block
algorithms, and also to compute the block Lanczos coefficients in the BCG algorithm.

4.1 Recurrences for the normalized residual blocks

Using the coefficients 	k and 	k−1, the block CG coefficients δk and γk−1 can be
written as

δk = φ−1
k−1

(
	T
k−1	k−1

)−1
	T
k 	k, γ −1

k−1 =
(
	T
k−1	k−1

)−1
φ−T
k−1

(
pTk−1Apk−1

)
.

Let us define normalized residual blocks ṽ j using the relation

ṽ j = (−1) j−1 r j−1	
−1
j−1, j = 1, . . . , k + 1, (12)

and denote Ṽk ≡ [̃v1, . . . , ṽk]. Then the following lemma holds.
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Lemma 2 Consider the quantities determined by Algorithm 4 and let 	 j−1, j =
1, . . . , k + 1, be normalization coefficients which satisfy (11). Then the normalized
BCG residual blocks ṽ j defined using (12) satisfy

AṼk = Ṽk T̃k + ṽk+1β̃k+1e
T
k , (13)

where

T̃k ≡

⎡
⎢⎢⎢⎢⎣

α̃1 β̃T
2

β̃2
. . .

. . .

. . .
. . . β̃T

k
β̃k α̃k

⎤
⎥⎥⎥⎥⎦

, (14)

and the coefficients in T̃k and the coefficient β̃k+1 are determined by

α̃1 = 	0γ
−1
0 φ−1

0 	−1
0 = ṽT1 Aṽ1, (15)

and, for j = 1, . . . , k − 1, by

α̃ j+1 = 	 jγ
−1
j φ−1

j 	−1
j + 	 jγ

−1
j−1δ j	

−1
j ,

β̃ j+1 = 	 jγ
−1
j−1φ

−1
j−1	

−1
j−1, (16)

β̃T
j+1 = 	 j−1γ

−1
j−1δ j	

−1
j .

The matrix T̃k can be factorized as T̃k = L̃k D̃k L̃T
k with

L̃k =

⎡
⎢⎢⎢⎣

I
�̃1 I

. . .
. . .

�̃k−1 I

⎤
⎥⎥⎥⎦ , D̃k =

⎡
⎢⎢⎢⎢⎣

d̃1
. . .

. . .

d̃k

⎤
⎥⎥⎥⎥⎦

,

where �̃ j = 	 j	
−1
j−1, j = 1, . . . , k − 1, and d̃ j = 	 j−1γ

−1
j−1φ

−1
j−1	

−1
j−1, j = 1, . . . , k.

Proof Defining the block diagonal normalization matrix

Nk ≡ diag
(
	0,−	1, . . . , (−1)k−1 	k−1

)
,

the relation (10) can be transformed to

A
(
RkN

−1
k

)
=

(
RkN

−1
k

)
(Nk T̂k N

−1
k ) − rkγ

−1
k−1φ

−1
k−1e

T
k N

−1
k . (17)

Using (12), the last term in (17) can be written in the form

− rkγ
−1
k−1φ

−1
k−1e

T
k N

−1
k = ṽk+1

(
	kγ

−1
k−1φ

−1
k−1	

−1
k−1

)
eTk . (18)
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Therefore, ṽ j satisfy (13) with the block tridiagonal matrix T̃k = Nk T̂k N
−1
k and

β̃k+1 = 	kγ
−1
k−1φ

−1
k−1	

−1
k−1. Moreover, since Ṽ T

k ṽk+1 = 0, we get Ṽ T
k AṼk = T̃k, and

so T̃k is symmetric.
Considering T̃k in the form (14) and using Lemma 1, the relations (16) and (15)

hold.
Finally, the matrix T̃k = Nk T̂k N

−1
k can be factorized as

T̃k =
(
Nk L̂k N

−1
k

) (
Nk D̂k N

−1
k

) (
NkÛk N

−1
k

)
≡ L̃k D̃kŨk,

where L̂k , D̂k , and Ûk denote the individual matrices of the factorization of T̂k from
Lemma 1. Using the relation

δ j	
−1
j = φ−1

j−1

(
	T
j−1	 j−1

)−1
	T
j ,

which follows from expressions for β̃ j+1 in (16), we get Ũk = L̃T
k , and, therefore,

T̃k = L̃k D̃k L̃T
k with the block entries �̃ j = 	 j	

−1
j−1 and d̃ j = 	 j−1γ

−1
j−1φ

−1
j−1	

−1
j−1. 	


4.2 The connection between Tk and˜Tk

We are now ready to formulate the connection between the matrices Tk and T̃k under
the assumption that the block Lanczos and block CG algorithms are started with the
same data.

Theorem 1 Suppose that Algorithms 3 and 4 are started with the same symmetric and
positive definite matrix A and the same vector v = r0. Then

Tk = UT
k T̃kUk,

where Uk = diag (η1, η2, . . . , ηk), η1 = θT0 , and η j+1 for j ≥ 1 are determined using

[
η j+1, β j+1

] = qr(β̃ j+1η j ), j = 1, . . . , k − 1. (19)

Proof Since the columns of ṽ j and v j span the same space, there are unitary matrices
η j such that

v j = ṽ jη j , j = 1, . . . , k + 1. (20)

DenotingUk = diag (η1, η2, . . . , ηk) and using (20), the relation (13) can be trans-
formed to

AVk = Vk(U
T
k T̃kUk) + vk+1(η

T
k+1β̃k+1ηk)e

T
k ,

and it holds that
Tk = V T

k AVk = UT
k T̃kUk,
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or, written in matrix form,

⎡
⎢⎢⎢⎢⎣

α1 βT
2

β2 α2
. . .

. . .
. . . βT

k
βk αk

⎤
⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎣

ηT1 α̃1η1
(
ηT2 β̃2η1

)T

ηT2 β̃2η1 ηT2 α̃2η2
. . .

. . .
. . .

(
ηTk β̃kηk−1

)T
ηTk β̃kηk−1 ηTk α̃kηk

⎤
⎥⎥⎥⎥⎦

.

Let us now determine η j . At the beginning of the algorithms, the R-factors β1 and
σ0 are equal so that

v1σ0 = r0 = ṽ1	0 = ṽ1θ
T
0 σ0.

Therefore, v1 = ṽ1θ
T
0 and η1 = θT0 . To determine η j+1 for j > 0, we use β j+1 =

ηTj+1β̃ j+1η j , i.e.,

η j+1β j+1 = β̃ j+1η j .

Obviously, η j+1β j+1 represents a QR factorization of β̃ j+1η j . 	

In summary, BCG computes implicitly the block Cholesky factorization of the

block tridiagonal matrix T̃k that is unitarily similar to Tk . The unitary similarity trans-
formation between Tk and T̃k is realized via Uk with diagonal blocks satisfying (19).

4.3 Block Lanczos coefficients in BCG

We now use the freedom in the choice of 	 j satisfying (11) to compute the block Lanc-
zos coefficients within the BCG algorithm. Using results from the previous section,
our aim is to choose 	 j such that Uk discussed above is the identity matrix, so that
Ṽk = Vk and T̃k = Tk ; see (12) and (16). We summarize our results in the following
theorem.

Theorem 2 Consider the quantities determined by Algorithm 4 and let σ0 =
chol(rT0 r0), β1 = σ0, θ0 = I , and �0 = 0. Then, for j = 1, . . . , k, the Lanczos
coefficients α j and β j+1 forming Tk, see (9), and the coefficients � j and d j from the
factorization Tk = LkDkLT

k ,

Lk =

⎡
⎢⎢⎢⎣

I
�1 I

. . .
. . .

�k−1 I

⎤
⎥⎥⎥⎦ , Dk =

⎡
⎢⎢⎢⎢⎣

d1
. . .

. . .

dk

⎤
⎥⎥⎥⎥⎦

,

can be computed using the recurrences

τ j = γ −1
j−1φ

−1
j−1σ

−1
j−1θ j−1,

d j = θTj−1σ j−1τ j ,

α j = d j + � j−1β
T
j ,
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σ j = chol(rTj r j ),

[θ j , β j+1] = qr(σ jτ j ),

� j = θTj σ jσ
−1
j−1θ j−1. (21)

The Lanczos block vk+1 can be obtained from rk as

vk+1 = (−1)k rkσ
−1
k θ−T

k . (22)

Proof The unitary coefficient matrices η j formingUk are determined using the recur-
rence (19) started with η1 = θT0 .We first choose θ0 = I so that η1 = I . Using (19) and
assuming that η j = I , it holds that η j+1 = I if and only if β̃ j+1 is upper triangular
with positive entries on the diagonal. Hence, our aim is to determine 	 j = θTj σ j such
that

β̃ j+1 = 	 jγ
−1
j−1φ

−1
j−1	

−1
j−1 = θTj σ jτ j (23)

has this property, where we defined

τ j ≡ γ −1
j−1φ

−1
j−1	

−1
j−1.

In other words, in (23) we require that θ j β̃ j+1 is the QR factorization of σ jτ j . Hence,
by computing the QR factorization of σ jτ j and assuming that ηi = I , i = 1, . . . , j ,
we get

[θ j , β j+1] = qr(σ jτ j ) (24)

and η j+1 = I . Note that with the choice (24), it holds that v j+1 = (−1) j r j	
−1
j ,

j = 1, . . . , k. Using (16) and the definition of τ j , the coefficients α j are given by

α j = θTj−1σ j−1τ j + 	 j−1	
−1
j−2β

T
j , α1 = σ0τ1.

Using Lemma 2, one can compute the coefficients of the LDLT factorization of Tk
as

� j = 	 j	
−1
j−1 = θTj σ jσ

−1
j−1θ j−1, and d j = θTj−1σ j−1τ j

so that α j = d j + � j−1β
T
j . Note that since η j = I , it holds that vk+1 =

(−1)k rkσ
−1
k θ−T

k . 	

To include the calculation of the Lanczos coefficients in BCG, the recurrences (21)

with index k can be placed below line 9 in Algorithm 4. The recurrence (22) can also
be added to reconstruct the Lanczos blocks vk+1.

5 Practical block CG variants

From the practical point of view, one should consider the situation when the assump-
tion of the full dimension of the block Krylov subspace is not satisfied. This question
was discussed in detail for example in [4, 6, 7, 18, 19], and some algorithmic ways
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were suggested to deal with rank deficiency. Although rank deficiency can be handled
algorithmically through deflation and variable block size, there are still quite compli-
cated questions in the air, such as which matrix should be considered rank deficient
when using finite precision arithmetic, or, if we remove some vectors from the process,
how does this affect the convergence of the method in finite precision arithmetic. In
general, it is not obvious whether deflation ideas derived assuming exact arithmetic
are still applicable in finite precision arithmetic.

When using short recurrences in finite precision arithmetic, we will never have
orthogonality and thus the dimension of the block Krylov subspace under control.
Similarly as in CG, orthogonality among the blocks is usually lost after few iterations,
and the blocks can become linearly dependent. Despite this fact, we usually observe
that BCG converges, but the convergence can be significantly delayed. Behaviour of
classical CG in finite precision arithmetic is quite well understood thanks to results by
Paige, Greenbaum, and Strakoš; see [20–22]. The finite precision behaviour of BCG
is not well understood and a generalization of the above mentioned results to the block
case is an open problem.

From a pragmatic point of view, we should therefore be primarily interested in
being able to perform the individual BCG iterations in a numerically stable way, and
to preserve at least the local orthogonality (the orthogonality between consecutive
blocks) well. The local orthogonality influences the delay of convergence and is also
important for the estimation of the A-norm of the error; see [23, 24]. Looking at the
BCG coefficients,

γk−1 =
(
pTk−1Apk−1

)−1
φT
k−1r

T
k−1rk−1 =

(
pTk−1Apk−1

)−1
pTk−1rk−1, (25)

δk = φ
−1

k−1

(
rTk−1rk−1

)−1
rTk rk = −

(
pTk−1Apk−1

)−1
pTk−1Ark, (26)

for a practical realization of the BCG method it is sufficient to deal only with the
(near) rank deficiency that may occur within the residual blocks rk−1 or the direction
blocks pk−1, and that can prevent us from calculating the CG coefficients in a numer-
ically stable way. Inversions of almost singular matrices can destroy the quality of the
computations.

What we think is the most promising approach to overcome the difficulties with
rank deficiency within blocks was presented in the paper by Dubrulle [5]. His idea was
to use changes of bases that supplement rank defects and enforce linear independence.
Thanks to this approach, no deflation is necessary. Dubrulle [5] formulated several
variants of BCGwhich ensure that the inverses of thematrices used in the algorithm are
well defined during computations in finite precision arithmetic.Based on our numerical
experiments with all variants of BCG described in [5], we present and discuss two
of them that we consider to be the most interesting ones. The first one is based on
the idea of computing the QR factorization of the residual block and then using the
Q-factor in the upcoming computations. We call this variant the Dubrulle-R variant
or DR-BCG. The second variant applies a similar idea to the direction blocks, and we
call this variant the Dubrulle-P variant or DP-BCG.
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5.1 The Dubrulle-R variant

We will now derive the Dubrulle-R variant (DR-BCG); see [5, Algorithm BCGrQ].
Let us consider a QR factorization of rk in the form,

[wk, σk] = qr(rk),

implemented using Householder QR, with positive entries on the diagonal of σk
(because of consistency with notation in Section 4). Using Householder QR ensures
that wk has orthonormal columns even if rk has linearly dependent columns.

To formally derive DR-BCG, we assume σk to be nonsingular. Let us define

φk ≡ σ−1
k σ−1

k−1

in Algorithm 4, and denote sk = pkσk−1 with σ−1 = I . Then

γk−1 =
(
pTk−1Apk−1

)−1
φT
k−1r

T
k−1rk−1 = σk−2

(
sTk−1Ask−1

)−1
σk−1,

δk = φ−1
k−1

(
rTk−1rk−1

)−1
rTk rk = σk−2σ

−T
k−1σ

T
k σk,

and xk , wk , and sk satisfy the recurrences

xk = xk−1 + sk−1

(
sTk−1Ask−1

)−1
σk−1,

wkσkσ
−1
k−1 = wk−1 − Ask−1

(
sTk−1Ask−1

)−1
,

sk = wk + sk−1σ
−T
k−1σ

T
k .

Denoting ξk−1 = (
sTk−1Ask−1

)−1
and ζk = σkσ

−1
k−1 we obtain Algorithm 5.

Algorithm 5 Dubrulle-R BCG (DR-BCG).
1: input A, b, x0
2: r0 = b − Ax0
3: [w0, σ0] = qr(r0)
4: s0 = w0
5: for k = 1, 2, . . . do

6: ξk−1 =
(
sTk−1Ask−1

)−1

7: xk = xk−1 + sk−1ξk−1σk−1
8: [wk , ζk ] = qr(wk−1 − Ask−1ξk−1)

9: sk = wk + sk−1ζ
T
k

10: σk = ζkσk−1
11: end for

We derived this algorithm assuming that σk is nonsingular, but, as one can observe,
we do not need the nonsingularity of σk in Algorithm 5. The only assumption that we
need is that sTk Ask is nonsingular so that the coefficient ξk is well defined.
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The residual blocks rk are not available in Algorithm 5, but we can always recon-
struct them. Using the recurrence for updating xk , we obtain

rk = rk−1 − Ask−1ξk−1σk−1.

Using the induction hypothesis rk−1 = wk−1σk−1 we find out that

rk = (wk−1 − Ask−1ξk−1) σk−1 = wkζkσk−1 = wkσk .

In the following theoremwe show how to compute the block Lanczos coefficients in
DR-BCG. To be mathematically correct, we implicitly assume, as in Sections 3 and 4,
exact arithmetic and full dimension of the corresponding block Krylov subspace.

Theorem 3 Consider the quantities determined by Algorithm 5 and let β1 = σ0,
θ0 = I , and �0 = 0. Then, for j = 1, . . . , k, the Lanczos coefficients α j and β j+1
forming the matrix Tk and the coefficients � j and d j used in Tk = LkDkLT

k can be
computed using the recurrences

τ̃k = ξ−1
k−1θk−1,

dk = θTk−1τ̃k,

αk = dk + �k−1β
T
k , (27)

[θk, βk+1] = qr(ζk τ̃k),

�k = θTk ζkθk−1.

The Lanczos block vk+1 can be obtained from wk as vk+1 = (−1)k wkθ
−T
k .

Proof To derive formulas for computing the Lanczos coefficients in Algorithm 5,
we can use the relations (21) from Section 4.3 with the choice φk = σ−1

k σ−1
k−1. In

DR-BCG, the σk’s are already available and need not be computed. Using

φk = σ−1
k σ−1

k−1 and γk−1 = σk−2ξk−1σk−1

we obtain σkτk = ζkξ
−1
k−1θk−1. Denoting τ̃k ≡ σk−1τk we obtain the relations

(27). Finally, the relation for vk+1 follows from vk+1 = (−1)k rkσ
−1
k θ−T

k =
(−1)k wkθ

−T
k . 	


Looking only at the final formulas (27), we do not need to assume that σk is non-
singular in order to compute the Lanczos coefficients and blocks. Thus, DR-BCG
corresponds to a version of the block Lanczos algorithm that does not require defla-
tion and allows the off-diagonal blocks of Tk to be singular. These variants deserve
more attention and a deeper analysis, which is beyond the scope of this paper.

5.2 The Dubrulle-P variant

To derive the Dubrulle-P variant (DP-BCG), see [5, Algorithm BCGAdQ], we will
consider an alternative way of computing coefficients γk−1 and δk in BCG; see (25)
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and (26). For stable computations, we only need the inverse of the matrix pTk−1Apk−1
to be well defined. The formulas (25) and (26) appear already in the Hestenes and
Stiefel paper [25] for classical CG, and follow easily from the formulas in the paper
by O’Leary [2]. They are also used to derive a version of BCG in [6] that will be
discussed in the numerical experiments section. Using (25) and (26), the coefficient
matrix φk which is free to choose appears only at line 9 of Algorithm 4. Let us consider
a QR factorization of rk + pk−1δk ,

[pk, ψk] = qr(rk + pk−1δk).

Note that to implement the above QR factorization we again use Householder QR,
which ensures that pk has orthonormal columns even if rk + pk−1δk has linearly
dependent columns. To formally derive the algorithm, we will assume that ψk is
nonsingular. Let us define

φ−1
k ≡ ψk

in Algorithm 4, with coefficients γk−1 and δk computed using the alternative formulas
(25) and (26). Then we obtain Algorithm 6.

Algorithm 6 Dubrulle-P BCG (DP-BCG).
1: input A, b, x0
2: r0 = b − Ax0
3: [p0, ψ0] = qr(r0)
4: for k = 1, 2, . . . do

5: γk−1 =
(
pTk−1Apk−1

)−1
pTk−1rk−1

6: xk = xk−1 + pk−1γk−1
7: rk = rk−1 − Apk−1γk−1

8: δk = −
(
pTk−1Apk−1

)−1
pTk−1Ark

9: [pk , ψk ] = qr(rk + pk−1δk )

10: end for

Using Theorem 2 and the particular choice of φk , the following theorem follows.

Theorem 4 Consider the quantities determined by Algorithm 6 and let σ0 = ψ0,
β1 = σ0, θ0 = I , and �0 = 0. Then, for j = 1, . . . , k, the Lanczos coefficients α j and
β j+1 forming the matrix Tk and the coefficients � j and d j used in Tk = LkDkLT

k can
be computed using the recurrences

τk = γ −1
k−1ψk−1σ

−1
k−1θk−1

dk = θTk−1σk−1τk

αk = dk + �k−1β
T
k (28)

σk = chol(ψT
k pTk rk)

[θk, βk+1] = qr(σkτk)

�k = θTk σkσ
−1
k−1θk−1.

The Lanczos block vk+1 can be reconstructed using vk+1 = (−1)k rkσ
−1
k θ−T

k .
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Proof To compute the Lanczos coefficients in Algorithm 6, we can again use the
relations (21) from Section 4.3, now with the choice φk ≡ ψ−1

k . Since rTk rk is not
computed in Algorithm 6 any more, we can use the relation ψT

k pTk rk = rTk rk to
compute σk . Starting with σ0 = ψ0, we obtain the relations (28). 	


If we want to compute the Lanczos coefficients within DP-BCG, we have to assume
that the columns of rk are linearly independent, so that the inverse of σk is well
defined. In other words, we have to assume that the matrices ψk are nonsingular. This
requirement is natural here because in DP-BCG, the columns of a residual block may
be linearly dependent, in which case the corresponding Lanczos block does not exist.

6 Practical issues

In practical computations, it is convenient to make several modifications to those BCG
variants. First, to speed up convergence,we need to introduce preconditioning. Second,
one should think about stopping criteria for each system. Once we have sufficiently
accurate approximate solutions for some of the systems, it would be beneficial to
remove the corresponding systems from the algorithm (reduce the size of the blocks)
to save computational resources. However, the subject of removing systems from the
BCG process is beyond the scope of this paper.

6.1 Preconditioning

Suppose we are given a symmetric positive definite preconditionerM. Algorithms for
preconditioned block CG can already be found in the original work of O’Leary [2].
They can be derived in the standard way by implicit application of block CG to the
preconditioned system L−1AL−T y = L−1b, where L is a nonsingular matrix such
that LLT = M . Then, the solutions of Ax = b and the preconditioned system are
related using x = L−T y, and one can use this transformation to define the approximate
solution xk = L−T yk .

In the single-vector versions of CG, the splitting LLT is needed to derive the
algorithm, but then we just need to solve linear systems withM in the preconditioned
algorithm. In the block versions of CG, the situation can be different, in particular for
DR-BCG; see Algorithm 7.

Algorithm 7 Preconditioned DR-BCG.
1: input A, b, x0, M = LLT

2: r0 = b − Ax0
3: [w0, σ0] = qr(L−1r0)
4: s0 = L−T w0
5: for k = 1, 2, . . . do

6: ξk−1 =
(
sTk−1Ask−1

)−1

7: xk = xk−1 + sk−1ξk−1σk−1
8: [wk , ζk ] = qr(wk−1 − L−1Ask−1ξk−1)

9: sk = L−T wk + sk−1ζ
T
k

10: σk = ζkσk−1
11: end for
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To derive preconditioned DR-BCG, we need first to apply formally the DR-BCG
algorithm to the preconditioned system. If we do so in the standard manner, we need to
compute QR factorizations of the preconditioned residuals Lrk . So the preconditioned
residual should also be available in the preconditioned algorithm, and to compute it
we need the matrix L. Therefore, to derive the standard version of preconditioned
DR-BCG, we assume that a split preconditioner M = LLT is available. Note that
it is possible to derive a preconditioned version of DR-BCG that does not require a
split preconditioner. However, it would require computing the QR factorization of a
block with Q having M−1-orthogonal columns. There are several ways to do this. An
algorithm that usesHouseholder-like transformations and appears to be stable has been
proposed by Shao [26]. However, this algorithm uses multiple products of the matrix
defining the inner product with some vectors. In our case, this corresponds to solving
linear systems with the preconditioner M several times in one iteration, and this can
be very expensive. Nevertheless, it seems to work well numerically, as predicted by
our unpublished experiments.

Algorithm 8 Preconditioned DP-BCG.
1: input A, b, x0, M
2: r0 = b − Ax0
3: z0 = M−1r0
4: [p0, ψ0] = qr(z0)
5: for k = 1, 2, . . . do

6: γk−1 =
(
pTk−1Apk−1

)−1
pTk−1rk−1

7: xk = xk−1 + pk−1γk−1
8: rk = rk−1 − Apk−1γk−1
9: zk = M−1rk

10: δk = −
(
pTk−1Apk−1

)−1
pTk−1Azk

11: [pk , ψk ] = qr(zk + pk−1δk )

12: end for

To precondition the DP-BCG algorithm, we can use standard techniques; see Algo-
rithm 8. Here, the splitting LLT = M does not need to be available, it is only used
for the derivation of the algorithm.

6.2 Stopping the algorithms

To stop the algorithms, one can use the individual squared residual norms ‖r (i)
k ‖2, i.e.,

the diagonal entries of rTk rk = σ T
k σk . However, as in classical CG, we can do better.

In the block case, it is possible to estimate the diagonal entries of

(x − xk)
T A (x − xk) ,

i.e., the squared A-norm of the error ‖x (i) − x (i)
k ‖2A of the individual systems. The

details will be explained in a forthcoming paper, where we generalize the formulas for
computing the lower and upper bounds, see, e.g, [11], also for the blockCGalgorithms.
Note that to compute the upper bounds, we need to know an underestimate of the
smallest eigenvalue of the preconditioned matrix.
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7 Numerical experiments

The experiments are performed inMATLAB 9.14 (R2023a).We consider the matrices
bcsstk03 and s3dkt3m2 from the SuiteSparse1 matrix collection. In particular,
we use the matrix bcsstk03 of size n = 112 and κ(A) ≈ 9.5 × 106 to test the
algorithms without preconditioning, and the matrix s3dkt3m2 of size n = 90449
and κ(A) ≈ 3.6× 1011 to test the problems with preconditioning. The factor L in the
preconditioner M = LLT is determined by the incomplete Cholesky (ichol) fac-
torization with threshold dropping, type = ’ict’, droptol = 1e-5, and with
the global diagonal shift diagcomp = 1e-2. We focus on numerical behaviour of
the three considered variants of block CGwith increasing block sizem, in particular on
HS-BCG (Algorithm 4 with φk = I ), DR-BCG (Algorithm 7), and DP-BCG (Algo-
rithm 8). The block right-hand sides are generated randomly using the rand(n,m)
command. We start the algorithms with the initial guess x0 = 0 ∈ R

n×m and plot the
convergence characteristic

ωk ≡
(
trace((x − xk)T A (x − xk))

trace(xT Ax)

)1/2

,

which is an analogue of the relative A-norm of the error in the standard PCG case.
In Fig. 1we observe that for thematrixbcsstk03 and a single right-hand side,HS-

BCG (red dotted) and DR-BCG (black solid) produce almost the same convergence
curves while DP-BCG (blue dashed) is slightly delayed (top left part). For m = 1,
all tested versions of block CG reach the same level of maximum attainable accuracy.
As we increase the block size to m = 2, 4, 6 we can see that the picture changes
significantly. We can see that DR-BCG is the winner both in terms of the speed of
convergence as well as in terms of the maximum accuracy that can be achieved. The
convergence of DP-BCG is delayed, but with increasing iterations it usually reaches
the same level of maximum attainable accuracy as DR-BCG. The convergence of the
HS-BCG version with no deflation is significantly delayed compared to the other two
versions tested, and the level of maximum attainable accuracy is the worst. Note that
during theMATLAB computations, a warning that a matrix is nearly singular or badly
scaled was displayed several times during the HS-BCG computations, on lines related
to the computation of the coefficients γk−1 and δk .

In Fig. 2 we test the preconditioned block CG versions with the matrix s3dkt3m2
and m = 1, 4, 16, and 64 randomly generated right-hand sides. This experiment also
confirms the significantly better numerical behavior of the DR-BCG variant (black
solid). The DP-BCG variant (blue dashed) does not lag behind DR-BCG as much in
terms of convergence delay as in the previous experiment, but achieves a significantly
worse level of maximum attainable accuracy. The HS-BCG variant (red dotted) is
almost unusable in this experiment for m > 1. Inaccuracies in the computations of
the block coefficients cause the HS-BCG variant not to converge.

Note that all the block versions have a similar computational cost per iteration. For
the most efficient version, i.e. DR-BCG, the total number of matrix-vector products

1 https://sparse.tamu.edu
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Fig. 1 The convergence characteristic ωk in HS-BCG (red dotted), DP-BCG (blue dashed), and DR-BCG
(black solid) for bcsstk03 and b ∈ R

n×m , m = 1 (top left), m = 2 (top right), m = 4 (bottom left), m = 6
(bottom right)

required to solve all systems is approximately 3000, 4000, 6400 and 9600 for m = 1,
m = 4, m = 16 and m = 64 respectively. The totals show that the number of
matrix-vector products needed to solve a single system decreases with increasing m.
While for m = 1 we need almost 3000 matrix-vector products to reach the maximum
level of accuracy, for m = 4, m = 16 and m = 64 we need only 1000, 400 and
150 matrix-vector products respectively to solve a single system. Computational time
is influenced by many factors, so it cannot be taken as an objective measure of an
algorithm’s efficiency. Nevertheless, even on an old computer with Intel Core i5-4570
CPU, 8 GB RAM, running Linux, one can observe the significant advantages of block
operations. The computation times for m = 1, m = 4, m = 16 and m = 64 were
approximately 98, 52, 97 and 140 seconds respectively. So we were able to solve more
systems in almost the same time. The reduction in time for m = 4 is probably due to
better use of the computer cache.

In the second part of numerical experiments we discuss the breakdown-free BCG
(BF-BCG) algorithm introduced in [6, Algorithm 2], and compare it with DP-BCG.
We compare these two algorithms because they are almost identical, except for line 11
of Algorithm 8. The aim of this experiment is to demonstrate that algorithms with
deflation, such as BF-BCG, do not generally perform better than their counterparts
(in this case DP-BCG) which use Dubrulle’s idea. For a comparison of DP-BCG and
DR-BCG, see the previous experiment.
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Fig. 2 The convergence characteristic ωk in HS-BCG (red dotted), DP-BCG (blue dashed), and DR-BCG
(black solid) for s3dkt3m2 and b ∈ R

n×m , m = 1 (top left), m = 4 (top right), m = 16 (bottom left),
m = 64 (bottom right)

As mentioned above, the only difference between BF-BCG and DP-BCG is in
line 11 of Algorithm 8. While in DP-BCG pk always has orthonormal columns and is
of size n × m even if the block zk + pk−1δk has linearly dependent columns, in BF-
BCG pk is determined as the orthonormal basis of the space spanned by the columns of
zk + pk−1δk . In exact arithmetic, the BF-BCG approach will avoid the breakdown due
to linear dependence of columns of zk + pk−1δk . Moreover, as shown in [6, Theorems
3.1 and 3.2], this strategy ensures that the orthogonality relations are preserved. In
other words, convergence should not be affected by reducing the size of the blocks pk
in the rank deficient case. Note that while the size of pk can be reduced in BF-BCG,
the sizes of the blocks xk , rk , and zk remain the same, and the coefficients γk−1 and δk
are rectangular matrices in general. The authors of [6] consider only the case of exact
linear dependence of vectors in the block. A practical realization of their approach
can be found in [27], where the rank revealing QR algorithm with the tolerance of the
square root of the machine epsilon is used to determine the block pk .

In Fig. 3 we compare DP-BCG (Algorithm 8) and the breakdown-free BCG algo-
rithm (BF-BCG) implemented similarly as in [27, Algorithm 2.3]. For the experiment
we again use the matrix s3dkt3m2 and randomly generated right-hand sides with
m = 16 (top part) and m = 64 (bottom part). Instead of the rank revealing QR which
should be used in practical computations to determine the orthonormal basis of the
space spanned by the columns of zk+pk−1δk , we use themore expensive singular value
decomposition. In more details, we determine the desired orthonormal basis as the left
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Fig. 3 The convergence characteristic ωk in DP-BCG (blue) and BF-BCG (red) for s3dkt3m2 and random
b ∈ R

n×m with m = 16 (top part) and m = 64 (bottom part)

singular vectors corresponding to singular values whose relative size, with respect to
the largest singular value, is greater than a given tolerance. In the experiment we used
the tolerances 10−7 (red dotted), 10−8 (red dashed), 10−9 (red dashed dotted), and
10−10 (red solid).We can observe that in finite precision computations, DP-BCG (blue
solid) clearly outperforms BF-BCG (red curves). We can see that reducing the size of
the direction block inBF-BCG slows down the convergence.While the idea introduced
in [6] is theoretically interesting, from a practical point of view the Dubrulle DP-BCG
seems to work better than BF-BCG. The DP-BCG algorithm is not only simpler than
BF-BCG, but also has a better numerical behavior.

8 Conclusions and future work

In this paper we discussed several variants of the block conjugate gradient (BCG) algo-
rithms. We clarified the relationship between BCG algorithms and the block Lanczos
algorithm. In particular, we showed how to easily compute the block Lanczos coef-
ficients in BCG algorithms. We also discussed important variants of BCG due to
Dubrulle, including their preconditioned variants. Numerical experiments show that
Dubrulle’s variants, in particular DR-BCG, are superior to the other BCG variants
(HS-BCG or BF-BCG) and avoid the problems with rank deficiency of the computed
block coefficients. In our numerical experiments, DR-BCG converged always faster
than the other variants and reached the best level of maximum attainable accuracy.
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The results presented in this paper open up several research topics for future work.
First, we aim to generalize quadrature-based bounds on the A-norm of the error to
the block case. Although the bounds are probably computable only from the block
CG coefficients, see [28] and [11] for classical CG, for understanding and deriving
the bounds we need the connection to block Jacobi matrices. Second, we believe
that Dubrulle’s variants deserve more attention and should be studied from both a
theoretical and a practical point of view. Theoretically, we still do not fully understand
which orthogonality relations are preserved in DR-BCG in the rank deficient case and
whether ξk−1 is always well defined. Practically, we should also explore the other
variants due to Dubrulle, which, for example, use LU factorization with pivoting
instead of a (more expensive) QR factorization to compute regularized blocks.
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Nečas Center for Mathematical Modeling.

Author Contributions These authors contributed equally to this work.

Funding Open access publishing supported by the institutions participating in the CzechELib Transforma-
tive Agreement. This work was supported by the Cooperatio Program of Charles University, research area
Mathematics.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Ethical Approval Not applicable.

Competing Interests The authors declare no competing interests.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Frommer, A., Lund, K., Szyld, D.B.: Block Krylov subspace methods for functions of matrices. Elec-
tron. Trans. Numer. Anal. 47, 100–126 (2017)

2. O’Leary, D.P.: The block conjugate gradient algorithm and related methods. Linear Algebra Appl. 29,
293–322 (1980)
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