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1 Introduction

The GMRES method [27] is a popular Krylov subspace method for the solution
of linear systems
Az = b, AeCv™becC” (1)
with non-singular, non-Hermitian, sparse and possibly very large matrices A.
The kth GMRES iterate x; minimizes the norm of the residual vector r, =
b— Az}, over all vectors in the kth Krylov subspace span{rg, Arg, ..., A¥"1rg},
leading to non-increasing residual norms. The employed basis for the kth
Krylov subspace being orthogonal in GMRES, it must be generated with long
recurrences. Storage and computational costs therefore grow with the itera-
tion number k. In practice one usually attempts to find a preconditioner to
obtain a low number of iterations necessary to find a sufficiently accurate ap-
proximation to the solution. But powerful preconditioners may be expensive or
difficult to find. Another popular way to keep storage and computational costs
low (possibly in combination with preconditioning) is to restart the GMRES
method. After a small number of m iterations, the current approximation x,,
is used as the initial approximation for a new series of m GMRES iterations
and this process is repeated. We will denote it by GMRES(m) and will call
the non-restarted process full GMRES. GMRES(m) produces non-increasing
residual norms just as full GMRES, but there is no guarantee that the solution
of (1) has been found, in exact arithmetic, by the nth iteration. In fact, there
is no guarantee that the solution will be found at all, as iterates may stagnate.
GMRES(m) may produce identical approximations during an entire cycle of
m iterations and consequently, all subsequent cycles behave the same way.
Part of the available convergence results for GMRES(m) consider suffi-
cient non-stagnation conditions (see, e.g., [12,26,36,30,37]) and a large num-
ber of techniques has been proposed to reduce the risk of stagnation. Especially
strategies using approximate eigenspaces to deflate the matrix or augment the
Krylov subspaces have been succesful for many problems (for overviews see,
e.g., [11], [26], [3], [15]). The main idea is to eliminate the influence of eigen-
values that are assumed to hamper convergence, for instance through moving
eigenvalues close to the origin towards unity (this holds for some precondi-
tioners as well). Information about such eigenvalues are mostly obtained from
the Ritz values or the harmonic Ritz values generated by GMRES during the
restart cycles (see, e.g., the series of papers [21-23]). While this seems to often
be a very efficient strategy in practice, in theory it need not be universally ap-
plicable. The precise influence of eigenvalues on GMRES convergence can be
very complicated, depending strongly on the right-hand side vector b and on
eigenvectors [20], even with unitary matrices [9]. By a theorem by Greenbaum,
Ptak and Strakos, any non-increasing convergence curve can be generated by
full GMRES with matrices having prescribed (nonzero) eigenvalues [17], [16],
[1], [19]. Counterintuitive cases from practice exist [18] and an analogue for
GMRES(m) under certain assumptions was formulated by Vecharynski and
Langou in [33]. Another reason why deflation strategies need not work is that
even if some eigenvalues do hamper convergence, it might be impossible to
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approximate them accurately with Ritz or harmonic Ritz values. This was
shown for full Arnoldi processes in [6] and [5], but not for restarted Arnoldi
processes (in fact, it was shown that (harmonic) Ritz values can be chosen
independently from not only the spectrum, but from residual norms for full
GMRES as well).

In the present paper we are interested in the questions whether in the
restarted GMRES method, any non-increasing convergence curve is possible
with any spectrum, any Ritz values (in all iterations of all cycles) and any
harmonic Ritz values (in all iterations of all cycles). At first sight, it may
seem straightforward that the answers are positive if they are for full GM-
RES. But several theoretical properties cannot be inherited. For example, we
will show that some non-increasing convergence curves are not admissible for
GMRES(m). In fact, the restarting mechanism in GMRES complicates con-
vergence analysis significantly (which is not the case in the restarted FOM
method [28]); detailed investigations of the restart mechanism and its conse-
quences for convergence behavior can be found, among others, in [4],[29], [35]
and [32]. To answer the questions formulated above as completely as possible,
we will focus on prescribing all the entries of the Hessenberg matrices gener-
ated in the individual restart cycles. When this is possible, we can prescribe
in particular the residual norms inside the cycles (which extends the results
in [33]) as well as the Ritz values and the harmonic Ritz values at every iter-
ation of the cycle. We will attempt to explicitly construct linear systems with
such prescribed behavior. We also address the relation with the convergence
curves that are generated by full GMRES applied to such a same system.
This will offer some insight into how it is possible that for some linear sys-
tems encountered sometimes in practice, the speed of convergence seems to
be inversely proportional to the restart length, i.e. a larger m yields slower
convergence of GMRES(m), see, e.g. [13], [11].

The paper is organized as follows. In the remainder of this section we intro-
duce some further notation and recall relevant results related to full GMRES.
The second section describes inadmissible convergence curves for GMRES(m)
and the next section constructs linear systems generating any admissible curve
with prescribed spectrum for the system matrix and prescribed (harmonic)
Ritz values in the individual restart cycles. Section 4 addresses the relation
of the constructed linear systems with full GMRES. Further comments and
conclusions are given in Section 5. Throughout the paper we assume exact
arithmetic and we assume that the initial guess x¢ in (restarted) GMRES pro-
cesses is zero. With “the subdiagonal” and “subdiagonal entries” we will mean
the (entries on the) first diagonal under the main diagonal. We will denote by
e; the jth column of the identity matrix of appropriate order and @ denotes
the complex conjugate of a complex number .. Bt denotes the Moore-Penrose
pseudoinverse of a matrix B and || - || denotes the Euclidean norm for vectors
and the induced norm for matrices.
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1.1 Further notation and preliminaries

We consider in total not more than N — 1 restarts where Nm < n. In words,
the total number of GMRES iterations inside all cycles (including the initial
cycle) is smaller than the system size. This does not represent a restriction
for most practical situations, though a complete theoretical study of restarted
GMRES should address the interesting question of convergence behavior after
more than n iterations as well. The first N — 1 restarts, where Nm < n,
are sometimes referred to as the initial cycles (see, e.g., [33]), but here we will
denote by ’initial cycle’ only the very first m iterations, before the first restart.

Our goal is to construct matrices A and right-hand sides b such that if
GMRES(m) is applied, it exhibits some prescribed behavior for the residual
norms and the (harmonic) Ritz values. A and b will always be constructed as

A=VHV*, b/||b]| = Ve, (2)

for an upper Hessenberg matrix H and a unitary matrix V. For the purposes
of this paper it suffices to restrict to unreduced Hessenberg matrices H; thus
the constructed matrices A are non-derogatory. Generalizations to the case of
early termination might be derived along the same lines as was done in [7] for
full GMRES.

GMRES residual norms are unitarily invariant, i.e. GMRES applied to B
and c gives the same residual norms as GMRES applied to W BW* and W for
any unitary matrix W. With respect to (2) this means that it suffices to study
GMRES for H with right-hand side e;. The same holds for the (harmonic) Ritz
values obtained from the Arnoldi process. To construct matrices and right-
hand sides yielding prescribed residual norms and (harmonic) Ritz values, we
will therefore concentrate in (2) on the choice of H and consider V a free
parameter matrix.

Any product of the form UCU ! where U is nonsingular upper triangular
and C' is a companion matrix yields an unreduced upper Hessenberg matrix.
Reversely, any unreduced upper Hessenberg matrix H can be decomposed as

H=UCU™!, (3)

where U is nonsingular upper triangular and C' is the companion matrix for
the polynomial whose roots are the eigenvalues of H. To find U, it suffices
to equate consecutively the columns 1 till n — 1 of the equation HU = UC
starting with Ue; being a nonzero multiple of e;. The decomposition (3),
which we call the triangular Hessenberg decomposition, is useful for creating
Hessenberg matrices with a given spectrum yielding prescribed residual norms
and (harmonic) Ritz values when GMRES is applied with right-hand side e;.
The next theorem shows that in full GMRES, the choice of the first row of
U~! can force prescribed residual norms and the columns of U~! determine
ordinary Ritz values. It is a slight modification of [7, Theorem 1], formulated
in terms of the Hessenberg matrix that is actually generated by GMRES.



ADMISSIBLE BEHAVIOR OF RESTARTED GMRES 5

Theorem 1 Consider a set of tuples of complex numbers

R ={ pgl)v
2) (2
(1, P,
n—1 n—1
(Pg )a"'vp(fl) ’
Ay, s At
such that (A1,...,\n) contains no zero number and consider n positive num-

bers

JO)3 f1) 3 3 fn—1) >0,
such that for i = 1,...,n—1, f(i = 1) = f(i) if and only if (pgi),..., pl(-i))

contains a zero number.
If A is a matriz of order n and b a nonzero n-dimensional vector, then the
following assertions are equivalent:

1. The GMRES method applied to A and right-hand side b with zero initial
guess yields residual vectors r;, 1 =0,...,n — 1 such that

lr:ll = f(), ¢=0,...,n—1,
A has eigenvalues \1,..., A, and pgl), . ,pl@ are the eigenvalues of the
ith leading principal submatriz of the generated Hessenberqg matriz (the
Ritz values) for alli=1,...,n— 1.
2. The GMRES method applied to A and right-hand side b with zero initial
guess generates an upper Hessenberg matrixz of the form

T 71 T
_ | X (m) | X
a=[ o] e ]ds]

where C™) is the companion matriz of the polynomial with roots A1, ..., A\,

S I VY i=1,...n—1
AR TG LR TGRS Vo

and the entries of the nonsingular upper triangular matriz X of size n — 1

are the coefficients of the polynomials p;(p) with roots pgl) :

: q 1 : - .
pp) =L =" = — (it X omr’ | i=1..m-1
j=1

1,7

j=1

with o0, €R, 0;,;,>0, ¢=1,...,n—1.

3
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We remark that instead of prescribing all ordinary Ritz values, it is also
possible to prescribe all harmonic Ritz values by appropriate choice of the
entries of Y. For details, including the situation where GMRES stagnates, we
refer to [5, Theorem 4.4].

As mentioned, all relevant values in GMRES are obtained from the Hes-
senberg matrix and this clearly also holds for the size (m + 1) X m upper
Hessenberg matrix generated in some cycle of GMRES(m). In the sequel we
will therefore focus on the choices of the small Hessenberg matrices of the
individual restart cycles. In fact, we will attempt to prescribe all their entries.
It follows directly from the previous theorem that the size (m + 1) x m upper
Hessenberg matrix generated in the kth cycle of GMRES(m) has the form

(k) &1 (k) (k)
H®E — | X0~ - Xm Xo -+ Xm—1 (m+1)xm 4
Y = [0 o |0 5] ec (1)

with Y, a nonsingular upper triangular matrix of size m with leading principal
submatrix X, 1 and

2 2
1 0 1 1 .
b= 1= (—) —(—>, i=1.om o (5)
fék) fi(k) f'L(lj)l

if and only if the m + 1 positive numbers

k k k
P I A O

correspond to the residual norms generated in that cycle. By the choice of the
entries of X,,, 11 we can prescribe either the Ritz or the harmonic Ritz values
of the cycle.

2 Inadmissible non-increasing convergence curves

In this section we investigate whether, as is the case for full GMRES, any
non-increasing convergence curve is possible for restarted GMRES. We will
see that the answer is negative and describe some inadmissible convergence
curves.

Let the residual vectors generated in the first two cycles of GMRES(m) be
denoted as

r(()l) =D, 7“51) (1) 7“(()2) = rﬁi), 7‘(2), ceey r,(,%).

sy 1

We wish to construct A and b of the form (2) such that in the m iterations of
the initial cycle the generated Arnoldi decomposition is of the form

AV = VL HD, where VIV =T, ViLen =b/|lb]l. (6)

m

Here, the upper Hessenberg matrix ﬂﬁ) of size (m+ 1) x m is a given matrix
whose entries have been chosen such that prescribed residual norms and (har-

monic) Ritz values are obtained. It can be constructed using (4). Vn(11421 is an
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arbitrary matrix of size n x (m + 1) with orthonormal columns. Because no
restart took place in the initial cycle, it is trivial that we can choose the first
m columns of H and the first m + 1 columns vy, ..., vy4+1 of V in (2) as

I, "ML I,
H |: 0 :| = |:_6n ’ |4 0+1 = [Ulv cee 7vm+1] = Vrgtl-l)-l' (7)

At the beginning of the restart, the new initial Arnoldi vector is the normalized
last residual vector of the previous (initial) cycle and can be written as a
linear combination of the Arnoldi vectors of the previous (initial) cycle. The
coefficients of this linear combination are given in the lemma below; they
appear to depend only on the residual norms (modulo phase angles) generated
before the restart.

Lemma 1 Let the initial cycle of GMRES(m) have generated in its mth iter-

ation Arnoldi vectors vy, ..., vm11 and an upper Hessenberg matriz gﬁ) with
decomposition (4) satisfying
1 (1) 1 1 .
|Xél)|= s Ix; | = TR Tt i=1,...,m.
[l 212 Q2
If
Xo
gV =l | | ecm (8)
Xm
then
o 1
T:[vlv---avarl]g() (9)
[[7m” |
Moreover,
(G HYe; =0,  j=1,...,m. (10)

Proof. Because H'1 has the form (4), we have

(¢WyHLY =

1

Wy | X0 Xm | | X0 -+ Xm 0 X0 Xm—=1| _ . T

e I | R I P el RS
which proves (10). After m iterations of GMRES we have

Ir§" | er — H Dy

D =V (I ex = Hogm ), ym = axgmin | :

and with y,, = ||rél)||(ﬂm)Tel, we have

D = Il vn] (s — B, ) en.
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Taking norms on both sides gives

IO = 0 | (s = HD L)) 2 (1)
Thus
ey (Im+1 - H{) (Em)f) e1
= [V1,.. s Umt1]e, c= n ) (12)
i | (T = H,, (HO) ) e |
Furthermore,
(Bt = HoW(HG)) e
mA==m Xo 1
= Ir Il == 1671 = 1,

(9(1))*0 = (9(1))* H

(e = HD (W) ) e i

where we used (12), (11) and (8). It is easily checked from (5), that ||g(V|| = 1.

By the Cauchy-Schwarz inequality 1 = (¢(1)*c < ||g™V| ||c|| = 1, with equality
if and only if ¢() and ¢ are collinear. O

As mentioned, the choice (7) of the first m columns of H guarantee that
H( is generated in the first m iterations of GMRES(m) applied to (2). We
next wish to define the entries of columns m + 1 till 2m of H such that when
GMRES(m) is applied to (2), then, for a given Hessenberg matrix H'? the
Arnoldi decomposition built in the m iterations of the second cycle is of the
form

AV = VLD, VIV = Lo, Vihea =VigW. (13)
Unfortunately, the Hessenberg matrix H. 5,? can not be chosen fully arbitrar-
ily: The next two results show that if the initial cycle has some stagnating
iterations at its end, this puts restrictions on the residual norms (and thus on
H®) for the second cycle.

Theorem 2 Let A be a non-derogatory matriz. Assume that for the first cycle
of GMRES(m) we have

)

1
Il > Il = = S

Then, [r,(%)]*Aim(,p =0,i=1,...,j.

Proof. Let A be of the form (2). With Lemma 1, i) can be written as

Xo
r) = lrW P, vmga] |

Xm
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The stagnation assumption implies that y, = 0 for £ = m +1 —j,...,m.
We observe that the m + 1 first columns of V' are equal to those of Vn(llJ)rl.

Therefore,

R )
where z(!) is a vector whose only nonzero components are zi(l) =Xpl =
0,...,m — j. Let us denote z() = [¢) 0,---,0]7 where £€) is a vector of

length m =m+1—j.
Let us consider [rﬁ)]*Airﬁ). Obviously, we have A* = VH*V* and

PP AT = D OV VYYD = [0 0 O,

For i = 1, we have that 2® = Hz(M is a vector with nonzero compo-
nents on positions 1 till m + 2 — j and z2(?) belongs to the span of columns
Hey,...,Hepy1—j. Using (10), this gives [z(M]* Hz(1) = 0. Similarly, for i =
2, we have that 2 = Hz®) = H?2(1) is a vector with nonzero compo-
nents on positions 1 till m + 3 — j and z(® belongs to the span of columns
Hey,...,Hepyoj. Using (10), this gives [z(V]*H?2(1) = 0. For i = j, we
have that 2(9) = HzU=1) = H72(1) is a vector with nonzero components on
positions 1 till m 4 1 and z() belongs to the span of columns He, ..., He,
giving [zM]*H 2 = 0, using (10). O

Corollary 1 With the notation of Theorem 2 and assuming that

1 1
Hrﬁn),jflﬂ > HTSn),jII =...=|rdy,
we have
@ = 7)== |72,

which means that we have stagnation for the first j iterations of the second
cycle.

Proof. The result of the corollary is obtained from Theorem 2 using the
results of [34] on partial initial stagnation. O

The previous result can be easily generated for any pair of two consecutive
restart cycles. Thus a phase of stagnation at the end of some cycle is literally
mirrored, with the same length, at the beginning of the next cycle. Equiva-
lently, if a zero Ritz value appears during the last j subsequent iterations of a
cycle, it must reappear in the first j iterations of the cycle that follows. Zero
ordinary Ritz values correspond to a infite harmonic Ritz value being added
to the harmonic Ritz values of the previous iteration, see [5, Theorem 4.4] for
details. We are not aware of any reference to this property in the literature,
though the discussion in [29, Section 4] suggests that after stagnation in a
cycle, restarting will produce little new information to overcome slow conver-
gence. Our result shows that, even though we throw away the basis vectors
computed in the previous cycle, there is a lot of information in the residual
vector which is used to build the new basis. In case of stagnation this can be
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considered as unfortunate. In this case it may be better to restart from the
last FOM(m) approximate solution (if it is available). Other possibilities are
to go back to an iteration before stagnation started or to increase m hoping
that, at some near iteration, we can get out of stagnation.

Summarizing, it is not possible to prescribe for GMRES(m) any non-
increasing convergence curve. As soon as we prescribe stagnation at the end
of some cycle, the beginning of the next cycle must stagnate too; otherwise,
the convergence curve is inadmissible. The next section will show that this is
the only type of inadmissible convergence curve for GMRES(m).

3 Prescribing admissible convergence curves and (harmonic) Ritz
values

We will now assume that the very last iteration of each cycle does not stagnate.
For that case, we will construct linear systems that generate in every cycle fully
prescribed Hessenberg matrices (all their entries are prescribed values). This
will allow to fix residual norms inside cycles and we can prescribe the Ritz
values or the harmonic Ritz values generated in the restart cycles as well. To
begin with, we again consider the first two cycles. We have the following simple
lemma.

Lemma 2 Let GMRES(m) be applied to A and b of the form (2) and let it
have generated after m iterations the Arnoldi decomposition of the form (6).

Then, for a given (m+ 1) x m Hessenberg matrix ﬂgﬁ), the restarted GMRES
method has generated, at the end of the second cycle, an Arnoldi decomposition
of the form (13) if and only if m iterations of the Arnoldi process with input

matric H and initial vector [(g(l))T O}T generate the decomposition
T
HZD = Z0HD, Zler = [(9") 0], (14)

where the matriz Z,(ji_l = V*V,Si)_l has orthogonal columns.

Proof. For the claim it suffices to use A = VHV™ and to define Zr(jzrl =

w1 (2
v o

Our goal is to find entries of H which ensure that (14) holds for a given
matrix H?). However, the involved matrix Z,(ji_l with orthonormal columns
is not fixed. The probably easiest way to satisfy (14) is to assume that fo_)H
has the particularly simple structure

Z8 =10 I,|. (15)
0 0
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We can find the columns m + 1 until 2m of the matrix H satisfying (14) for
this specific choice directly: Equating the first column of

HZ? =22 H? (16)
gives, with the notation (¢()7 = [g“),gf,iirl]T,
1
HY) W o |0 @)
HZT(T%)el = {_6” ] g + ImrrHemy1r = hiy + hy1€m2,
where hl(-?j) are the entries of H®. Thus the nonzero entries of the (m + 1)st

column of H satisfy

1 mt ) o h?i
: = (hl,lg(l) - ﬂmﬁ(l)) v Pma2me1 = NORE (17)
hmt1m+1 Im+1 Im+1

For the columns m + 2 until 2m of H we obtain directly, using ,,Matlab nota-
tion”, from

HZg)(ez, Cee em) = H:,m+2:2m = Zr(rf) Egs) (62’ T em)

+1
that
gWelHY [IO ]
O m—1
W o1 |22
g Imfl 0
H:,m+2:2m: 0 Im 0 = [0 Im}H(2)|: :| . (18)
0 0 _ N N
0

The obtained values for the entries (17) and (18) in the columns m + 1 till 2m
of H can be represented as is done in the following theorem. In the statement
we use that a nonsingular m x m leading principal submatrix of the generated
Hessenberg matrix guarantees that there is no stagnation at the end of the
corresponding GMRES(m) cycle (see, e.g., [2]). Please note that the displayed
matrix
) 0
0 H®

is unreduced upper Hessenberg; its m + 1st row contains m zeros, the entry
h{l and then the first row of Eﬁ)-

m+1,m
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Theorem 3 Given two (m+ 1) x m unreduced Hessenberg matrices ﬂg,ll) and
H 5,? where H 5,1) has nonsingular m x m leading principal submatriz, these two
Hessenberg matrices are consecutively generated in the first two cycles of the

GMRES(m) method applied to H and ey if the first 2m columns of H are of
the form

1 2
HY o1 T° HY
H:,1:2m = 0 Em + : : )
0 0

where the (m + 2) x m matriz ﬂgf) is the rank-two matric
g

1 (g(l) _ 1)h(2)g(1) H, M
ﬂ((f) = 97(71) -1 efﬂg)— ([ b + |7 ef.
+(1) gr(izrl (1- gv(nzrl)hé,i

Proof. We would like to write the entries in columns m + 1 till 2m found
in (17) and (18) in the form

0 HE
H:,m+1:2m = ﬂg) + 3
0 0

As can be seen from (18), in H the rows m + 2 till 2m + 1 of columns m + 2
till 2m are just the trailing m x (m — 1) block of H?). As for the first m + 1
rows of columns m + 2 till 2m, they can be written as

0
0 g(l) 0
g(l) -efﬂg) |:Im1:| = e}rﬂ(z) [ 0 ] + {5(1) efﬂ@ N

m Imfl

with 6(1) = gﬁll — 1. The m+ 1st column of H, according to (17), has leading
m + 1 entries which can be written in the form

hl,erl 1
hm-l—l,m—i—l ngrl
0 pey
: @ [g™ 1 2) 5(1) . (1) (1)
= 0 +hiq s |~ Sm hi10 : T
A1 (1)

2) d

hl | m+1

)

@)
The last row of ﬁ((f) follows from the fact that hpyomi1 = %, see (17). O

m+1
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We now generalize the previous theorem for other cycles. During the second
restart cycle, let an Arnoldi decomposition denoted

AV =y g (19)

be generated where the matrix Vrffﬁl has orthogonal columns. It follows from
Lemma 1 that

~(2)

® i o
Verl 1= @) H 2)H m+1 : )
"l i
Xm
2)| _ () _ .
where |X0 | " (2)H |Xj | = ”T(z) E W, j=1...,m.

For the same reasons as explained in Lemma 2, the decomposition (19)
with H 52) given is generated by restarted GMRES(m) applied to A = VHV*
and b = Ve if (and only if)

HZ® =728 H®, (20)
with initial vector
X
3 3 .
ZWer =V Ve =V VEL PP |
—(2)
Xm
Xy Xo
: M 0 :
272 2) (2) g (2)
=r 124 [ | =1l ] 0 I | | X0
0 0 0 0
Let us use the notation
X
9 g 0 :
2
O =121 0 Lu| |g2]. ()T =1526m,07 (1)
: 0 O 0

and let us choose the matrix Z. _)H with orthonormal columns in (20) to have

the simple form

“ 9(2) 0
Zm+1 = 0 Inm (22)
0 O
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Let Hi.2pn41,1:2m be as defined in Theorem 3, which guarantees that the
initial cycle and the first restart applied to H and e; generate the given matri-
ces HV and H? respectively. To generate in the next cycle the prescribed

matrix H. 53), we can apply Theorem 3 analogously. It gives that the first 3m
columns of H must be of the form
Hiom+1,12m 0O 0 Q((f)
H:,l:Sm = 0 Ess) + | . s
: 0 0

where the size (2m + 2) x m matrix H, (()3) is the rank-two matrix

g
3
ﬁg) ) = 9§2+1 -1 efﬂg)
0

2 3 1
g (1= gm0 )hs) 0

1 < [(gé2+l - 1)hfzg(2)‘| |:H1:2m+1,1:2mg(2) :|> eT
J2m+1

All further columns of H, determining the Hessenberg matrices generated
in all cycles after the third cycle, can be defined analogously. We summarize
this result in the following theorem.

Theorem 4 Let us for N such that Nm < n have Nm given positive decreas-
ing numbers satisfying

R S N L
N e

: (23)
> N > s f N s

and N given size (m + 1) x m upper Hessenberg matrices ﬂgj), 1<k<N of

the form
-1
g — X(()k) stlf) 0
- 0 T I

k k
O Tmfl
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and where Tr(nk)

submatriz T,(le. Let

is a nonsingular upper triangular matriz with leading principal

bl
g X0 g® gD 07 ]
0 _ fr(r}) 7 0 _ f'r(rlj) 0 I, Y%)
: ey : 0 0110

and let
(9™ N7 =g, o) 7.

Then GMRES(m) applied to the unreduced upper Hessenberg matriz H and

e1 generates consecutively the residual norms satisfying ||r§k)|| = f;k) and the
upper Hessenberg matrices ﬁg}l), e ,ﬂﬁfj’) € Cm+1)Xxm if the first m columns
of H are
J2i8
2Em
H:,l:m = 0

and for every k, 1 <k < N, the first (k + 1)m columns of H are of the form

Hl:karl,l:km (O ) 0 ﬂékJrl)
k+1
H:,l:(kJrl)m = 0 Em )
; 0 0

where the size (km + 2) x m matriz H( U s the rank-two matriz

k+1 (k+1)
km-i—l € Hm
1

(k)
gkarl

k k N
([(-%;%—i—l - 1)h( +1) (k)] + |:H1:km+1,1:kmg(k)]> eT

k k+1 1-
(1- gl(crr)t-i-l)h( A 0

The previous theorem shows that any non-increasing convergence curve is
possible for restarted GMRES provided strict decrease is prescribed at the
end of all cycles. However, this is proved for the IV initial cycles only, where
Nm < n. The theorem also shows how to prescribe all the Hessenberg matrices
generated during all the N restarts. By the choice of the entries of these
Hessenberg matrices, we can prescribe as well the Ritz values or the harmonic
Ritz values of the cycles. We remark that other choices of the entries of the
Hessenberg matrices might prescribe other interesting values. For example,
in [10, Section 6.3] it is shown that singular values can be prescribed. As for
the spectrum of the system matrix, we can use the following.
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Lemma 3 Let H be an unreduced upper Hessenberg matriz of size n whose
leading n — 1 columns are given and consider n complexr numbers Ay, ..., \,.
The last column of H can be chosen such that H has the eigenvalues A1, ..., An.

Proof. See [6, Theorem 2.2] or [25, Theorem 3]. O

4 Relation with full GMRES

The construction in Theorem 4 represents only one particular way to prescribe
the residual norm history for GMRES(m), because it assumes a specific chosen
structure of the bases Z(*) in the subsequent restart cycles (see, e.g., (15),
(22)). It is a construction with an interesting relation to the full GMRES
process. To prove this relation we need the following lemma, which has its
own interest.

Lemma 4 Let full GMRES generate the Hessenberg matrix H and consider
the recursion

hi
1 -1

X0 = 77> Xi:—[XOa"WX’L'*l]T ) 121725571_1 (25)
7ol Rit,i L

)

Then x = [X0,--->Xn_1]T is the first row of U™! in the triangular Hessen-
berg decomposition (3) of H (with Uey = ||rolle1), and the ith residual norm

satisfies
-1

Il = > bGP | i=12...,n—1. (26)
j=0

Proof. In [24, Section 4] it was proved that if H = UCU~! is the decom-
position (3) and v; ; are the entries of U™, then

Viit+1 0 U hy
: 1 Vi :
= . —_ . ,Z'::l,...,n—l, (27)
Rit,i
Vit1,it+1 Viji 0
where h; = [h1,, -, hm-]T and where Uj; is the leading principal submatrix of

size ¢ of U. The recursion in the claim follows, with the notation x; = v1 j41,
from equating the first row in (27). Because of Theorem 1, the residual norms
satisfy

1 1
— = |Xol — = — = |Xi], 1=1,....,n—1.
[[oll Irall* llrieall? '
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Equality (26) follows from a stralghtforward induction argument applied to
e e = el =1 n—1.0

Formula (26) gives with (25) a recursion to compute the GMRES residual
norms directly from the entries of the generated Hessenberg matrix (which
cannot be expected to be as stable as the usual way to compute GMRES
residual norms based on a QR-decomposition of the Hessenberg matrix).

Theorem 5 Consider the matriz H constructed in Theorem 4. The residual
norms generated when GMRES(m) is applied to the linear system with H and
ey are the same as when full GMRES is applied to this linear system.

Proof. The first m residual norms are trivially identical. For the rest of the
proof we will compare the sizes of the values x1,; corresponding to full GMRES
with those corresponding to restart cycles; if they are equal, the residual norms
are equal as well. The values of the x1 ; for full GMRES can be computed from
the recurrence (25) in Lemma 4.

The first XEQ) in the first restart are, with Lemma 4,

(2)7(2)
9 1 2 Xo hia
lIro h2,1
The value 41 for full GMRES is
1 hl,erl
Xt = ——— (o) | 1| (29)
m—+2,m—+1
hm+1,m+1
where the entries h1 m+1 ..., Rm41,m+1 are given by
1
h1m+1 1 95 ) h(z)
: = | eV —HY | , hmg2me =~
hm41,m41 Imt1 gy Im1

see (17). If we multiply the first equality in the previous equation with the
row vector (Xo,...,Xm) we have for the first term on the right-hand side

(X05- -+, Xm)Thg?ig(l) = X((JQ)hfz because

(X0, xXm)T g™ =1/ 7D = x§7, (30)

see (8). The second term is zero because of (10).
Substituting in (29) gives Xm+1 = ——z—+, which equals the second ex-

pression in (28).
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(2

%

) after the first restart is, with Lemma 4,

(2)
2) (2 h
—(xP AT [héﬂ
2.2

The next value x

GE

2
hs)
For full GMRES we have

o _(X07 SRR Xm)Tg(l)hf% - Xm'i‘lhé?%
Xm+2 = 10 ’

3,2

see (18). Because of (30), Xm+t2 = X§2)- The equality of the remaining y;, and

therefore of the remaining residual norms follows by induction. The same proof
can be used for subsequent restart cycles. O

The linear system we have constructed in Theorem 4 to generate prescribed
GMRES(m) residual norms represents in fact a best case scenario for restarted
GMRES: It converges as fast as full GMRES. In other words, the GMRES
minimization process can for this system be carried out with m + 1-term
recurrences. This property is due to the special structure of Arnoldi vectors
in the individual restart cycles used to construct the linear systems (see e.g.,
equations (15) and (22)). It implies that nearly all Arnoldi vectors generated
in full GMRES are orthogonal to the Arnoldi vectors in the restart cycles (this
is in fact the situation where k(Vap41) = 1 in [29, Corollary 6.3]).

An interesting consequence of the optimality property for GMRES(m) ap-
plied to the systems constructed in Theorem 4 is that no other restart length
than m can give faster convergence (as no restart length can give faster con-
vergence than full GMRES). In particular, not even larger restart lengths
produce convergence faster than GMRES(m) for the systems constructed in
Theorem 4. Thus we have found a class of systems exhibiting the counter-
intuitive behavior encountered sometimes in practice, where a larger restart
parameter slows down convergence speed. This behavior has for instance been
observed for sparse matrices resulting from standard five-point stencils [31].

We give an example for illustration. Suppose we wish to construct a linear
system Az = b with A € R'6X16 p ¢ R16, such that the residual norm history
for GMRES(5) is

(821 00, 1571 = 11,0.7,0.4,0.1,0.07,0.04]
[||r§2>||, =210, ||r§2>||} = [0.04,0.01,0.007,0.004,0.001,7-1074],  (31)
[||r33>||, AT ||r§3>||} = [7-107%,4-1074,1074,7-107%,4- 107%,1077).

The residual norms for the three restart cycles can be obtained by defining
three appropriate Hessenberg matrices of size 6 x 5 using (4), where the values
x: are determined by the prescribed residual norms except for the phase angles.
We will choose all these values to be positive and we will choose all three
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matrices X5 in (4) to be the upper triangular matrix of ones (we are not
interested in forcing specific (harmonic) Ritz values here). The corresponding
Hessenberg matrices H gl),ﬂ g%ﬂ ég) will be generated by GMRES(5) if we
use the construction of Theorem 4. In our example we use V' = I (though
any other unitary V' would give the same behavior reported below).

10

107

Ail;“"‘ﬁlﬁ\‘r - - -
\ ,” \

-3 N \\
10°F - 3 i
- -

NI

10°

Fig. 1 GMRES residual norm curves for GMRES(5) (solid, crosses indicate restart), GM-
RES(6) (dash-dotted, circles indicate restart), GMRES(7) (dotted, triangles indicate restart)
and GMRES(8) (dashed, squares indicate restart).

GMRES(5) applied to the linear systems constructed in this way produces
the solid convergence curve in Figure 1. Of course, it corresponds with the
residual norm history given in (31). Our experiment also confirmed that full
GMRES applied to the system yields the same solid curve. The other curves
represent residual norms generated with larger restart lengths (6, 7 and 8). As
explained, they do not show faster convergence behavior than GMRES(5).

As mentioned, we have so far constructed particular linear systems generat-
ing prescribed Hessenberg matrices based on the assumption that the Arnoldi
vectors of the restart cycles have an especially simple structure (see (15), (22)).
Other choices of these Arnoldi vectors might be possible and give additional
ways to prescribe the Hessenberg matrices of the individual cycles. But the
resulting linear systems will in general not satisfy Theorem 5 with the conse-
quences for larger restart lengths that we just discussed.

To investigate how to obtain alternative ways to prescribe the Hessenberg
matrices of the individual cycles, let us focus on the first two cycles. Let
Hyy, = Hi:9m+1,1:2m denote the left upper block of the Hessenberg matrix H
defined in Theorem 4, which guarantees that the given Hessenberg matrices
ﬂg) and ﬂg) are generated in the first two cycles. Let H,,, € Cemtl)x2m
be the left upper block of another Hessenberg matrix H such that the same
Hessenberg matrices A srll) and H 53) are generated as well, in the first two cycles
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of GMRES(m) applied to H and e;. The unreduced upper Hessenberg matrix
Hs,, can be transformed into Hs,, with a nonsingular upper triangular matrix
as follows. Let us decompose Hs,,, and Hs,, as

_ ~ N N 0
Hop = Uz 410Uy, Hop = Usyi1ColUs, L, Co = [I } (32)

2m
(with Ugm resp. Ugm being the leading principal submatrix of size 2m of Ugy, 41
resp. U2m+1) by equating consecutively the columns 1 till 2m of the equations

Hop Uz = Uz 1Co and Hapy Uz = Uspni1Co with Ugpey = Usmer = ey
Then

Hom = X 1 HomXom,  Xomi1 = Usmi1Usibi 1y Xom = UsinUsy k. (33)

In the next theorem we give necessary and sufficient conditions for the entries
of the matrix Xo,,+1 such that GMRES(m) applied to H and e; generates the
given Hessenberg matrices H. srll) and H 53).

Theorem 6 Let H(}) e CmtDxm gng HZ) e COntD*m pe given unreduced
upper Hessenberg matrices with real positive subdiagonal and nonsingular lead-
ing m X m principal submatriz. The first two restart cycles of GMRES(m)
applied to HeC™m ande; € Cm"generate, subsequently, ﬂ(l) and H,, (2) if and
only if the left upper block Hy,, € C2m+1)x2m ofH is of the form

. 1., HVs 17 1.  HDgS
Hm: m+1 4L FOm Hm m+1 4L PIm—1 4
2 { 0 R 2 0 Rn_1 |’ (34)

where Hy,, € CEHDX2m Gs the left upper block of the Hessenberg matrizc H
defined in Theorem 4, R, € C™*™ is a nonsingular upper triangular ma-
triz with leading principal submatriz Ry,—1 such that R} R, — I, is positive
semidefinite and S,, € C™ ™ is a square matrixz with first m — 1 columns
denoted by S,,—1 such that

(HY Sm) HY Sy, = Ry, Ry — I (35)

Proof. GMRES(m) applied to H and e; generates in the initial cycle the
Hessenberg matrix H. 5,1) if and only if

[ 1n410] Hop, {Igl] =H)) & [Ini10] Xomi1 Hom X, [181] =HY.

Using the facts that the leading (m 1) x m submatrix of Ha,, is equal to H (Y
and that Xs,,41 is upper triangular, we obtain the equivalent condition that
the leading principal submatrix of Xa,,+1 of size m + 1 must be the identity
matrix.

GMRES(m) applied to H and e; generates in the second cycle the Hessen-
berg matrix ﬂg) if and only if HZ,, = m+1ﬂ§2) with the columns of 7,41

orthogonal to each other and Zem 41 = [(g)7 O]T see Lemma 2. As this
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Arnoldi decomposition lives only on the left upper (2m+ 1) x 2m block of Hit
can also be written, with a slight abuse of notation, as Hon Zp = m+1ﬂ$§).
Similarly, Ho, Zy, = mHﬂsﬁ), where H is defined in Theorem 3 and

(1)
i1 = [9 0 } c C@m+1)x(m+1)

0 I
Thus XQerl]:\{QmX;n}LZm = m+1ﬂ5§), see (33), and by comparison with
HomZpm = Zna HP we have Zyy1 = X511 Zinir. The matrix Xopq1 has
the form

I Y
Xomy1 = [ OH R }

and since the columns of Z,,41 must be orthonormal, we have

* _ * —% —1
Zm+1Zm+1 - Zm+1X2m+1X2m+1Zm+1

_[9W 0 [T =YR [ I =YR] [9® 0
0 Inm 0 R, 0 R;! 0 In

_ 1 —(9M) YR, _
- _R;l*y*g(l) (YR;Ll)*YR;Ll_i_R;l*R;Ll — tm+1;

where we used that ||g("|| = 1. The orthogonal complement of g() is the space
generated by the columns of H1 | see (10). Therefore the off-diagonal blocks
are zero if and only if Y is of the form H %)Sm. Then the trailing principal
submatrix equals I,,, if and only if (35) is satisfied. O

Theorem 6 can be generalized for more than two cycles, thus giving a
description of all possible ways for constructing linear systems with prescribed
GMRES(m) residual norms and prescribed (harmonic) Ritz values, provided
there is no stagnation at the end of the restart cycles. In combination with
Theorem 4, it is then possible to formulate a complete parametrization of
the entire class of linear systems yielding prescribed Hessenberg matrices for
the first N cycles when GMRES(m) is applied. The freedom allowed by the
parametrization is in the choice of the unitary matrix V, in the individual
upper triangular matrices R,, in (34) and of course in possibly undefined
columns of H corresponding to cycles after the Nth cycle (which can be used
to prescribe the spectrum).

We may, by the choice of R,, in (34), try to modify the residual norms
for full GMRES while leaving the convergence of GMRES(m) unchanged. In
the remainder of this section we merely outline how this could be done and
some difficulties that can arise, without completely answering the question of
whether the convergence of GMRES(m) and full GMRES can be prescribed
simultaneously.

Let us decompose Ha,, and Ha,, in (34) as in (32). Because H is the
matrix from Theorem 4, Theorem 5 tells us that it generates the same residual
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norms as GMRES(m) when full GMRES is applied. Therefore, the first row
of (Uzm) ™! contains entries y; satisfying

1 | | 1 1 . 1
X0 = —my s Xi| = - , 1=1,...m,
Ir$M | 2 )2

1 1
Xomtil = ———%—, i=1,..m—1L
PPz )2

For the decomposition of the matrix Ha,, in (32), we have

. (1)
05t = Uz | Pt H S|

and the first row of U{é denoted as [x&',...,xL,,_1]7 determines the residual

norms generated when we apply full GMRES to H with right-hand side e;
through

1 1 1
F F .
Xo =~ X | = — , i=1,...2m—1.
O gl ’ \/Ilrfll2 [rf 112

For example, the (m + 2)nd entry of that row is

Inir HVS,
X1 = [X0s - -s Xam—1] { OH _’]’:L‘, 0 Y emte = Xm+171.15 (36)

where 1 is the leading entry of R,, and where we used the property (10).
We have to distinguish two cases.

First, let xm41 = 0, i.e. the first iteration of the restart cycle stagnates.
Then necessarily 2 11 = 0, i.e. full GMRES stagnates as well, regardless of
the choice of R,,. Once more, the phenomenon of stagnation puts a restriction
on residual norms that can be prescribed. Clearly if we prescribe stagnation
in iterations m + 1 till 2m for full GMRES, then GMRES(m) must stagnate,
too. We prove below that the opposite is true as well, provided there is no
stagnation at the end of the first cycle.

Theorem 7 Let there be no stagnation at the end of the (k — 1)st restart
cycle of GMRES(m), km < n. GMRES(m) stagnates during the first j it-
erations of the kth restart cycle, if and only if full GMRES applied to the
same system stagnates as well in the corresponding iterations (i.e. in itera-
tions km+1,...,km+j).

Proof. We will prove the claim for the initial and first restart cycle, the
generalization for any two subsequent cycles being straightforward. One direc-
tion of the equivalence has been explained in the text above. It can be seen
from the decomposition (4) that if GMRES(m) stagnates during the first j
iterations after its first restart, then the first row of H 52) is zero on positions
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1 till 4. Let the linear system have the form (2). Because of Lemma 2 we have
ﬂg) = 7}, 1 HZ,, with the first m + 1 entries of Z,e; equal to g the entry

gfizrl is nonzero per assumption. Let h,,4+1 denote the (m + 1)st column of H.

Then
0=elH®e; = (¢W)HD [1, 0] gD + [(¢™)* 0] hunsrgihs
= g,(,}bll(g(l))*ilmﬂ,

where we used (10) and iLm_H denotes the vector of the first m + 1 entries
of 1. The orthogonal complement of g(*) being spanned by the linearly
independent columns of H(Y ((10)), Am41 must be a linear combination of
these columns. Hence the (m + 1) x (m + 1) leading principal submatrix of
H is singular and full GMRES stagnates in the (m + 1)st iteration. Using
el H g)ei for i > 1 and induction, the stagnation of the subsequent iterations
follows analogously. [J

Let us return to (36) and now asume that x,,+1 # 0. Then the entry ijﬂrl
in (36) can be made any value equal or larger than x,,4+1 (which corresponds
to [|rf | < ||r§2)|| ) with a number r; satisfying |ry 1] > 1. This is the
first step in finding an upper triangular matrix R,, such that R} R,, — I, is
positive semidefinite and such that

g
F _ Im+1 11, Sm1:| .
L= ey X2m— m Cmtitl, i=1,....m—1.
Xm+z [XO X2 1] |: 0 R L +i+1

for given values of x7, ;. Using property (10), this amounts to finding an upper
triangular matrix R,, such that

[Xm-i—lu cey X2m—1]Rm—1 = [Xr}:wrlv s 7X2Fm71]

and such that R} R,, — I, is positive semidefinite.

We remark that in the case where X7€‘1+i = Xm+i, ¢ = 1,....m—1, R,
can be trivially chosen as the identity matrix, but other appropriate choices
of R,, might result in Xfmﬂ' = Xm+i, ¢ = 1,...,m — 1, as well. Hence the

systems constructed in Theorem 4 seem not to be the only systems where
the full GMRES process can produce the same behavior as GMRES(m) and
be computed with m 4 1-term recurrences (with prescribed upper Hessenberg
matrices H® for the individual cycles).

5 Conclusions and open questions

We showed that the admissible non-increasing convergence curves for restarted
GMRES satisfy precisely one restriction: Stagnation at the end of a cycle is
always repeated at the beginning of the next cycle. Thus it does not seem to be
a good idea to restart GMRES with the current approximation if stagnation is
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observed. This is a strong motivation for restarting with other types of approx-
imations or with incorporation of a deflation strategy. We further showed that
neither the Ritz nor the harmonic Ritz values generated in restarted GMRES
need be useful approximations of the eigenvalues. Moreover, the convergence
speed of restarted GMRES need not be governed by the eigenvalues.

Our parametrization of the entire class of matrices and right-hand sides
yielding prescribed residual norms, eigenvalues and (harmonic) Ritz values re-
veals, as a by-product, a class of matrices and right-hand sides for which full
GMRES can be carried out with short, m + 1-term recurrences. It yields some
examples of the counterintuitive behavior of restarted GMRES where a larger
restart length gives slower convergence. Another result related to the connec-
tion with full GMRES is that restarted GMRES stagnates at the beginning
of a cycle if and only if full GMRES stagnates in the corresponding iterations
(where we assume restarted GMRES did not stagnate at the end of the previ-
ous cycle). Of course, in practical problems, we almost never encounter exact
stagnation.

An interesting question is whether our results can be formulated for ma-
trices with a given sparsity pattern, like those arising in finite differences or
elements discretizations. Another question is whether the obtained results are
valid for other restarted Krylov subspace methods as well. Generalizations
of analogue results for full GMRES to other (nonrestarted) methods like the
QMR method [14], were given in [8].

We did not show here some additional results when prescribing stagnation
at the end of cycles and, necessarily, stagnation at the beginning of the next
cycles. We did not either address prescribing the behavior for iteration numbers
higher than the system size. This case, though not very relevant for practice,
leads to an interesting theoretical challenge for possible future work.

Software

At the link http://www.cs.cas.cz/duintjertebbens/duintjertebbens_soft.html the
reader can find MATLAB subroutines to create matrices and initial vectors
with the parametrizations in this paper.

Acknowledgements We thank Eric de Sturler for a discussion that has stimulated the
search for some of the results in Section 4.
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