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Many Krylov methods have been proposed over the years for
solving linear systems

Most of them can be classified as quasi-orthogonal (Q-OR) or
quasi-minimum residual (Q-MR)

Q-OR: FOM, BiCG, Hessenberg, ...
Q-MR: GMRES, truncated GMRES, QMR, CMRH, ...



Whatever their definition, these methods share many fundamental
properties
See M. Eiermann and O.G. Ernst, Geometric aspects in the theory

of Krylov subspace methods, Acta Numerica, v 10 n 10 (2001),
pp. 251-312

They differ by the basis of the Krylov space that is constructed:

- orthogonal for FOM/GMRES,
- bi-orthogonal for BiCG/QMR,
- based on an LU factorization for Hessenberg/CMRH



What do we know about GMRES?

Let
K= (b Ab A’b --- A"lp)

be the Krylov matrix that we assume of full rank. Then
K=Ww

with V' orthogonal (or unitary) and U upper triangular with

positive real diagonal entries

The matrix H = V*AV is upper Hessenberg

We have
H=Uucu—!

where C is the companion matrix for the eigenvalues of A



Let xC (resp. xk) be the iterates for GMRES (resp. FOM) and the
residual vectors r& = b — AxC, rf = b — Axf

We assume xp = 0 and ||b]| = 1
We know that

- every residual norm convergence curve is possible for GMRES
(and FOM)

- [(U )1kl = 1/[Ir4 ]
RS IR = /(ML )1 with Migy = U3 Ui
- one can construct matrices A with a prescribed spectrum and

right-hand sides b such that GMRES vyields a prescribed decreasing
residual norm convergence curve

- we have two parametrizations of this class of matrices



Moreover we can express the GMRES residual norms as functions
of the eigenvalues and eigenvectors of A

Let A be a diagonalizable matrix with A = XAX~. Then
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where the summations are over all sets of indices /lx1 1, Jx11, Ik, Jk
defined as /; to be a set of £ indices (i1, i, ..., i7) such that
1<ii<---<ip<n, X, is the submatrix of X whose row and
column indices are defined by /; and J; and ¢ = X~ 'b



If the matrix A is normal we have simpler formulas
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Q-OR and Q-MR methods

Our aim is to see if some of these properties can be extended to
Q-OR and Q-MR methods

We assume that we have a basis V' of the Krylov space (with
columns of unit norm) such that K = VU with V nonsingular and
U upper triangular

We define H = UCU~!. As a consequence AV = VH. The iterates

are
i = Viy™

where V/ is the matrix of the k first columns of /. The residual

Ik is

Vier—AV,y k) = Vk(el—HkY(k))_hk+1,kY;Ek)Vk+1 = Vig1(er—Hy®)



The Q-OR method is defined (provided that Hj is nonsingular) by
Hiy ™) = e

This annihilates the first term in the residual

In the Q-MR method y(k) is computed as the solution of the least
squares problem
minles ~ Hyy|

where H, is (k +1) x k. The vector z} = e; — H,y(¥) is referred

as the quasi-residual. The residual vector is r,i‘/’ = Vk+1z,iw



Generally, the two problems are solved using Givens rotations with
sines s;. It is known that

1z = [s152 - - - sk

Moreover we have a relation between the Q-OR residual norms and
the Q-MR quasi-residual norms
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Properties of Q-OR and Q-MR methods

From these results we can show by induction that

1
(U1l = 75—
[fo

A consequence of this result is the following

Let My, 1 = U;+1 Uk+1. Then

1

121> = ——~—
(Mkjl)lal

The difference with GMRES is that we only have the norm of the
quasi-residual



Let A be a diagonalizable matrix with A = XAX ! and
Z =V~'X. Then
121> = o1/

with
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where the summations are over all sets of indices /1, Jx11, Ik, Jk
defined as /; to be a set of £ indices (i1, io, ..., i¢) such that
1<in<---<ig<n,Z,y, is the submatrix of Z whose row and
column indices are defined by /; and J; and ¢ = X~ 1h



This result arises from Hz,f/’H2 = 1/(Mkf_&1)171 and

M = U'U=K'V*ViK
= (c Ac --- A"*lc)*Z*Z(c Nc --- /\”*lc)
It yields
Mk+]_ - V;:_,'_l DEZ*ZDCV[(+1

where D, is diagonal and Vi1 is an n x (k 4+ 1) Vandermonde
matrix

We compute the (1, 1) entry of the inverse using Cramer's rule and
the Cauchy-Binet determinant formula



Construction of linear systems with a prescribed
convergence curve

Can we construct linear systems with a prescribed convergence
curve and a prescribed spectrum for Q-OR and Q-MR methods?

For FOM/GMRES this is easy since we just have to construct an
upper triangular matrix U~ with the inverses of the FOM residual
norms on the first row. Then we take

A= VUCU~tV*, b= Ve,

where C is the companion matrix of the given eigenvalues and V
is any unitary matrix

Things are more difficult for some Q-OR/Q-MR methods



BiCG

We would like to find a matrix

v B 0 0 0
p2 2 B3 0 o0

H=|o - , .o | =vcut
0 0 Pn—1 7Yn—-1 /jn
0 O 0 Pn n
such that the first row of U~' is prescribed as (1 g1 -+ gn-1)
with g; # 0
Let wo,...,wy be arbitrary chosen entries of the last column of

U= with w, # 0 and wy = g1



The last column of U~tH = CU! yields

&n—20n + gn—17n —QoWn

Wnn Wn—1 — Qp—1Wn

We use the first and last equations

g2 &1\ (bn) _ —QQWn
0 Whn Yn Wn—1 — Qp—1Wp
The solution of this 2 x 2 non singular linear system vyields v,, 5,

From the other equations that we discarded we can compute the
unknown entries v , 1 of column n — 1 of U1t



Then we go on with column n—1

We have three unknowns (3,_1,v,-1 and p,
We first take the first and the last two equations
This gives us a linear system with an upper triangular system

&n-3 8n—2 8n—1 ,gnfl 0
0 Vp—1,n—1 Wh—1 Yn—1 | = | Vn—2,n—1
0 0 Wn Pn Vn—1,n—1
And so on...

So far we don’t know how to completely handle the case with zero
entries on the first row of U~!

This algorithm can be extended to a larger upper bandwidth



Conclusion

Many properties of FOM/GMRES are extended to general
Q-OR/Q-MR methods

We express the Q-MR quasi-residual norms as functions of the
eigenvalues, the eigenvectors, the right-hand side and the basis of
the Krylov space

We have a parametrization of the class of matrices with a
prescribed spectrum and a prescribed Q-OR/Q-MR convergence
curve

In particular we can construct examples with a BiCG (finite)
convergence curve
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