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We solve the linear system
Ax =b

with GMRES [Saad and Schultz (1986)]

A'is a matrix of order n and xg = 0, [|b]| =1
The question we would like to address is:
what determines GMRES convergence?

This is a continuation of the 2012 SD talk which was dealing with
normal matrices



GMRES

GMRES uses the Arnoldi process to construct an orthonormal basis
of the Krylov susbpsace

Kn(Ab)={b Ab ... A"1lp}
Assume the basis vectors are linearly independent. Then,
AV =VH, V*V =I,

and H is (unreduced) upper Hessenberg

The GMRES iterates xx = Vi yx are computed by solving

min  ||b — Axk||
XkGKk(A,b)



Let
K:(b Ab - -. A”_lb)

be the non singular Krylov matrix and
K=W
with U upper triangular and non singular. Then
H=UcU™*

C being the companion matrix of A

[This is a consequence of AK = KC]



We have the following result for the GMRES residual norms
[proved by many people: Stewart, Zitko, Ipsen, Liesen, RozloZnik
and Strako and Sadok]

ot
(/\/’;:+11)1,17

where M = U*U = K*K and M. 1 its principal submatrix of
order k+1

Irel? =

We will use two simple tools:

» Cramer’s rule (1750 but known before that)

» The Cauchy-Binet formula (1812) for det(AB) with A and B
rectangular



Diagonalizable matrices

Let A= XAX"!and c = X~!h. Then
K:X(c Ac --- /\”_1c)
Therefore
M= (c Ac - A"Lc)"X*X (c Ac

and
Mk+]_ - V;:_,'_l DEX*XDCVk+1

with D, diagonal with ¢; as diagonal entries and ...

A""te)
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Let F = XD:Vi41, an n x (k + 1) matrix. Then My,; = F*F and
by the Cauchy-Binet formula

det(Mi1) = > | det(Fy,., )

lks1

where /1 is a set of k 4+ 1 row indices (il, I, --~7ik+1) such
that 1 </p <--- <ixy1 < nand Fy . is the submatrix of F
whose row indices belong to /1

Fioono = (XDe)i oy Vv, [(k+1) x n]x[nx (k+1)]

Hence we can again apply the Cauchy-Binet formula (this is what
is different from the normal case - paper by Duintjer Tebbens, GM,
Sadok and Strakos, submitted)



det(F/kH,i) = Z det(Xlk+17Jk+1)Cj1 G det(v()‘jlv SR )\jk+1))

k41
with
1\, A
1 A, A
V()‘h? ) /\jk+1) - : .
1 )\jk+1 A



Similarly

Ma.k+1.2:k+1 = VENDX* XD AV

Hence we can apply the same technique for computing
det(Ma:k11,2:k+1)



The norm of the residual

Then ||r||> = N/D with

N = Z Z det(XIk+1:Jk+1)Cj1 Gk H (/\jp - )‘j/)

het1 | Jies1 N<<Jp<Jk+1

and

D= Z Zdet X, Ji CJI S G At A H (/\jp - )‘j/)
Iy

J1<r<ip<Jk
where the summation is over all such possible ordered sets of

indices

For k =1 the denominatog is a bit different

D=3 |21 XijGh



Hence, the residual norms depend on the (differences of the)
eigenvalues, the eigenvectors and the right-hand side (through

X~1b)

Can we extend these results to non-diagonalizable matrices using
the Jordan canonical form?

Let us consider a small example



An example with two Jordan blocks

Let A= SJS ! of order 5, c = S~ 1bh and J defined as

Al
Al
J= A

L

A #0
Then
M=K*K and K= K(A,b) =SK(J,c)

We don’t have a diagonal matrix any longer. Let us compute
K(J,c)



c Ac + o )\zcl +2Xep + 3 )\351 + 3/\2c2 + 3)Xc3 /\4c1 + 4)\3C2 + 6)\2«:3

o Ao+ A¢y 42Xz Ne +33%¢ Mo +4X3c
K(J,c)= | c3 Acz A3 ez Ay

cs neg + cs u264 + 2pucs ;/,3C4 + 3u265 ;L4C4 + 4H3C5

cs f1cs s nies uhes

We can separate the coefficients and the eigenvalues

i G G 0 0 1 A )\2 )\3 /\4
o ca 0 0 O 0 1 2\ 3X\2 43
K(J,c)=CT=|c 0 0 0 O 0 0 1 3)x 6
0 0 0 a o 1 pop? ot
0 0 0 o O 0 1 2u 3p® 448



Let the Cholesky factorization of S*S be $*S = R*R where R is
upper triangular and let Y = RC. Then

M= K*K = K(J,c)*S*SK(J,c) = T*C*R*RCT = T*Y*YT

The matrix Y has the following structure,

X X X X X
x x 0 x x
Y=|x 0 0 x x
0 0 0 x x
0 00 x O



Then, using the same techniques as before, the GMRES residual
norms are given by

Hf H2 o zlk+1 ‘ ZJk+1 det( Ylk+1~Jk+1) det( TJk+1a[11k+1])’2
kil — 2

> |22y, det(Y), 5, ) det( Ty, ikray)

The main (open) problem is to compute the determinants of
submatrices of T

This can be done for small examples

For our previous example and for k < 3, we have determinants of
submatrices of T equal to 1



But, for k = 3 we have

Determinants of T, (1.4

[ Indices in J; | value ‘
{1,2,3,4} (u—2N)°
{1,2,3,5} 3(u — N)?
{1,2,4,5} (u—N)*
{1,345} | —2(p—N)?
{2,3,4,5} 3(p — A)?

We remark that all the terms in det(M,) have ;. — A as a factor

This was not the case for k =2



For the general case the block of n; rows of T corresponding to
the eigenvalue )\; is

1 N A2 .. )\7:'*1 )\7*1

1

) ni—1 ni—2 n—1 n—2
oty (T ()
n,-—l ni—3 n—2 n—3
001---<2>/\, <2>A,




It seems difficult to compute analytically all the determinants we
need. But some results can be obtained. For instance,

Proposition
If k < max;(n;) there are determinants of submatrices in
T{1:kq1),[1:k 1) that are equal to 1



Scaled Jordan blocks
See Ipsen (1998), Tichy, Liesen and Faber (2007)

This is a case that can be handled completely using the same

machinery as before

A
Ay
A=
A
A
Then A= SJS—!
Al 1
Al 1/n
J= - , S= 1/
A1

1/77n71



Theorem

Let b be an n-vector of unit norm and B the Hankel matrix of
order n defined by (b1, by, ..., by, 0,...,0). The GMRES residual
norms when solving Ax = b, with xp = 0 and A a scaled Jordan
block of order n defined by \ and 1, satisfy

Y | det(Br k)

2
Il = o
with
D I/ det(By, 76) + (A/n)<H det(B,, 1) +
+ (A\/n) det(B,kak) + det(Blk,I}jﬂ)F
where Tf, j = 1,..., k + 1 are the sets of indices with k elements

in the ordered comb/natlons of k + 1 elements enumerated in
lexicographic ordering



Generalization to other Krylov methods

Most of the results are still valid for a QMR-like method using any
ascending basis of the Krylov space

K=WU

V being any non singular matrix whose columns span the Krylov
space with U upper triangular. Then we define

H=UcUu™*

with C the companion matrix of A = AV = VH

xx = Viy with y minimizing the norm of the quasi-residual z
ler — Hyyll

for xo = 0,||b]| =1



Examples: QMR (Freund and Nachtigal), CMRH (Sadok)
In QMR one computes a bi-orthogonal basis (with K(A”, b))

In CMRH one computes an Hessenberg basis V' = P [ with P a
permutation matrix and L lower triangular (based on LU
factorization of K)

We can obtain an expression for the norm of the quasi-residual for
diagonalizable matrices using U = V1K



Let M = U*U # K*K and M1 a principal matrix of M. Then

1
2l = ———~—
(Mk+1)171
and ||z |> = N/D with
2
N = Z Z det(Z/k+17Jk+1)Cj1 Gl H ()\jp - )‘J'/) )
It | Jis N<ir<ip<Jjk+1

2

D= Z Zdet 213 )G G A Ay H (N = i)
I

1 <ir<lp<Jk

with Z = V*IX, X eigenvector matrix



Conclusion

We have shown how the GMRES residual norms depend on the

eigenvalues, eigenvectors and the right-hand side for diagonalizable
matrices

The case of the Jordan canonical form is more complicated with
only partial results

Most of the results can be extended to quasi-minimal residual
methods
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