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Introduction

• Domain decomposition is a “divide and conquer” technique

• Natural framework to introduce parallelism in the solution of PDE’s

• General scheme:

◦ Decompose the problems into subproblems

◦ Solve the subproblems in parallel

◦ Glue the (sub)solutions together to get the global solution

• The modern view on DD is to construct preconditioners for Krylov

iterative methods for solving linear systems



• There are hundreds of variants of DD preconditioners

• Two main classes

◦ methods with overlapping (Schwarz)

◦ methods without overlapping (interface problems)

• Methods differ also on other issues:

◦ exact or inexact solvers for subproblems

◦ solve a reduced system or the global system

◦ etc. . .

• Most DD methods for PDEs rely on mesh partitioning



The classical Schwarz alternating method

• Solve a 2nd order elliptic PDE in a bounded 2D domain Ω

• The domain Ω is split into two overlapping subdomains Ω1 and Ω2

• Γi, i = 1, 2, is the part of the boundary of Ωi enclosed in Ω
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◦ Guess a value for the unknowns on the inner boundary Γ1

◦ Solve the problem exactly in Ω1

◦ Use the computed values on the inner boundary Γ2 to solve exactly

in Ω2

◦ Repeat the process until convergence



• This very simple method “almost always” converges

• We consider the Poisson model problem but the results are more

generally true for bilinear forms

−∆u = f in Ω, u|∂Ω = 0.

• Basic Schwarz =

−∆u2k = f in Ω1, u2k|Γ1 = u2k−1|Γ1 ,

−∆u2k+1 = f in Ω2, u2k+1|Γ2 = u2k|Γ2 ,

+ given boundary conditions on the other parts of the boundary

• The bilinear form a of the problem is defined as

a(u, v) =
∫

Ω

∇u · ∇v dx.

• The model problem can be written in variational form as

a(u, v) = (f, v), ∀v ∈ H1
0 (Ω).



• Let V1 = H1
0 (Ω1) and V2 = H1

0 (Ω2) and the projectors P1 and P2

defined by

a(Piv, w) = a(v, w), ∀w ∈ Vi, i = 1, 2.

• Functions defined only on subdomains are extended by 0 to H1
0 (Ω)

a(u2k − u, v1) = 0, ∀v1 ∈ V1, u2k − u2k−1 ∈ V1,

a(u2k+1 − u, v2) = 0, ∀v2 ∈ V2, u2k+1 − u2k ∈ V2.

• This gives

u − u2k = (I − P1)(u − u2k−1),

u − u2k+1 = (I − P2)(u − u2k).

Therefore,

u − u2k+1 = (I − P2)(I − P1)(u − u2k−1).



• This is known as the multiplicative Schwarz method

• We have to study the convergence of

v0 ∈ V, v2k = (I − P1)v2k−1, v2k+1 = (I − P2)v2k.

Theorem (P.L. Lions)

If V = V1 + V2, where the overbar denotes the closure of the set,

then vk −→ 0.

Moreover, if V = V1 + V2 then

‖(I − P2)(I − P1)‖ ≤ c, c < 1.



The matrix form of the Schwarz alternating method

• Solve a 2nd order elliptic equation in a rectangle using a 5 point

FD scheme with the natural (rowwise) ordering

A =


D1 −BT

2

−B2 D2 −BT
3

. . .
. . .

. . .

−Bm−1 Dm−1 −BT
m

−Bm Dm

 .

Suppose the mesh is partitioned as

Ω

Ω

1

2



• The matrix A(1) corresponding to Ω1 is

A(1) =


D1 −BT

2

−B2 D2 −BT
3

. . .
. . .

. . .

−Bp−2 Dp−2 −BT
p−1

−Bp−1 Dp−1

 ,

• The matrix A(2) corresponding to Ω2 is

A(2) =


Dl+1 −BT

l+2

−Bl+2 Dl+2 −BT
l+3

. . .
. . .

. . .

−Bm−1 Dm−1 −BT
m

−Bm Dm

 .

• Let us denote the matrix A in block form as

A =
(

A(1) A(1,2)

X X

)
and A =

(
Y Y

A(2,1) A(2)

)
,

and let b1 and b2 be the restrictions of the right hand side b to Ω1

and Ω2

• Note that A(1,2) has only one non–zero block in the left lower

corner and A(2,1) is zero except for the upper right block



• We denote by x1 and x2 the unknowns in Ω1 and Ω2

• We extend the vectors x1 and x2 to Ω by completing with the

components of the previous iterate

• The Schwarz alternating method is

A(1)x2k
1 = b1+


0
...
0

BT
p (x2k−1

2 )p

 , A(2)x2k+1
2 = b2+


Bl+1(x2k

1 )l
0
...
0

 .

=⇒

x2k
1 = x2k−1

1 + (A(1))−1(b1 − A(1)x2k−1
1 − A(1,2)x2k−1

1,2 ),

x2k+1
2 = x2k

2 + (A(2))−1(b2 − A(2)x2k
2 − A(2,1)x2k

2,1).

x2k = x2k−1 +
(

(A(1))−1 0
0 0

)
(b − Ax2k−1),

x2k+1 = x2k +
(

0 0
0 (A(2))−1

)
(b − Ax2k).



By eliminating x2k we obtain

x2k+1 = x2k−1 + [
(

(A(1))−1 0
0 0

)
+
(

0 0
0 (A(2))−1

)
−
(

0 0
0 (A(2))−1

)
A

(
(A(1))−1 0

0 0

)
]r2k−1,

r2k−1 = b − Ax2k−1.

• The Schwarz alternating method is nothing else than a precondi-

tioned Richardson iteration

• This method can also be written with another notation

◦ We introduce restriction operators R1 and R2

xk
1 = R1x

k, xk
2 = R2x

k.

R1 is simply ( Ip−1 0 ) and R2 = ( 0 Im−l+1 )

A(1) = R1ART
1 , A(2) = R2ART

2 .



• The first step of the iteration is:

◦ restriction by R1

◦ apply the inverse of R1ART
1

◦ extension of the result by RT
1

x2k = x2k−1 + RT
1 (R1ART

1 )−1R1(b − Ax2k−1).

• The second step is

x2k+1 = x2k + RT
2 (R2ART

2 )−1R2(b − Ax2k).

Proposition

The matrix Pi = RT
i (RiART

i )−1RiA, i = 1, 2 is an orthogonal pro-

jection in the scalar product defined by A

If εk is the error, we have

ε2k = (I − P1)ε2k−1, ε2k+1 = (I − P2)ε2k.

• Pi is the discrete version of the projection operator we introduced

earlier



The rate of convergence

• Let us consider a one dimensional Poisson model problem

A(1) =


2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2


of order p − 1 and A(2) which is the same matrix but of order n − l

Proposition

We have

ε2k
i =

i

p
ε2k
p , i = 1, . . . , p − 1

ε2k+1
i =

n − i + 1
n − l + 1

ε2k+1
l , i = l + 1, . . . , n.



• This is because

A(1)

 ε2k
1
...

ε2k
p−1

 =


0
...
0

ε2k−1
p


and ε2k

p = ε2k−1
p , ε2k+1

l = ε2k
l

• At the end of the first half step, the error is maximum for the node

p and linear (being 0 at the ends of the interval)

• At the end of the second half step, the error is maximum for the

node l and linear
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At odd steps, the maximum of the (absolute value) of the error is

obtained for node l and

‖ε2k+1‖∞ =
l

p

n − p + 1
n − l + 1

‖ε2k−1‖∞.

• The larger the overlap (p − l) the faster the convergence



• The same analysis can be done on this problem for a larger number

of subdomains as the error is still linear on each subdomain

• The rate of convergence is slower when we have a large number of

subdomains
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Other boundary conditions

• A way to reduce the overlap while maintaining a good convergence

rate is to use other inner boundary conditions than Dirichlet for the

subproblems (W.P. Tang)

• WPT proposed using inner mixed boundary conditions like conti-

nuity of

ωu + (1 − ω)
∂u

∂n
.

• Numerical results show that this can substantially improve the rate

of convergence for small overlaps



Parallelizing Schwarz methods

• There is no parallelism in the Schwarz alternating method

• To get a parallel algorithm we use a coloring of the subdomains

such that a subdomain of one color is only connected to subdomains

of other colors

• For strips a red–black ordering is used, every other strip is black,

and red strips alternate with black strips



The additive Schwarz method

• The alternating Schwarz method can be considered as a kind of

Gauss-Seidel algorithm

• A way to get a parallel algorithm is to use instead a block Jacobi–

like method

This is known as the Additive Schwarz method, (Dryja and Widlund)

M−1 =
∑
i

RT
i (RiART

i )−1Ri,

where the summation is over the number of overlapping subdomains

• More generally, one can replace the exact solves for each subdomain

by approximations and define

M−1 =
∑
i

RT
i M−1

i Ri.



Adding a coarse mesh correction

• The rate of convergence of the multiplicative or additive Schwarz

methods depends on the number of subdomains

• To improve on this we add a coarse grid correction

• The coarse grid corresponds to the interfaces in the partitioning

M−1 =
∑
i

RT
i (RiART

i )−1Ri + RT
0 A−1

C R0,

• The coarse grid operator may be chosen as a Galerkin approximation

AC = R0ART
0

• If the extent of overlap is kept proportional to the “sizes” of the

subdomains the number of iterations is independent of n and of the

number of subdomains



An additive Schwarz preconditioner for parabolic problems

∂u

∂t
− ∂

∂x
(a(x, y)

∂u

∂x
) − ∂

∂y
(b(x, y)

∂u

∂y
) = f

in Ω ⊂ �2,

u |∂Ω= 0, u(x, 0) = u0(x).

The model problem that is considered is the heat equation :

∂u

∂t
− ∆u = f,

with Dirichlet boundary conditions, Ω being the unit square

• For stability and efficiency an implicit Crank–Nicolson scheme

• We discretize the space variables with FD



• Time is discretized with the usual centered scheme : with t ∈ [0, T ],

k = ∆t being the time step, p referring to the values of unknowns

at time pk, we have

up+1 − up

k
+

1
2h2

(Aup+1 + Aup) =
1
2

(fp+1 + fp),

• At every time step this gives a linear system to solve:

(2
h2

k
I + A)up+1 = 2

h2

k
up − Aup + h2(fp+1 + fp).

Atx = h2(fp+1 + fp) − 2Aup,

where θ = 2h2

k , and At = θI + A

Then up+1 = x + up

• We remark that for our problem, At is a symmetric strictly diago-

nally dominant M–matrix



• This method was inspired by an algorithm of Y. Kuznetsov

• It belongs to the class of Additive Schwarz methods

• Contrary to Kuznetsov, we use CG to solve the linear system at

each time step and DD only to provide a preconditioner

• The domain Ω is divided into non–overlapping subdomains Ωi,

i = 1, . . . , l

• Each Ωi is extended to a domain Ω̂i that overlaps the neighbors of

Ωi (restricted of course to Ω)



• To solve Mz = r, the following steps are performed :

◦ for each subdomain Ω̂i, i = 1, . . . , l, let Âi be the ni × ni matrix

arising from the discretization of the problem on Ω̂i with homoge-

neous Dirichlet boundary conditions

◦ Let r̂i be the vector of length ni that will be the right hand side

on Ω̂i, whose entries are equal to those of r for components corre-

sponding to mesh points in Ωi and 0 elsewhere

◦ Then let ẑi be defined by solving a problem on Ω̂i:

Âiẑi = r̂i.

◦ We extend ẑi to a vector zi on the whole Ω with 0 components

corresponding to mesh points outside Ω̂i

◦ The solution z is simply defined as

z =
l∑

i=1

ẑi.

• The main problem is to know where to put the artificial boundaries



Algebraic domain decomposition methods without overlapping

• We consider a square domain Ω decomposed into two subdomains

• An elliptic second order PDE in a rectangle discretized by FD

• Let Ω1 and Ω2 be the two subdomains and Γ1,2 the interface which

is a mesh line

Ω

Ω

1

2

Γ1,2

• We denote by m1 (resp. m2) the number of mesh lines in Ω1 (resp.

Ω2), each mesh line having m mesh points (m = m1 + m2 + 1)



• We renumber the unknowns in Ω

Let x1 (resp. x2) be the vector of unknowns in Ω1 (resp. in Ω2) and

x1,2 be the vector of the unknowns on the interface

 A1 0 E1

0 A2 E2

ET
1 ET

2 A12

 x1

x2

x1,2

 =

 b1

b2

b1,2

 .

E1 = (0 0 . . . 0 Em1
1 )T , E2 = (E1

2 0 . . . 0)T ,

where Em1
1 and E1

2 are diagonal matrices

• Most algebraic DD methods are based on block Gaussian elimina-

tion (or approximate block Gaussian factorization) of the matrix

• Basically, we have two possibilities depending on the fact that we

can or cannot (or do not want to) solve linear systems corresponding

to subproblems like

{
A1y1 = c1

A2y2 = c2

“exactly” with a direct method (or with a fast solver)



Exact solvers for the subdomains

• We eliminate the unknowns x1 and x2 in the subdomains

This gives a reduced system for the interface unknowns

Sx1,2 = b1,2,

with

b1,2 = b1,2 − ET
1 A−1

1 b1 − ET
2 A−1

2 b2

and

S = A12 − ET
1 A−1

1 E1 − ET
2 A−1

2 E2.

The matrix S is the Schur complement of A12 in A

• Constructing and factoring S is costly

• A more economical solution is to solve the reduced system with

matrix S on the interface with an iterative method



Theorem

For the Poisson model problem the condition number of the Schur

complement is

κ(S) = O(
1
h

).

• The product, Sp can be computed easily as

Sp = A1,2p − ET
1 A−1

1 E1p − ET
2 A−1

2 E2p,

p being a vector defined on the interface

E1p = (0 . . . 0 Em1
1 )T p = (0 . . . 0 Em1

1 p)T ,

E2p = (E1
2 0 . . . 0 )T p = (E1

2p 0 . . . 0)T .

Then w1 = A−1
1 E1p is computed by solving

A1w
1 = E1p,

This is solving a linear system corresponding to a problem in Ω1



• Note that only the last block of the right hand side is different

from 0 and because we only need ET
1 w1, the last block w1

m1
of the

solution w1 is what we must compute

• Similarly, w2 = A−1
2 E2p is computed by solving

A2w
2 = E2p,

a problem in Ω2

Finally, we have

Sp = A1,2p − w1
m1

− w2
1.

• To improve the convergence rate of CG on the reduced system, a

preconditioner M is needed

• The main problem is:

Find an approximation of the Schur complement S



Approximate solvers for the subdomains

• Let us choose M in the form

M = L

M−1
1

M1
2

M−1
1,2

LT ,

where M1 (resp. M2) is of the same order as A1 (resp. A2) and

M1,2 is of the same order as A1,2. L is block lower triangular

L =

M1

0 M2

ET
1 ET

2 M1,2


• At each PCG iteration, we must solve a linear system like

Mz = M

 z1

z2

z1,2

 = r =

 r1

r2

r1,2

 .

• This is done by first solving Ly = r, where the first parallel two

steps are

M1y1 = r1, M2y2 = r2.



• Finally, we solve for the interface

M1,2y1,2 = r1,2 − ET
1 y1 − ET

2 y2.

• To obtain the solution, we have a backward solve step as

 I 0 M−1
1 E1

I M−1
2 E2

I

 z1

z2

z1,2

 =

 y1

y2

y1,2

 .

This implies that z1,2 = y1,2 and

M1w1 = E1z1,2, z1 = y1 − w1,

M2w2 = E2z1,2, z2 = y2 − w2.

• How to choose the approximations M1, M2 and M1,2?



M =

M1 0 E1

0 M2 E2

ET
1 ET

1 M∗
1,2

 ,

where

M∗
1,2 = M1,2 + ET

1 M−1
1 E1 + ET

2 M−1
2 E2.

• We would like M to be an approximation of A, it makes sense to

choose

M1 ≈ A1, M2 ≈ A2,

and

M∗
1,2 ≈ A1,2 =⇒ M1,2 ≈ A12 − ET

1 M−1
1 E1 − ET

2 M−1
2 E2.

• We are back to the same problem as before; that is to say, M1,2

must be an approximation to the Schur complement S



Approximate Schur complements in the two subdomains case

• We suppose that A has a block tridiagonal structure

A =


D1 −BT

2

−B2 D2 −BT
3

. . .
. . .

. . .

−Bm−1 Dm−1 −BT
m

−Bm Dm

 ,

A1 =


D1 −BT

2

−B2 D2 −BT
3

. . .
. . .

. . .

−Bm1−1 Dm1−1 −BT
m1−Bm1 Dm1

 ,

A2 =


Dm1+2 −BT

m1+3

−Bm1+3 Dm1+3 −BT
m1+4

. . .
. . .

. . .

−Bm−1 Dm−1 −BT
m

−Bm Dm

 ,

and

A1,2 = Dm1+1, Em1
1 = −BT

m1+1, E1
2 = −Bm1+2.



• We consider a block twisted factorization of A, the block in the

center being j = m1 + 1.

A1 = (∆ + L1)∆−1(∆ + LT
1 ),

where ∆ is a block diagonal matrix and L1 is the block lower trian-

gular part of A1 which is of block order m1

A2 = (Σ + LT
2 )Σ−1(Σ + L2),

where Σ is a block tridiagonal matrix and L2 is the block lower

triangular part of A2

• We denote the diagonal blocks of Σ by Σm1+2, . . . , Σn

{
∆1 = D1,

∆i = Di − Bi∆−1
i−1B

T
i , i = 2, . . . ,m1

and

{
Σm = Dm,

Σi = Di − BT
i+1Σ−1

i+1Bi+1, i = m − 1, . . . ,m1 + 2



Theorem

S = Dm1+1 − Bm1+1∆−1
m1

BT
m1+1 − BT

m1+2Σ−1
m1+2Bm1+2.

• Now we consider the eigenvalues of the Schur complement for

separable problems

A =


T −I
−I T −I

. . .
. . .

. . .

−I T −I
−I T

 ,

T = QΛQT ,

Q being such that QQT = I and Λ being a diagonal matrix whose

diagonal elements are the eigenvalues of T

We denote these eigenvalues by λl, l = 1, . . . ,m



Theorem

The spectral decompositions of matrices ∆i and Σi are

∆i = QΛiQ
T , Σi = QΠiQ

T ,∀i
where Λi and Πi are diagonal matrices whose diagonal elements are

given for l = 1, . . . ,m by


(Λ1)l,l = Λl,l = λl,

(Λi)l,l = λl − 1
(Λi−1)l,l

, i = 2, . . . ,m1

and


(Πm)l,l = λl,

(Πi)l,l = λl − 1
(Πi+1)l,l

, i = m − 1, . . . ,m1 + 2

Proposition

If λl �= 2, then

(Λi)l,l =
(rl)i+1

+ − (rl)i+1
−

(rl)i+ − (rl)i−
, i = 1, . . . ,m1

(Πj)l,l =
(rl)

m−j+2
+ − (rl)

m−j+2
−

(rl)
m−j+1
+ − (rl)

m−j+1
−

, j = m, . . . ,m1 + 2

where (rl)± =
λl±

√
λ2

l
−4

2



Theorem

The spectral decomposition of the Schur complement is

S = QΘQT ,

where Θ is a diagonal matrix whose diagonal elements θl are given

by

θl = λl−
(rl)m1

+ − (rl)m1−
(rl)m1+1

+ − (rl)m1+1
−

− (rl)m2
+ − (rl)m2−

(rl)m2+1
+ − (rl)m2+1

−
, l = 1, . . . ,m

where (rl)± =
λl±

√
λ2

l
−4

2

• We do not need to explicitly know the eigenvectors Q to compute

the eigenvalues

Proposition

Let λl = 2 + σl and γl =
(

1 + σl

2 −
√

σl + σ2
l

4

)2

, then

θl =

(
1 + γm1+1

l

1 − γm1+1
l

+
1 + γm2+1

l

1 − γm2+1
l

)√
σl +

σ2
l

4
, ∀l = 1, . . . ,m



• We note that if we assume λl > 2,∀l, as (rl)± > 0 and (rl)+ >

(rl)−, we have 0 < γl < 1.

• Consider the case of the model problem

λl = 2 + σl = 4 − 2 cos(lπh), l = 1 . . . ,m

where h = 1
m+1

σmin = 2 − 2 cos(πh) = 2π2h2 + O(h4),

σmax = 2 − 2 cos(π
m

m + 1
) = 4 − O(h2).

θmin = C1h + O(h2), θmax = C2 + O(h2),

where C1 and C2 are two constants independent of h and

κ(S) = O

(
1
h

)
.



• Let us now look at the eigenvalues of S when, for a fixed h, the

domains Ω1 and Ω2 extend to infinity

Theorem

If λl > 2,

θl → 2

√
σl +

σ2
l

4
when mi → ∞, i = 1, 2.

Dryja’s preconditioner

Let T2 be the matrix corresponding to finite difference discretization

of the one–dimensional Laplacian

T2 = Q2Σ2Q
T
2 ,

where Σ2 is the diagonal matrix of the eigenvalues

σi = 2 − 2 cos(iπh), i = 1, . . . ,m

qi,j =

√
2

m + 1
sin(ijπh), i, j = 1, . . . ,m.



• We define the Dryja’s preconditioner MD as

MD = Q2

√
Σ2Q

T
2 .

Proposition

For the model problem, the eigenvalues of M−1
D S are

λl(M−1
D S) =

(
1 + γm1+1

l

1 − γm1+1
l

+
1 + γm2+1

l

1 − γm2+1
l

)√
1 +

σl

4
, l = 1, . . . ,m

where γl was defined before

Theorem

For the Poisson model problem κ(M−1
D S) = O(1).

• In a practical way, the action of M−1
D on a vector can be imple-

mented as two one dimensional FFTs and a division by the eigenvalues



Golub and Mayers’ preconditioner

• The Golub and Mayers’ preconditioner is an improvement upon

Dryja’s preconditioner

MGM = Q2

√
Σ2 +

Σ2
2

4
QT

2 .

Proposition

The eigenvalues of M−1
GMS are

λl(M−1
GMS) =

(
1 + γm1+1

l

1 − γm1+1
l

+
1 + γm2+1

l

1 − γm2+1
l

)
, l = 1, . . . ,m

Theorem

For the Poisson model problem κ(M−1
GMS) = O(1).



The Neumann–Dirichlet preconditioner

• This preconditioner was introduced by Bjørstad and Widlund

 A1 0 E1

0 A2 E2

ET
1 ET

2 A1,2

 x1

x2

x1,2

 =

 b1

b2

b1,2

 ,

• We can distinguish what in A1,2 comes from subdomain Ω1 and

what comes from Ω2

A1,2 = A
(1)
1,2 + A

(2)
1,2.

Since we know that

S = A1,2 − ET
1 A−1

1 E1 − ET
2 A−1

2 E2,

we can define

S(1) = A
(1)
1,2 − ET

1 A−1
1 E1, S(2) = A

(2)
1,2 − ET

2 A−1
2 E2,

and S = S(1) + S(2)



• The Neumann–Dirichlet preconditioner is defined as

MND = S(1).

Note, that we could also have chosen S(2) instead of S(1)

Proposition

The eigenvalues of MND are

λl(MND) =

(
1 + γm1+1

l

1 − γm1+1
l

)√
σl +

σ2
l

4
, l = 1, . . . ,m

and the eigenvalues of M−1
NDS are

λl(M−1
NDS) = 1 +

(
1 − γm1+1

l

1 + γm1+1
l

)(
1 + γm2+1

l

1 − γm2+1
l

)
Theorem

For the Poisson model problem κ(M−1
NDS) = O(1).

Note that if m2 = m1, the preconditioner is exact



Why is this preconditioner called “Neumann–Dirichlet”?

S(1)y12 = (A(1)
1,2 − ET

1 A−1
1 E1)y1,2 = c1,2,

is equivalent to solving

(
A1 E1

ET
1 A

(1)
1,2

)(
y1

y1,2

)
=
(

0
c1,2

)
.

For second order elliptic PDEs, it is easy to see that this is simply

solving a problem in Ω1 with given Neumann boundary conditions on

the interface

When the solution is known on the interface, it is enough to solve a

Dirichlet problem in Ω2



The Neumann–Neumann preconditioner

• This preconditioner was introduced by Le Tallec

M−1
NN =

1
2

[
(S(1))−1 + (S(2))−1

]
Note that we directly define the inverse of the preconditioner as an

average of inverses of “local” (to each subdomain) inverses of Schur

complements.

Proposition

The eigenvalues of M−1
NN are given by

λl(M−1
NN ) =

1
2

[
1 − γm1+1

l

1 + γm1+1
l

+
1 − γm2+1

l

1 + γm2+1
l

]
1√

σl + σ2
l

4

and the eigenvalues of M−1
NNS are

λl(M−1
NNS) = 1 +

1
2

(
1 − γm1+1

l

1 + γm1+1
l

)(
1 + γm2+1

l

1 − γm2+1
l

)

+
1
2

(
1 − γm2+1

l

1 + γm2+1
l

)(
1 + γm1+1

l

1 − γm1+1
l

)
Theorem

For the Poisson model problem κ(M−1
NNS) = O(1).



Probing

• There are other ways to construct preconditioners for the Schur

complement S

S = A1,2 − ET
1 A−1

1 E1 − ET
2 A−1

2 E2,

• We know how to compute Sv for a given v by solving two inde-

pendent subproblems

• Idea: approximate S by a banded matrix M

• We compute the elements of M by requiring that

Mvi = Svi, i = 1, . . . , q

for a given set of vectors vi, i = 1, . . . , q

• This idea (denoted as probing) was introduced by Chan and Axels-

son and Polman
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• Suppose we would like to compute a tridiagonal approximation M

of S

v1 = ( 1 0 0 1 0 0 1 0 0 . . . )T ,

v2 = ( 0 1 0 0 1 0 0 1 0 . . . )T ,

v3 = ( 0 0 1 0 0 1 0 0 1 . . . )T .



• If we denote yi = Mvi, i = 1, 2, 3

y1 = ( m1,1 m2,1 m3,4 m4,4 m5,4 . . . )T ,

y2 = ( m1,2 m2,2 m3,2 m4,5 m5,5 . . . )T ,

y3 = ( 0 m2,3 m3,3 m4,3 m5,6 . . . )T .

• This can be generalized in a straightforward way to constructing a

banded matrix M=Probe(S, d) with 2d + 1 diagonals

• This leads to a non–symmetric M even when starting with a sym-

metric S as the following small example shows

• A way to symmetrize is to define MProbe(S, d) by computing the

i, j entry from M=Probe(S, d) as mi,j if |mi,j | = min(|mi,j |, |mj,i|)
and mj,i otherwise

• Chan and Mathew proved that for the model problem

κ(M−1S) = O

(
1√
h

)
.



Approximations of Schur complements with many subdomains

• We extend the results for two subdomains by considering now the

domain Ω being divided into k strips

• We denote by xi the unknowns in subdomain Ωi and by xi,i+1 the

unknowns on the interface between Ωi and Ωi+1



A =



A1 C1

A2 E2 C2

A3 E3
. . .

. . .
. . . Ck−1

Ak Ek

CT
1 ET

2 A1,2

CT
2 ET

3 B2,3

. . .
. . .

. . .

CT
k−1 ET

k Ak−1,k


,

x =



x1

x2

x3
...

xk

x1,2

x2,3

...
xk−1,k


, b =



b1

b2

b3
...
bk
b1,2

b2,3

...
bk−1,k


.



Ai =


D1

i (A2
i )T

A2
i D2

i (A3
i )T

. . .
. . .

. . .

Ami
i Dmi−1

i (Ami
i )T

Ami
i Dmi

i

 , i = 1, . . . , k

Proposition

The Schur complement matrix S is block tridiagonal and we denote

S =


A′

12 FT
2

F2 A′
23 FT

3

. . .
. . .

. . .

Fk−2 A′
k−2,k−1 FT

k−1

Fk−1 A′
k−1,k

 .

A′
i,i+1 = Ai,i+1 − CT

i A−1
i Ci − ET

i+1A
−1
i+1Ei+1,

Fi = −CT
i A−1

i Ei.



Theorem

The blocks of the Schur complement can be written as

A′
i,i+1 = Ai,i+1 − (Cmi

i )T (∆mi
i )−1Cmi

i − (E1
i+1)T (Σ1

i+1)−1E1
i+1.

If Gl
i = (Σ1

i )−1E1
i and

Gl
i = −(Σl

i)
−1Al

iG
l−1
i , l = 2, . . . ,mi

then

Fi = −(Cmi
i )TGmi

i .

• Now we consider the model problem

• A′
i,i+1 and Fi have the same eigenvectors

• take identical subdomains with m mesh lines

All the matrices A′
i,i+1 are the same and the same is true for matrices

Fi

Let us suppose that Ai,i+1 is of order m



• We have already computed the eigenvalues θl of A′
i,i+1,

θl = 2
(

1 + γm+1
l

1 − γm+1
l

)√
σl +

σ2
l

4
, ∀l = 1, . . . ,m

Proposition

The eigenvalues of Fi are

δl = − (rl)+ − (rl)−
(rl)m+1

+ − (rl)m+1
−

,

where (rl)± =
λl±

√
λ2

l
−4

2 .

δl = − 2γ
m+1

2
l

1 − γm+1
l

√
σl +

σ2
l

4
.

Let Gl
i = QΞl

iQ
T and Σl

i = QΠl
iQ

T . Then

Ξ1
i = (Π1

i )−1, Ξl
i = (Πl

i)
−1Ξl−1

i , l = 2, . . . ,m.

This shows that Fi = QΞm
i QT

If we do a permutation of the unknowns, we see that S is similar to a

block diagonal matrix with m blocks, each block being a tridiagonal

Toeplitz matrix of order k − 1



βl



1 + γm+1
l −γ

m+1
2

l

−γ
m+1

2
l 1 + γm+1

l −γ
m+1

2
l

. . .
. . .

. . .

−γ
m+1

2
l 1 + γm+1

l −γ
m+1

2
l

−γ
m+1

2
l 1 + γm+1

l


,

βl =
2

1 − γm+1
l

√
σl +

σ2
l

4
, l = 1, . . . ,m

Theorem

The eigenvalues of S are

ωl,j =
2

1 − γm+1
l

√
σl +

σ2
l

4

(
1 + γm+1

l − 2γ
m+1

2
l cos

(
jπ

k

))
,

l = 1, . . . ,m j = 1, . . . k − 1

κ(S) = O

(
k

h

)
.

• If k is fixed and h → 0, κ increases as 1/h

• If h is given and we increase the number of subdomains, κ increases

as k

• The problem is to define preconditioners for S



• First idea: use block diagonal preconditioners, the diagonal blocks

arising from the two subdomains case

• Ex: Dryja’s; This preconditioner removes the h dependency but

not that on k and, in fact, we have

κ(M−1
D S) = O(k2).

• The same result is true for the Golub and Mayers’ preconditioner

although the condition number is a little smaller

• It is more difficult to generalize the Neumann–Dirichlet precondi-

tioner to many subdomains

If we do this in the obvious way, we have κ = O(k2)

• The Neumann–Neumann preconditioner can be easily extended to

many subdomains, the inverses of partial Schur complements have to

be weighted by the inverse of the number of subdomains which share

a given node



Inexact subdomain solvers

• If we cannot solve exactly for the subproblems, we are not able to

use an iterative method with S as we cannot compute the matrix×vector

product Sv

• We need a global parallel preconditioner

M = L



M−1
1

M−1
2

. . .

M−1
k

M−1
1,2

. . .

M−1
k−1,k


LT



L =



M1

M2

. . .
. . .

Mk

CT
1 ET

2 M1,2

CT
2 ET

3 H2 M2,3

. . .
. . .

. . .

CT
k−1 ET

k Hk−1 Mk−1,k


• The matrices Mi can be chosen as for the two subdomains case

• For matrices Mi,i+1 and Hi, we have many possible choices



Domain decomposition with boxes

• A domain decomposition with strips can be done for more general

domains by finding pseudo–peripheral nodes and constructing the

level structure corresponding to one of these nodes

• However, except for very large problems, when partitioning in this

way, we cannot use many subdomains. A way to partition with many

subdomains is to use so–called boxes



• Interfaces = two kinds of sets: edges and cross points

• We use an index Ei for the edges, E = ∪Ei and V for the vertices

• Example: model problem with 121 nodes and 9 subdomains ar-

ranged as 3 × 3, each subdomain having 3 × 3 nodes.

61 62 63 114 70 71 72 117 79 80 81
58 59 60 113 67 68 69 116 76 77 78
55 56 57 112 64 65 66 115 73 74 75
103 104 105 120 106 107 108 121 109 110 111
34 35 36 99 43 44 45 102 52 53 54
31 32 33 98 40 41 42 101 49 50 51
28 29 30 97 37 38 39 100 46 47 48
88 89 90 118 91 92 93 119 94 95 96
7 8 9 84 16 17 18 87 25 26 27
4 5 6 83 13 14 15 86 22 23 24
1 2 3 82 10 11 12 85 19 20 21



• With this ordering the structure of S is given as

0 5 10 15 20 25 30 35 40

0
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40

nz = 540
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The Bramble, Pasciak and Schatz preconditioner

a(u, v) = (f, v), ∀v ∈ V

where a is a coercive bilinear form arising from a second order elliptic

PDE, V being a Hilbert space, say H1
0 (Ω) for homogeneous Dirichlet

boundary conditions

• We want to construct another spectrally equivalent bilinear form

b(u, v) such that

λ0b(v, v) ≤ a(v, v) ≤ λ1b(v, v), ∀v ∈ V

and to use b as a preconditioner

• Ω is divided into non–overlapping subdomains Ωk, the edges be-

tween two subdomains being denoted as Γl,m

• Another intermediate form is introduced to eventually allow for

some averaging of the coefficients,

ã(u, v) =
∑
k

∑
i,j

∫
Ωk

aki,j
∂u

∂xi

∂v

∂xj
dx =

∑
k

ãk(u, v).



• The method separates interior, edges and vertices unknowns in the

following way:

u = uP + uH ,

where uP is in
∑

⊕ V 0(Ωk) where functions in V 0(Ωk) have homo-

geneous Dirichlet boundary conditions and

uP = 0 on Γl,m.

uP is defined by

ãk(uP , φ) = ãk(u, φ), ∀φ ∈ V 0(Ωk).

• This takes care of the right hand side and uH is defined by

ãk(uH , φ) = 0 ∀φ ∈ V 0(Ωk).



• The method goes one step further and decomposes uH on the

interfaces as

uH = uE + uV ,

where uE stands for edge unknowns, uV for vertices unknowns,

uV (vj) = u(vj) and uV |Γij is linear, uE(vj) = 0

• BPS defined an operator l0 on the edges: V 0(Γi,j) → V 0(Γi,j) by

∫
Γi,j

c−1l0(w)φ =
∫

Γi,j

cw′φ′, ∀φ ∈ V 0(Γi,j),

where c is piecewise constant

This defines something which behaves like the one dimensional Laplace

operator

b(w, φ) =ã(uP , φP )

+
∑
Γi,j

∫
Γi,j

αi,jc
−1l

1/2
0 (uE)φE

+
∑
Γi,j

(uV (vi) − uV (vj))(φV (vi) − φV (vj)).



• The basis functions that are used are the usual ones for the interior

nodes, one dimensional hat functions for the edges (vanishing at the

vertices) and functions which are linear on each edge, 1 at one vertex,

0 at the other ones for the vertices

• BPS requires us to perform the following steps:

1) solve Dirichlet problems on each subdomain in parallel for −→ uP ,

2) solve one dimensional edge equations in parallel for −→ uE

3) solve a coarse mesh system on vertices for −→ uV . From uE and

uV we obtain the boundary values of uH

4) solve Dirichlet problems on each subdomain in parallel for −→ uH .

The solution is uP + uH

Theorem

Under suitable hypotheses, the condition number for the precondi-

tioned system in two dimensions is

κ ≤ C

(
1 + log2

(
H

h

))
,

where H is the coarse mesh size.



Variants of the BPS preconditioner can also be denoted as

M−1v =
∑
edges

RT
Ei

(αiMi)−1REi
v + RT

HA−1
H RHv,

where REi
denotes the restriction to the edge Ei and RH is a

weighted restriction onto the coarse mesh, Mi being one of the pre-

conditioners for two subdomain case: either Dryja or Golub–Mayers



Vertex space preconditioners

• A way to improve on BPS is to allow for some coupling between the

vertices and the edge nodes

• Some points are considered around each vertex on each of the edges

Let Vk be this set of points. Then the preconditioner is defined as

M−1v =

RT
HA−1

H RHv +
∑
edges

RT
Ei

(MEi
)−1REi

v +
∑

vertices

RT
Vk

(MVk
)−1RVk

v

This includes some coupling between neighboring edges

• The edge preconditioner can be chosen as a weighting of Dryja’s

or Golub–Mayers’ preconditioners



• Chan and Mathew proposed the use of probing to define MVk

The restriction to the edges is tridiagonal and an edge is only linked

to the crosspoint and to the two nodes adjacent to the crosspoint on

the neighboring edges

• If enough points are used around each vertex, then the condition

number is independent of h and of the number of subdomains

The vertex space algorithm was developed by B. Smith



• In his Ph.D. thesis L. Carvalho considered some preconditioners

whose spirit is quite close to the vertex space preconditioners

• Because they involve some kind of overlapping between the edge

and vertex parts, they are denoted as algebraic additive Schwarz

(AAS)

• He studied several local block preconditioners for the subdomains

and several coarse space preconditioners

• For one of the local preconditioners, the main difference with the

vertex space preconditioner is that the edge and the adjacent vertices

are considered together

* *

* *



• Another proposal was to consider the complete boundary of one

subdomain, to be able to retrieve all the couplings between the edge

nodes and the vertices when the interior nodes are eliminated

• It is necessary to add a coarse space component in the algorithm

• A restriction operator R0 is defined (depending on the choice of

the coarse part of the preconditioner)

• The coarse component of the preconditioner is defined as RT
0 A−1

0 R0

where A0 is the Galerkin coarse space operator A0 = R0SRT
0



• Several possibilities were considered:

◦ i) a subdomain–based coarse space where all the boundary points of

a subdomain are considered. The coarse space is spanned by vectors

which have non–zero components for the points around a subdomain,

for all subdomains.

◦ ii) a vertex–based coarse space where the vertices and some few

adjacent edge points are considered.

◦ iii) an edge–based coarse space where the points of an edge and

the adjacent vertices are considered.

• When combining these coarse space preconditioners with the local

parts, a preconditioner for which the condition number is insensitive

to the mesh size or the number of subdomains is obtained except for

very highly anisotropic problems



Numerical experiments

• 16 × 16 mesh for each subdomain

• Pb 1: Poisson equation

nb of subd 4 × 4 8 × 8 16 × 16

ME 13 28 51

MV E 12 22 40

MS 11 19 32

MC−E 9 11 11

MC−V E 10 12 12

MC−S 10 10 11



• Pb 2: Isotropic discontinuous pb on the Scottish flag, coefficients

1, 103, 10−3

nb of subd 4 × 4 8 × 8 16 × 16

MC−E 11 11 15

MC−V E 12 12 16

MC−S 10 11 14

• Pb 3: Anisotropic and discontinuous pb on the Scottish flag, coef-

ficient 1 in x, same as before in y

nb of subd 4 × 4 8 × 8 16 × 16

MC−E 25 65 103

MC−V E 23 80 141

MC−S 20 43 79



A block Red–Black DD preconditioner

• We consider four types of unknowns:

(1) the nodes in the white boxes (W),

(2) the nodes in the black boxes (B),

(3) the nodes in the rectangular boxes (interfaces) called sep-

arators (S),

(4) the nodes in the small dark grey boxes called crosspoints

(C).



A =


AWW 0 AWS 0

0 ABB ABS 0
AT

WS AT
BS ASS ASC

0 0 AT
SC ACC

 .

• The preconditioner M is defined as

M = L D−1 LT ,

where D is block diagonal and has the same block diagonal as L and,

with the same numbering as before,

L =


MWW

0 MBB

AT
WS AT

BS MSS

0 0 AT
SC MCC

 .



• There are many choices for matrices Mi,i

• We consider the following ones:

Mi,i = Ai,i, i = W,S; that is, a direct solver is used for the sub-

problems,

M1
SS = 2{A(2)

SS − AT
BS M−1

BBABS}

or

M2
SS = BSS − AT

BS M−1
BBABS

Here, A
(2)
SS is the part of the assembly matrix computed on the black

boxes, and BSS is equal to ASS except on the diagonal where

(BSS)i,i = (ASS)i,i − |(AWS)ji,i|, ji such that (AWS)ji,i �= 0.

This corresponds to a “Neumann” boundary condition on the black

boxes

Finally, we choose MCC = ACC − AT
SC M−1

SS ASC

• Numerical experiments show that the condition number is constant

when the ratio of the number of points to the number of subdomains

is kept constant



• We considered 3 test problems

Pb # 1 : Poisson equation

Pb # 2, Isotropic diffusion, the diffusion coefficients are :

a = b = 1 + 999 χ(]1/4, 3/4[×]1/4, 3/4[)

Pb # 3, Anisotropic diffusion, the diffusion coefficients are :

a = 1 + 9 χ(]1/4, 3/4[×]0, 1[)

b = 1

m = number of points in one direction

m0 = number of boxes in one direction

Number of iterations

Problem Pb #1 Pb #2 Pb #3

m = 63, m0 = 8 16 17 22

m = 127, m0 = 16 17 18 24

m = 255, m0 = 32 17 19 25



Multilevel preconditioners

• We have seen that it is useful to add a coarse space component to

the additive Schwarz preconditioners

• It is relatively easy to generalize these two level methods to a

multilevel algorithm

• This is very close to multigrid algorithms, specially to the algebraic

multigrid methods

• We consider additive multilevel Schwarz preconditioners

◦ Suppose we have L different levels, each level being decomposed

into N (l) subdomains denoted as Ωl
i

Then, the fully additive Schwarz preconditioner is defined as

M−1 =
L∑
l=0

N(l)∑
i=1

(Rl
i)
T (Al

i)
−1Rl

i.

The index l = 0 corresponds to the coarsest grid (eventually one

node)



Note that the subdomains Ωl
i overlap each other as in the one level

case



• A particularly simple case is the multilevel diagonal scaling precon-

ditioner

Then, if the coarsest grid has only a single subdomain

M−1 = (R0)T (A0)−1R0 +
L−1∑
l=1

(Rl)T (Dl)−1Rl + (DL)−1,

where Dl is the diagonal of Al

• A closely related preconditioner was developed by Bramble, Pasciak

and Xu (BPX)

◦ In finite element methods with linear approximations, the diagonal

elements of the matrix at level l must be of order (hl)d−2 where h is

the mesh size and d is the dimension (1, 2 or 3)

The BPX preconditioner is defined as

M−1 = (R0)T (A0)−1R0 +
L−1∑
l=1

(hl)2−d(Rl)TRl + (hL)2−dI

• It has been proved that the BPX is theoretically optimal, the con-

dition number being O(1).



• These additive Schwarz methods can be mixed with multiplicative

methods in different ways

• One can define as before fully additive methods which are additive

among subdomains and between levels

• Another possibility is to be multiplicative between subdomains on

one level and additive between levels

• A third kind of algorithm is being multiplicative between both sub-

domains and levels

• This is very close to a V–cycle multigrid (without smoothing)


