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Introduction

Solve
Ax =b

Let r* = b — Ax* be the residual vector

Since ||r|| is often misleading for stopping iterative methods, it is

of interest to obtain bounds or estimates of norms of the error
k= x — xk

We have

Aek = rk

We shall review Gauss quadrature estimates by Golub & Meurant
and give results for PCG



Gauss quadrature bounds
Golub & Meurant (1993)
Aek = rk
Therefore,
[€¥]12 = (Ae¥, €¥) = (Atrk, r¥) = (rF)TAT K

]2 = ()T A2k

Suppose A is symmetric positive definite
A= QAQT

Consider
uTf(Au, FA) = QF(INQT



Gauss quadrature bounds 2

I[f] = uT f(A)u = /b f(\) da(N)

where the measure « is piecewise constant if y = QT u

0 . if A< a= A,
Oé()\) = Z}:l yJ2 A <A< )\,’+1,
Soiay? ifb=Xx, <A

We can use Gauss, Gauss—Radau and Gauss—Lobatto to obtain
bounds for /[f]



Gauss quadrature bounds 3

This is closely linked to the Lanczos algorithm starting from
1_
vi = u/llu]

AV = Vi T+ Gi,  Ge= (0 myeqavi™™)

Ty is tridiagonal



Gauss quadrature bounds 4

The Gauss lower bound for /[f] at Lanczos iteration k is

(el)Tf( Tk)el

So, we compute
(el) T Tl:l el

(el) T T/:2e1
For Gauss—Radau and Gauss—Lobatto some elements of T, have to

be modified to obtain the prescribed nodes (the smallest and
largest eigenvalues of A)



CG algorithm

x0 given and r® = b — Ax
for k=0,1

until convergence do,
(r*, r¥)

ﬁk - (rk_]_7 rk_l)? ﬂo — O
Pl =r+ Bip*?

Tk = (r )

(Ap*, pk)
XKL — 3k 4y K
P = e Apt




Gauss quadrature estimates can be obtained by

k—d -1 —1
€73 = [IP°IP[(T et eh) — (T, 2yt )]
or equivalently

k—1

k—d j
eIz~ > %l

j=k—d

d>0

T is the Lanczos matrix obtained from CG coefficients

The first formula can be used by modifying Ty to obtain upper
bounds (if we have an estimate of the smallest eigenvalue of A)



For the I, norm of the error we have

(eF, T, 2eh)

le4]1? = I°117[(e, T 2et) — (e, T, )]—2( 6T e 1)H6k”A

This can be used to obtain estimates

All these formulas are also valid in finite precision arithmetic up to
terms proportional to the roundoff unit (Strako$ and Tichy,
Meurant)



Numerical example 1

Matrix Besstk01, n = 48
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A norm (blue), Gauss quad d =1 (red)



Numerical example 2

Matrix Besstk01, n = 48
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A norm (blue), Gauss quad d = 10 (red)



Numerical example 3

Matrix Besstk01, n = 48
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l norm (blue), Gauss quad d =1 (red)



Preconditioning

M symmetric positive definite

Mzk = rk
Gauss quadrature lower bound
k—1
e =E =~ Y v, 2)
j=k—d




Numerical examples with PCG 1

Matrix Besstk01, n = 48, 1C(0)
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Numerical examples with PCG 2

Matrix Besstk01, n = 48, 1C(0)
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h norm (blue), Gauss quad d =1 (red)
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Numerical examples with PCG 3
Pb sinus—sinus, diff. coeff.=
1
(2+ psin Z)(2+ psin %)

p =1.99 and = 0.01, mesh 100 x 100, 1C(0)
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A norm (blue), Gauss quad d =1 (red)
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Conclusions

» All these estimates give good results

» Estimates for the A-norm are usually better than for the b
norm

» The A-norm bound is easy to extend to PCG

» They work well in finite precision arithmetic and can be used
to stop the iterations

» This gives a reliable stopping criterion for PCG
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