Expressions for the Conjugate Gradient error
norms

Gérard MEURANT

Joint work with Hassane Sadok

June 1-6, 2008



© Summary of results



Introduction

We use CG to solve
Ax=b, AcR™" xcR",bcR"
with A symmetric positive definite (SPD)

Let €, = xx — x be the error vector, our goal is to find expressions
for

lexl2 = (Aex, ex)

and also [|r,||?> where
re = b — AXk

We assume exact arithmetic. For finite precision arithmetic, see
Strakos and Tichy or M. and Strako¥



Krylov matrices

Krylov subspace

Kk(A, v) = span{v,Av,... ,Akilv}

The CG solution is defined by
Xk — X0 GICk(A, I’())E’Ck7 rk:b—AXk:A(X—Xk):AEk iy o

Let
K, = [ro, Arg, ..., Akilro]

be the Krylov matrix
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This also gives

lewlla _ 1

lleoll a e1T(KkT+1 AL Kiy1)er e1T(KkT+1A71Kk+1)716‘1

Using the Kantorovich inequality we obtain

L el 2V AEAA K)
leolla — H(K;(THAflKkﬂ) +1

The norm of the error is large as long as KkTHA*lKkH is well
conditioned



Second result

el _ det( K] Ki?

lex—1lla ~ det(KTA=1Kj) det(K,T AKj)

Concerning the residual we have

_ det(K/] Ki) det(K/[,  Ki1)
B det(K,] AKj)?
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CG and Lanczos

VkT Vk = Ik, where Vk = [Vl, ce Vk]
AVie = Vi T + k1 Vier1 &

Ty is the tridiagonal matrix (7, ok, k+1)
The CG iterates are given by

Xk =Xo + Vi,  Tryk = ||roller

We are interested in

Te= (VAT V)™



Third result

lewla _ 1 _ . det(Ti)
Hﬁk—lHi det( VkTAVk) det( VkTA_l Vk) det( Tk)
Hence it is worth studying /7\',(




Properties of 7';(

Ty is a tridiagonal matrix and
Zr T
Tk = Tk — Trex e,

where 7 is a positive real element

Qa1 12
2 a2 13
/7\_k _ (VkT A—l Vk)—l _ .
Nk—1 Ok—1 Nk
Nk Q) — Tk



Eigenvalue properties
Let H,(k) (resp. gfk)) be the eigenvalues of Ty (resp. T¢) s.t.

and (k) 2K _ A(k)
09 <. . <o) <d

1) 0% <9 <o e, k-1}

2) 09 <o <3, ie{2.. k)

3) 9% <ok D <) e k)

4) Aitn—k < 5,“) = 9,“) <\, ie{l,....k}

Note that the smallest eigenvalue §£k) is closer to \,,;, than the
smallest Ritz value



Main result

HEkH% T det(?k) = —ﬁﬁ — el T le
lex—1ll% det(Ty) per I(k) ™y :




Ratio of residual norm and error norm

Ir]>  det(Tys)

lewllZ
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The quest for 7,

The main question is:
Can we compute (or estimate) 747?

This will give estimates of the speed of CG convergence and/or
give better estimates of the smallest eigenvalues



Results for the smallest eigenvalue

To motivate you for joining the quest for 7, let us compare the
smallest Ritz value and the smallest eigenvalue of T

As an example we use a 1D biharmonic pb: A has 5 diagonals
(1,—4,6,—4,1) except A1 = A, =5 with n =100 and the
“exact” value of 7
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