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Introduction

We use CG to solve
Ax=b, AcR™" xcR",bcR"
with A symmetric positive definite (SPD)

Let €, = xx — x be the error vector, our goal is to find expressions
for

lexl2 = (Aex, ex)

and also [|r,||?> where
re = b — AXk

We assume exact arithmetic. For finite precision arithmetic, see
Strakos and Tichy or M. and Strako¥



Krylov matrices
Krylov subspace

Kk(A, v) = span{v,Av,... ,Akilv}

The CG solution is defined by
Xk — X0 E/Ck(A, ro)Ele, e =b— Axx = Ae LKy

Let
Ky = [I’O,AI’O, s 7Ak_1r0]

be the Krylov matrix
Then

k
re =1 — E a,-A’rO:rk:ro—AKka
i=1
with a = (a1, ap, - - ,ak)T



The orthogonality condition gives

(KT AK)a =K/ o

Then,

det(K/Z—+lA_1Kk+1) ].

2
€k = -
lexla det(KT AKj) ef (Kl 1A Kip1) ter

Proof: note that

(Aek,ex) = (r, €k)
= (rk, €0)
= (ro, €0) — (ro, Ke(K] AKK) 1K/ ro)



The right hand side is the Schur complement of KkTAKk in

K1 A Ky =
Kle’o KkTAKk
since Ky11 = [ro AKK]

Block UL factorization

1 rd Ke(K[]AKy) ™ (Aek, €x) 0
0 / K/l r K/ AK

Taking determinants gives the first assertion, solving
K/ 1A' Kii1y = e1 proves the other part



This also gives

lewlla _ 1

lleoll a e1T(KkT+1 AL Kiy1)er e1T(KkT+1A71Kk+1)716‘1

Using the Kantorovich inequality we obtain

L el 2V AEAA K)
leolla — H(K;(THAflKkﬂ) +1

The norm of the error is large as long as KkTHA*lKkH is well
conditioned



Using
det(Kg 1A Kir1) det(K/_1AKk-1)

= det(K,] A7 Ky) det(K,| AK)) — det(K,| Ki)?

we obtain

el _ o det (K, Ki)?
ler—zll? det(KT A-1K, ) det(K] AKj)

Concerning the residual we have

det(KkT Kk) det(Kk-lz‘_l Kk+1)
det(K AK) )2

Irel® =



CG and Lanczos algorithms

In practice we never use the Krylov matrices. To solve SPD linear
systems we use CG

> Init: rnn=b— Axg, po=nho
» lterations: Until convergence do,
i = (13, 13)/ (Apj: pj)
Xj+1 = Xj + P
fi+1 = 1; = YiAP;
Bi1 = (141, 1+1)/(1: 1)
Pj+1 = rj+1 + Bj+1p;

CG = Lanczos



> Init: vi =nr/|lno]l, w=0
» lterations: Forj=1,2,...
wj i= Av; = 1jvj-1
aj = (wj,v})
W = W) — gy
nj+1 = [[wjll2
If nj11 = 0 then Stop
Vit = Wi/

VkT Vi =1, where

VkE[Vl,...,

AV = Vi Ti + st Vs €

Ty is the tridiagonal matrix (7, ok, 7ks1)

The CG iterates are given by

Xk = x0 + VY,

Ty = ||rollex



CG and Lanczos parameters are related by

1 _
@k:7+@« fo=0, r-1=1

Yk—1  Vk—2
VB
Nk+1 = ——
Vk—1

The Lanczos basis vectors are related to the residual vectors
k Tk

= (-1
viert = (CDTE

Moreover
(KkTAflKk)fl _ R/:l(\/kT Afl Vk)fl R;T _ R;lﬁ R;T

where 'Afk is defined as

ﬁ _ (VkT Afl Vk)fl



Then

lecld _, L _ ., det(Th)
kaflﬂi\ det( VkTAVk) det( VkTA_1 Vk) det( Tk)
Hence it is worth studying 7',(




Properties of 7';(

Ty is a tridiagonal matrix and
Zr T
Tk = Tk — Trex e,

where 7 is a positive real element

Qa1 12
2 a2 13
/7\_k _ (VkT A—l Vk)—l _ .
Nk—1 Ok—1 Nk
Nk Q) — Tk



Proof:

/k— \/ A~ 1Vka+'r]k+1V A~ Vk_,_lel;r
Ik = Tk + kg1 TkV Alvgie]
Ti=Tk+ucel

But T, and Ty are symmetric, therefore ukekT (whose only the last
column is non-zero) is also symmetric

See also Paige, Parlett, van der Vorst (1995) or Lenard (1995)



Eigenvalue properties
Let H,(k) (resp. gfk)) be the eigenvalues of Ty (resp. T¢) s.t.

and (k) 2K _ A(k)
09 <. . <o) <d

1) 0% <9 <o e, k-1}

2) 09 <o <3, ie{2.. k)

3) 9% <ok D <) e k)

4) Aitn—k < 5,“) = 9,“) <\, ie{l,....k}

Note that the smallest eigenvalue §£k) is closer to \,,;, than the
smallest Ritz value



Ratio of error norms

el _ | det(Te) _ ﬁ o
llex—111% det(Tx)

The last equality is true because
det(Tx) = det(Ty) — 7k det(Ty_1)

and
det( Tk—l)

T -1
= ]
| t(T) ek k (5%



Ratio of residual norm and error norm

> det(Tis1)

1
Hek”% B det(Tk) B €ri1 7_;_:1 €k+1
Moreover 5
Inl? 1
el



The quest for 7,

Now, the main question is:
Can we compute (or estimate) 747?

This will give estimates of the speed of CG convergence and/or
give better estimates of the smallest eigenvalues



Consider the LDLT factorization of T with D; ;= o;

2

01 = aq, 5/:a/—n—/,/:2,...7k
d1-1
The factorization of 7',( is given by
~ ~ 772
0 =0ni=1..., k=1 bp=ax—Tk— =5 =0k — 7%
Ok—1

and

det(Ti) = b1+ 0k = 01+ 6—1(0k — ) = det(Ty) (1 — ;")
k

lecld_ 7
Teesll3 ~ 0

Irkl1? = (k1 — Tsr)llexlla




The (k, k) element of 7‘;1 is 1/(0x — 7«), hence

1
Tk = 0k T T AT R
This does not seem too useful for CG!

Assuming that A has distinct eigenvalues, AV,, = T,V,, which
gives
T 1=VvIiAly,

Therefore (A,:l),'J = (T, Yij, ij=1,...,k

We have also

Hﬁkfl”i o (’\ 71) _ (T—l)
el 2k R R




A recurrence relation for 74
Using

el = (Okg1 — Tern)llexla

for 2 successive iterations we have
Tk+1
Inl® Gk (17550 ™
lr—1l> Ok -5 ) o

After some manipulations, we obtain

2
_ Mk+1
Tk+1 = Q41 — 7_7
k

This is the same recurrence as for §,! But, 61 = a1 when 79 is
unknown



In fact the recurrence must be written as

2
Mh+1

T — ——————
Qp+1 — Tk+1

because we know that 7, = 0
Therefore 7 is given by a (finite) continued fraction

This can be used to compute an approximation of 7,_4 by
truncation



A (expensive) way to compute T4

We can use 7 = 0k — 1/(v] A"1vy)
We compute wy = A=y, and then use the recurrence

Nk+1Wk = Vi — QW — N Wk—1

This may not be stable!

Drawback: we have to solve a linear system
This may be circumvented by choosing v; = Az/||Az|| for a given z

It gives the harmonic Ritz values (without shift) but it is worst for
the smallest eigenvalue



Results for the smallest eigenvalue

To motivate you for joining the quest for 7, let us compare the
smallest Ritz value and the smallest eigenvalue of T

We use an example devised by C. Paige: A has 5 diagonals
(1,—4,6,—4,1) except A1 = A, =5 with n =100 and the
“exact” value of 7
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