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Ax = b

A symmetric positive de�nite

The method of choice is the (preconditioned)

Conjugate Gradient method

Measures of convergence:

- l2 norm of residual b�Axk

- A-norm of the error �k = x� xk

- l2 norm of the error

- Max norm of the error

Examples (CG in 
oating point arithmetic):

- Poisson equation with a 20 � 20 mesh, n =

400

- Nos7 from the Matrix Market,

n= 729; �min = 4:15 10�3; �max = 9:86 106

- Bcsstk01 from the Matrix Market,

n= 48; �min = 3:42 103; �max = 3:02 109

The last two ones are \pathological"
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Norms for the Poisson problem, m = 20,

blue: residual, cyan: computed true residual, red: A

norm of the error, green: l2 norm of the error, ma-

genta: l
1
norm of the error
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Norms for the Nos7 problem,

blue: residual, cyan: computed true residual, red: A

norm of the error, green: l2 norm of the error, ma-

genta: l
1
norm of the error
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Norms for the Bcsstk01 problem,

blue: residual, cyan: computed true residual, red: A

norm of the error, green: l2 norm of the error, ma-

genta: l
1
norm of the error



Questions:

- How to estimate the norms of the er-

ror?

- Relations with the norm of the resid-

ual?

- When is the norm of the residual os-

cillating and being larger or smaller

than the norms of the error?

- What is the maximum attainable ac-

curacy?

- Why is there a di�erence between the

computed and the \true" residuals?

Today, answers to the �rst question



CG

For Krylov methods:

rk = b�Axk

Krylov subspace Kk(r
0; A) of order k

Kk(r
0; A) = spanfr0; Ar0; : : : ; Ak�1r0g

xk 2 x0+Kk(r
0; A); xk = x0+ Vkz

k

Vk orthogonal basis of Kk(r
0; A)

CG is an orthogonal residual (OR) method:

(rk)TVk = 0

The basis vectors Vk = [v1; : : : ; vk] are con-

structed by the Lanczos algorithm:

AVk = VkTk + �k+1v
k+1(ek)T ;



V T
k AVk = Tk; AVn = VnTn

Tk =

0
BBBBBBB@
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�k �k
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The orthogonality relation gives

Tkz
k = kr0ke1

CG is obtained from Lanczos by considering

the Cholesky factorization of Tk = Lk�
�1
k LTk

Æ1 = �1; Æl = �l �
�2l
Æl�1

; l = 2; : : : ; k



CG

for k = 0;1; : : : until convergence do,

�k =
(rk; rk)

(rk�1; rk�1)
; �0 = 0;

pk = rk + �kp
k�1;


k =
(rk; rk)

(Apk; pk)
;

xk+1 = xk + �kp
k;

rk+1 = rk � �kAp
k:

If r0 = kr0kv1 CG=Lanczos

�k =
1


k�1
+

�k�1


k�2
; �0 = 0; 


�1 = 1;

�k+1 =

p
�k


k�1
:

vk+1 = (�1)k
rk

krkk
:

Æk+1 =
1


k
;



The norms of the error

�k = x� xk; A�k = rk

Since rk = r0 �AVkz
k and �k = A�1rk

k�kk2 = (A�1r0; A�1r0)� 2(A�1r0; Vkz
k) + (Vkz

k; Vkz
k)

k�kk2A = (A�k; �k) = (A�1r0; r0)�2(r0; Vkzk)+(AVkz
k; Vkz

k)

We also notice that

k�kk2ATA = (ATA�k; �k) = (A�k; A�k) = krkk2;

Also

�k = A�1rk = A�1r0 � Vkz
k:

But r0 = kr0kVne1 and A�1Vn = VnT
�1
n

Therefore

�k = kr0k(VnT�1n e1 � VkT
�1
k

e1)

�kj = kr0k(VnT�1n e1 � VkT
�1
k

e1; ej)



The A{norm of the error

Theorem

k�kk2A = kr0k2[(T�1n e1; e1)� (T�1k e1; e1)]

G. Dahlquist, S.C. Eisenstat and G.H. Golub. Bounds

for the error of linear systems of equations using the

theory of moments, J. Math. Anal. Appl. 37 (1972)

pp. 151{166.

G. Dahlquist, G.H. Golub and S.G. Nash. Bounds for

the error in linear systems. In Proc. of the Work-

shop on Semi{In�nite Programming, R. Hettich ed,

Springer (1978), pp. 154{172.

Proof:

r0 = kr0kv1 = kr0kVne1

A�1r0 = kr0kA�1Vne1 = kr0kVnT�1n e1

(A�1r0; r0) = kr0k2(VnT�1n e1; Vne
1) = kr0k2(T�1n e1; e1):

(r0; Vkz
k) = (V T

k r
0; zk) = kr0k2(e1; T�1

k
e1)

(AVkz
k; Vkzk) = (V T

k AVkz
k; zk) = (Tkz

k; zk) = kr0k2(T�1
k

e1; e1)



This formula is closely related to Gauss quadrature

since the scalar product (T�1n e1; e1) (or (A�1r0; r0)) can
be written as a Riemann{Stieltjes integral

In fact it is exactly Gauss quadrature since (T�1k e1; e1)
is nothing else than a Gauss quadrature approximation

to this integral

G.H. Golub and G. Meurant, Matrices, moments and

quadrature, in Numerical Analysis 1993, D.F. Grif-

�ths & G.A. Watson, Eds. Pitman Research Notes in

Mathematics, v 303, (1994), pp 105{156

G.H. Golub and G. Meurant, Matrices, moments and

quadrature II or how to compute the norm of the error

in iterative methods, BIT, v 37 no 3, (1997), pp 687{

705

Other relation:

k�kk2A = (A�1rk; rk) = (A�1r0; rk)�(Vkzk; rk) = (A�1r0; rk)

VnT
�1
n = A�1Vn and A�1r0 = kr0kA�1Vne1

rk = b�Axk = r0 � AVkz
k

rk = r0 � VkTkz
k � �k+1v

k+1(ek)Tzk

rk = ��k+1kr0k(ek; T�1k e1)vk+1:

k�kk2A = ��k+1kr0k2(ek; T�1k
e1)(VnT

�1
n e1; vk+1):

But V T
n v

k+1 = fk+1 where the components of the vec-

tor fk+1 are zero except for the k+1 st one which is

1



Other relations can be found by computing the �rst

element of x = T�1k e1

Let Tk = UD�1UT be a UL factorization of Tk

dk = �k; dl = �l �
�2l+1

dl+1
; l = k � 1; : : : ;1

x1 =
1

d1
; xl = �

�l

dl
xl�1 = (�1)l�1

�l � � � �2
dl � � � d1

:

This shows that x1 > 0 and the signs of the elements

xl alternate

Let �dl be the diagonal elements of the UL decompo-

sition of Tk+1, then we have

dk � �dk =
�2k+1

�k+1

and

dk�1 � �dk�1 = �2k

�
dk � �dk

dk �dk

�



Recursively

dj�1 � �dj�1 = �2j

�
dj � �dj

dj �dj

�
; j = k � 1; : : : ;2

Therefore �dl < dl; l = 1; : : : ; k

This shows that

j(T�1
k

e1)lj < j(T�1
k+1

e1)lj; l = 1; : : : ; k:

By induction

d1 � �d1 =
�22 � � � �

2
k

(d2 � � � dk)(�d2 � � � �dk)

�2k+1

�k+1

=
(�22 � � � �

2
k+1)d1

�d1

det(Tk) det(Tk+1)

Therefore

�x1 � x1 =
�22 � � � �

2
k+1

det(Tk) det(Tk+1)

If x
(j)
1 = (T�1j e1; e1) and !j = det(Tj),

x
(n)
1 �x(k)1 = �22 � � � �

2
k+1

"
1

!k!k+1

+
�2k+2

!k+1!k+2

+ � � �+
�2k+2 � � � �

2
n

!n�1!n

#



!k =
1


0 � � � 
k�1
and

�22 � � � �
2
k+1

!2
k

= �1 � � ��k:

Hence

x
(n)
1 � x

(k)
1 =

=
krkk2

kr0k2
[
k+�k+1
k+1+�k+1�k+2
k+2+� � �+�k+1 � � ��n�1
n�1]

This shows that

k�kk2A =

= krkk2[
k+�k+1
k+1+�k+1�k+2
k+2+� � �+�k+1 � � ��n�1
n�1]

Theorem

k�kk2A =
n�1X
j=k


jkrjk2

In their 1952 paper, Hestenes and Stiefel (Th 6.1 p

416) proved that

k�kk2A � k�lk2A =
l�1X
j=k


jkrjk2; l > k



For an elementary proof of the HS result, see

Z. Strakos and P. Tichy, On error estimation in the

conjugate gradient method and why it works in �nite

precision computation, ETNA v ?, (2002), pp ??

Proof:

k�kk2A � k�k+1k2A = kx� xk+1+ xk+1 � xkk2A � k�k+1k2A

= kxk+1 � xkk2A +2(x� xk+1)TA(xk+1 � xk)

= 
2k(pk; Ap
k) + 2(rk+1; xk+1 � xk) = 
kkrkk2



The l2 norm of the error

Theorem

k�kk2 = kr0k2[(e1; T�2n e1)� (e1; T�2
k

e1)]

+(�1)k2�k+1
kr0k
krkk

(ek; T�2
k

e1)k�kk2A

Proof:

k�kk2 = (A�1r0; A�1r0)� 2(A�1r0; Vkz
k) + (Vkz

k; Vkz
k)

the troubles come from the term (A�1r0; Vkz
k) = (r0; A�1Vkz

k)

Then, we use

VkT
�1
k

= A�1Vk + �k+1A
�1vk+1(ek)TT�1

k
;

(r0; A�1vk+1) =
(�1)k

krkk
(r0; A�1rk):

But

(r0; A�1rk) = (r0; �k) = (r0; �0)� (r0; Vkz
k):

Therefore,

(r0; A�1rk) = (r0; A�1r0)� kr0k2(e1; T�1
k

e1) = k�kk2A:



This can also be written in a di�erent way by using

rk = ��k+1kr0k(ek; T�1k
e1)vk+1:

Therefore

(�1)k+1krkk
�k+1

= kr0k(ek; T�1
k

e1):

and

k�kk2 = kr0k2[(e1; T�2n e1)� (e1; T�2
k

e1)]

�2
(ek; T�2

k
e1)

(ek; T�1
k

e1)
k�kk2A



Other possibility:

�k = kr0k(VnT�1n e1 � VkT
�1
k

e1)

Let �j = (T�1n e1; ej); j = 1; : : : ; n and �j = (T�1
k

e1; ej); j =

1; : : : ; k

�k = kr0k
nX

j=1

�jv
j

k�kk2 = kr0k2
nX

j=1

�2j

where

�j = �j � �j; 1 � j � k; �j = �j; k+1 � j � n



Relations with the eigenvalues and Ritz

values

Let

�1 � �2 � : : : � �n

be the eigenvalues of A and

�
(k)
1 < �

(k)
2 < : : : < �

(k)

k

be the eigenvalues of Tk, the so{called Ritz values and

z
j

(k)
the corresponding eigenvectors

Using the spectral decomposition of Tn and Tk we have

k�kk2A = kr0k2

2
4 nX
j=1

[(z
j

(n)
)1]

2

�j
�

kX
j=1

[(z
j

(k)
)1]

2

�
(k)
j

3
5 :

Therefore, we need the �rst components of the eigen-

vectors of Tk

Results are known about this problem: Thompson and

McEnteggert (1968), see also Paige, Parlett, Scott



Let

Tj;k =

0
BBB@

�j �j+1
�j+1 �j+1 �j+2

. . . . . . . . .

�k�1 �k�1 �k
�k �k

1
CCCA

and �j;k(�) = det(Tj;k � �I)

(zi(k))
2
1 =

������2;k(�
(k)
i )

�01;k(�
(k)
i )

�����
We can obtain more suitable results by introducing

the \�rst pivot" function

d
(k)

k (�) = �k��; d
(k)

l (�) = �l���
�2l+1

d
(k)

l+1(�)
; l = k�1; : : : ;1

(zi(k))
2
1 =

����� 1

[d
(k)
1 ]0(�

(k)
i )

�����
Therefore

k�kk2A = kr0k2

2
4 nX
j=1

1

�jj[d
(n)
1 ]0(�j)j

�
kX

j=1

1

�
(k)
j j[d(k)1 ]0(�

(k)
j )j

3
5



The �rst pivot function has zeros at the eigenvalues

of Tk and poles at the eigenvalues of T2;k

Example: Strakos matrix, n = 10, �1 = 0:01, �n =

100
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light blue: values at �i, magenta: values at �
(4)
i

There is only one pole at 0

We see the largest eigenvalue does not contribute any-

more to the norm of the error
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How to compute bounds of the norms of the

error?

Gauss quadrature gives a lower bound, to obtain an
upper bound we use Gauss{Radau but we need an
estimate of the smallest eigenvalue of A

This has been studied in

G. Meurant, The computation of bounds for the norm
of the error in the conjugate gradient algorithm, Nu-
merical Algorithms v 16, (1997), pp 77{87

G. Meurant, Numerical experiments in computing bounds
for the norm of the error in the preconditioned conju-
gate gradient algorithm, Numerical Algorithms v 22,
(1999), pp 353{365

One way is to use the Hestenes and Stiefel formula
(which implicitly uses the UL decomposition of Tk)

Another possibility is to use the Sherman{Morrison
formula

Tk+1 =

�
Tk �k+1e

k

�k+1(e
k)T �k+1

�

Let

�T = Tk �
�2k+1

�k+1

ek(ek)T

The upper left block of T�1k+1 is
�T�1 and

�T�1 = T�1
k+1

+ �2k+1
(T�1

k
ek)((ek)TT�1

k
)

�k+1 � �2
k+1

(ek)TT�1
k

ek

so we need the �rst and last element of T�1
k

ek



Clearly

(T�1
k

ek)k =
1

Æk

Therefore, the denominator is

�k+1 �
�2k+1

Æk
= Æk+1 =

1


k

The numerator is

(�1 : : : �k+1)
2

(Æ1 : : : Æk)2

Starting from c1 = 1 we can compute it by

ck = ck�1
�k

Æk�1
= ck�1�k
k�2

Finally

(Tk+1e
1)1 = (Tke

1)1+ c2k+1
k

It can be easily proved that c2k+1 = krkk2

So, we are back to Hestenes and Stiefel!

However, using Sherman{Morrison is useful when us-

ing Gauss-Radau

All this is true in exact arithmetic. Things can be a

little di�erent in 
oating point



Calvetti and Reichel proposed to use Anti{Gauss quadra-

ture rule (Laurie)

It is the same as Gauss quadrature except that the

matrix is

0
BBB@
�1 �2
�2 �2 �3

. . . . . . . . .

�k�1 �k�1

p
2�kp

2�k �k

1
CCCA

The last step of the Cholesky decomposition is mod-

i�ed to

�Æk = Æk �
�2k

Æk�1

Here also Sherman{Morrison is useful!

Most of the time anti{Gauss gives an upper bound,

specially when CG convergence is fast



Bounds and estimates

Of course, we do not know (T�1n e1; e1) at iteration k!

We introduce a delay d > 0 and write

k�k�dk2A ' kr0k2[(T�1
k

e1; e1)� (T�1
k�d

e1; e1)]

This is easily computable during the CG iterations (for

free!)

Gauss quadrature gives a lower bound (most of the

time very close to the exact value), Gauss{Radau

an upper bound and anti{Gauss sometimes an upper

bound

Strakos and Tichy proved that these bounds work also

in �nite precision

Examples:
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Bcsstk01 problem d = 1
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Strakos problem, n= 48, d = 1
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How to compute the l2 norm estimates?

k�kk2 = kr0k2[(e1; T�2n e1)� (e1; T�2
k

e1)]

+(�1)k2�k+1
kr0k
krkk

(ek; T�2
k

e1)k�kk2A

k�kk2 ' kr0k2[(e1; T�2k e1)� (e1; T�2k�de
1)]

+(�1)k�d2�k+1�d
kr0k
krk�dk

(ek�d; T�2
k�d

e1)k�k�dk2A

Use a QR decomposition of Tk (computed with Givens

rotations)

QkTk = Rk

(e1; T�2k e1) = (R�T
k e1; R�T

k e1)

Rk has only 3 non zero diagonals
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Conclusion

There is no reason not to use the estimates

of the norms as stopping criterion for CG

Everything is (almost) under control since

there are (partial) answers to the other ques-

tions
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